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Abstract

This work deal with the subject of asymptotic expansions for both finite and infinite dimen-
sional integrals. We first discuss a long standing problem related to the formation of crystals
at zero temperature. The majority of the techniques used in this part come from the classical
theory of Laplace Integrals in many dimensions and from the theory of Cluster Expansions in
Probability Theory. We then move to the Quantum scenario in order to study the Caldeira-
Legget model by the rigorous definition of the Influence Functional introduced by Feynman
and Vernon. We make use of the theory of Feynman Path Integrals, providing the possibility
to exploit the infinite dimensional generalization of the Stationary Phase method to study the
asymptotics of the integrals characterizing the Caldeira-Legget model. An analogous study
is made for a problem related to the semiclassical limit for the stochastic Schrodinger equa-
tion introduced by Belavkin (white noise given by a Brownian motion). Moreover we give
an overview of the results related to the asymptotic expansions of integrals spanning from
the unidimensional, real case, to the infinite dimensional environment and including Stokes
phenomena, detailed multidimensional expansions, uniform asymptotics and asymptotics for

coalescing saddle points.



Zusammenfassung

Diese Arbeit befasst sich mit asymptotischen Erweiterungen fiir endlich und unendlich dimen-
sionale Integrale. Als Erstes betrachten wir ein seit lange ungeltstes Problem, dafl eng mit
der Bildung von Kristallen bei Nulltemperatur verbunden ist. Die meisten Methoden, die
in diesem Teil angewandt werden, kommen aus der klassischen Theorie der mehrdimensio-
nalen Laplace-Integrale und aus der Wahscheinlichkeitstheorie (Cluster-Entwicklungen). Wir
gehen danach zur Quantenmechanik iiber, um das Caldeira-Leggett Modell mit Hilfe des von
Feynman und Vernon eingefiihrtes Einflussfunktionals zu untersuchen. Wir benutzen die The-
orie der Feynmanschen Pfadintegrale, um die unendlich-dimensionale Verallgemeinerung der
Methode der stationaren Phase fiir das Studium der Asymptoten, die das Caldeira-Leggett
Modell beschreiben, einzusetzen. Eine analoge Betrachtung ist an einem Problem, das mit dem
semiklassischen Grenzwert der bei Belavkin eingefiihrten stochastischen Schrodinger-Gleichung,
mit einem so genannten weissen Rauschen einer Brownsche Bewegung, verbunden ist, ange-
wandt. Ausserdem geben wir einen Uberblick tiber Resultate betreffend der asymptotischen
Erweiterung von Integralen, vom eindimensionalen reellen Fall bis zu unendlich-dimensionalen
Problemstellungen, einschliellich von Stokes Phéanomenen, detaillierten mehrdimensionalen

Erweiterungen, gleichméafigen und verbundenen Sattelpunkt-Asymptoten.
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Introduction

We would like to start the presentation of this work with some of the major criticisms to the
subject of Asymptotic Expansions. The first was written by the mathematician Niels Hendrik
Abel in 1828:

Divergent series are the invention of the Devil, and it is shameful to base on them

any dimostration whatsoever

More than 150 years do not change completely this kind of toughts since, in 1992, Richard
E. Meyer, see [Mey92], wrote

I was led to contemplate a heretical question: are higher approximation than the
first justifiable 7 My experience indicates yes, but rarely.[...] Solutions as an end
in themselves are pure mathematics; do we really need to know them to eight
significant decimals 7

It is also possible to find doubtful attitudes couched by scientists who actively work on this
subject, e.g. by N.G. de Bruijn in [dB81]:

What is asymptotics ? This question is about as difficult to answer as the question:

what is mathematics?
or by J.P. Boyd in [Boy99]:

I no more understood the reason why some series diverge than why my son is
lefthanded

The radical scepticism of Meyer is justified since a wide range of applied mathematicians,
engineers or experimental physicists might say that they have no need of anything else than
the first term of an asymptotic expansion and/or that the exponentially small terms would be
destroyed by the action of natural perturbations. Hence a fundamental question, see [Boy99],
arises: Is this trip necessary ?
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The answer is definitively yes since the above points of view easily lead to inconsistencies. The
key point is that some features of physical systems are related to the behaviour of exponentially
small terms, say , in expressions of the type exp(—%), A > 0, € > 0 small, which cannot be
approximated as a power series in € > 0, actually all their derivatives are zero at ¢ = 0. Such
exponentially small effects are invisible in terms of power series expansions, nevertheless there
are a multitude of cases where one has to take into account such apparently insignificant terms.
For example, as showed by J.R. Oppenheimer in [Opp28] in the study of the quantum Stark
model, in the presence of an external field of strength ¢ , hydrogen atoms disassociate. This
phenomenon happens on a timescale which is inversely proportional to the imaginary part of
an eigenvalue of the Schodinger equation, which is exponentially small in e, then this tiny
imaginary value completely controls the lifetime of the molecule. Closely related to this work
is the independent discovery of Quantum Tunneling by Gamow, Condon and Gurney (1928),
see e.g. [Raz03].

Other examples come from the theory Hele-Shaw cells where a viscous fluid is injected
between two closely-spaced plates and a fingershaped flow may develop. In a model of this
type nomerous exponentially small terms arise from the singular perturbation expansions of
the Kruskal-Segur equation, see e.g. [KS85, SJK98], and they are stable under the action
of physical contaminations as expressed by an inhomogeneous nonlinear term, since this only
affects them by prefactors: here the exponentially small terms are a fundamental property of
the asymptotic solution.

Another example in quantum mechanics is the double-well model where the eigenvalues of
the Schrodinger equation come in pairs and the difference between each pair is exponentially
small in the e-size of the internuclear separation.

Another type of problems show how exponential smallness is the corner stone for the very
existence (or non existence) of solutions. This happens, for example, when a melt interface
between a solid and a liquid is unstable, breaking up into dendritic fingers. Experiments show
that the fingers not only have a parabolic shape, as expected from the theory, but also have
a definite width which cannot be described by a power series in the surface tension, see e.g.
[Hut97, Pri00].

In their work Kruskal and Segur showed that the complex-plane matched asymptotics
method of Pokrovskii and Khalatnikov, see [PK61], could be used in order to study a sim-
ple model of crystal growth furnishing one of the triggers for the resurgence in exponential
asymptotics.

Other examples can be found in [SJK98] where solutions of certain problems under quanti-
sation conditions lead to a determination of the position of singularities in the complex plane.

In these cases the existence of exponentially small terms selects the principal solution.
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As Boyd write in [Boy99]:

Such beyond-all-orders features are like mathematical stealth aircraft, flying unseen

by the radar of the conventional asymptotics

Subtler phenomena appear whenever the singularity of a model under study may vary in
its position. In fact exponentially small terms which initially might be discarded can grow to
dominate the solution as described, for example, in the work of Boasman and Keating in [PJ95]
on perturbed Anosov maps of Quantum Chaos. In this scenario the perturbations imposed to
the dynamical system gave rise to singularities in the complex plane, which contribute expo-
nentially small terms to the semiclassical expansion of the trace of the spectral operator.The
size of their contribution is determined by the physical perturbation parameter. As the pa-
rameter increases the singularities are able to approach, coalesce on and bifurcate along the
real axis where they dominate the eigenvalue statistics. The use of asymptotic methods is not
confined to finite dimensional problems, as proved by Albeverio et al. in several works related
to the theory of Feynman path integrals, in relation to quantum theory and optics, see e.g.
[AHKT77, Alb86, AB93, Alb97, AHKT76].

Last but not least a full comprehension of the Stokes phenomenon, (the presence of one
exponential times a power series in € regions of the e-complex plane but two exponentials in
other regions), can only be achieved by looking at the exponential small terms.

With previous ideas in mind it might not be surprising that in the past Asymptotic Analysis
was considered more as an art than a discipline. This was undoubtedly due to the heterogeneity
of the reaserchers and to their fields of work. Simply speaking, starting from the seminal works
of Stirling, MacLaurin, Euler, Stieltjes and Poincaré, who gave the rigourous definition of
asymptotic expansions, asymptotic methods have been applied in all branches of mathematics
physics and natural sciences since they allow us to obtain a quantitative description of a
phenomenon as well as its qualitative behaviour. Asymptotics is now perceived as a common
thread in many different areas and next to classical books of Dingle, Copson, de Brujin, Erdélyi
etc., see e.g. [Din73, Cop65, dB81, Erd56], one can also find contemporary books like the ones
of Estrada and Kanwal [EK94], Fedoryuk [Fed89], Jones [Jon97], Ramis [RAM93], Stein [Ste93].

It is not just by chance that the past decade has seen a blossoming of interest on the
subject. In particular we would like to mention the development of comprehensive theories
of Borel Transforms, the concept of Resurgence Theory bv Ecalle (which describes certain
classes of asymptotic expansion in which the exponentially small terms associated with Stokes
phenomena are related to the further terms of the expansion, i.e. to the analytic properties of a
progenitor function); smoothing of Stokes Phenomenon; systematic expansions of better than
exponential accuracy (Hyperasymptotics) [BH91, Boy90, Daa98|; study of the first realistic
error bounds for saddlepoint methods; deeper knowledge of the universality in the form of the
higher terms of both local and uniformly valid asymptotic expansions, understanding how local

expansions
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can be used to determine global properties of solutions; development of practical algebraic
methods for resolving the Riemann sheet structure of multidimensional integrals and the cal-
culation of the intersection numbers for curves of differing homologies.

Asymptotic analysis methods have also been successfully applied to situations as varied as
the dendritic growth of crystals; the selection of flows in viscous fingering, phase formation
in fluids, the coupling of multiple length scales in fluids flow; tip propagation in fracture me-
chanics and buckling; nonlinear mappings, Hamiltonian systems and chaotic motion; reaction
diffusion equations; the calculation of non-trivial zeros of the Riemann zeta function and spec-
tral determinants; quantum maps; semiclassical expansions of quantum spectral functions. See
e.g. [Vor83, HS99, DDP97, BH94| and references therein.

Is it possible to investigate the above-mentioned huge amount of heterogeneous questions
in a systematic way 7 This is exactly the core of our work. In fact our aim is to attack
several kind of problems, which naturally arise in Asymptotic Analysis, by the use of their
integral representation by combining classical methods of the asymptotic of finite dimensional
integrals, see e.g. [dB81, BH86] and newer developments of the finite dimensional theory in
connection with specific methods of asymptotics of infinite dimensional integrals and the theory
of singularities, see e.g [Fed89, Arn91, Mas77, MF76, Dui74].

The embedding of finite dimensional problems into infinite dimensional ones has been al-
ready shown to be useful in connection with quantum theory, where Feynman path integral
methods and their associated asymptotics lead to powerful results, see e.g. [AMO04c]. We think
that this approach will provide a more unified treatment of the subject.

The necessity to have accurate Integral Expansions naturally emerges from Statistical Me-
chanics problems, see e.g. [DS84, El85] or works like [APK06, AP06, Per|, where the bond
between the subject and Probability Theory becomes direct and clear. Lastly, as mentioned
above, a generalization of the same techniques of Asymptotic Integral Expansions can be ap-
plied to the intriguing field of infinite dimensional oscillatory integrals providing a rigorous
treatment of many problems of Quantum Theory, see e.g. [APMO06b, ACPMO06], in particular
problems including those related to the rapidly expanding field of Quantum Computing.

Open Problems

The list of open problems which could be attacked from the point of view of the asymptotic
expansion of integrals methods is a large as the set of bonds linking ideas developed in this
work with the ongoing research, hence what follows cannot be an exhaustive inventory.

Since a unified treatment of asymptotic control of small exponential terms is still missing,
our project is higly innovative being based on a systematic use of infinite dimensional asymp-

totic methods. Our research will provide a variety of interesting spin-off both theoretical and
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practical which will be used from a pure mathematical point of view as in engineering tasks.

An important part of the present study about dynamical systems, such as they appear
e.g. in the KAM theory, have to deal with perturbations under the action of which integrable
models become chaotic, but the chaos is confined to exponentially small regions. Through
Arnold diffusion, dynamical system can move great distances on exponentially long time scales
even in the case of weak contaminations.

Another area of interest is constituited by nonlinear coherent structures that would be
immortal were it not for weak radiation from the core structure. The latter situation is linked
to the theory of weakly nonlocal solitary waves that arises, for example, in fiber optics and
hydrodynamics applications.

A third area of study is crystal formation and solidification, in which the work of Kruskal
and Segur, see e.g. [KS85, SJK98], resolved a long-standing problem in the theory of dendritic
fingers and touched off a great plume of activity.

Fluid mechanics is a fourth area in which ongoing research on the subject is very active,
especially in order to study Kelvin wave instability in oceanography and atmospheric dynamics,
or radiative decay of free oscillations bound to islands. In the quantum scattering field the
work made by Meyer, see [Mey76, Mey80, Mey90] and references therein, supplies an up to
date challenge since it led to further studies of exponential small terms in connection with the
WKB theory and quantum tunneling phenomena. The above mentioned theory of Resurgence
by Ecalle may be viewed as one of the more abstract fields of research directly linked to our
ideas on Asymptotic Expansions of Integrals and, at the same time, it offers a connection with
recent developments made by Pham, Ramis, Delabaere et al., see e.g. [SS96] and references
therein for a detailed introduction.

A seventh line of active research falls in the long-standing questions related to Stokes
phenomenon and it is of great interest both for physicists and applied mathematicians. A
new boost to this task rises from a work by Berry in which the discontinuity in the numerical
value of an asymptotic expansion at Stokes line could be smoothed, the effect of this impulse
is far from its end. The use of infinte dimensional methods in Statistical Mechanics( e.g.
low temperature expansions via multidimensional Laplace method, study of Large Deviations
and Cluster Expansions in Probability theory, etc.), Quantum Mechanics (e.g. semiclassical
expansions) and certain problems of low dimensional Topology (e.g. Chern-Simons integrals,
Vassiliev knot invariants) has proven to be extremely useful and to have important connections

with main problems of present Mathematics and Theoretical Physics.



Plan of the work

In this work we present two different type of generalizations of asymptotic expansions for
integrals in the finite dimensional case as well as in the infinite dimensional one. In particular
in Ch.(1) we discuss a long standing problem related to the formation of crystals at zero
temperature. The majority of the techniques used in this part come from the classical theory of
Laplace Integrals in many dimensions and from the theory of Cluster Expansions in Probability
Theory.

In Ch.(2) we move to the Quantum scenario in order to study the important model of
Caldeira and Legget by the rigorous definition of the Influence Functional introduced by Feyn-
man and Vernon. We make use of the theory of Feynman Path Integrals providing the possibil-
ity to exploit the infinite dimensional generalization of the Stationary Phase method to study
the asymptotics of the integrals characterizing the Caldeira-Legget model. An analogous study
is done in Ch.(3) for a different problem related to the semiclassical limit for the stochastic
Schrédinger equation introduced by Belavkin (white noise given by a Brownian motion). The
original results described in Ch.(2) and Ch.(3) are obtained using the new developments for the
asymptotic expansions for infinite dimensional oscillating integrals given in Sec.(7.2) of Ch.(7)

In Ch.(4,5,6,7) we give an overview of the results related to the asymptotic expansions of
integrals spanning from the unidimensional, real case, to the infinite dimensional environment
and including Stokes phenomena, detailed multidimensional expansions, uniform asymptotics,
asymptotics for coalescing saddle points, mentioning also the theories of Hyperasymptotics,

Resurgence and Distributional Approach.
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CHAPTER 1

The Crystal Problem

1.1. Statement of the Problem

Do crystals really exist 7 What are we talking about when we talk about crystals 7 Simply
speaking when we talk about crystals we have in mind a three-dimensional structure in which
a single scheme is periodicaly repeated. Mathematically we can formulate the same rough
definition without limiting the dimension of the structure, i.e. we can consider crystalline
structures living in the d — dimensional euclidean space. Several physical experiences suggest
that the nature of solids at low temperature is of the previous type, i.e. they present a periodic
structure which is the result of many copies of the same ordered unit cell. These natural facts
suggest the following intriguing question: Why crystals ? To be more precise and following
Radin’s thought, see e.g. [Rad87], we would like to rigorously formulate the Crystal Problem in
a suitable mathematical form such that is could be possible to prove that, at low temperatures,

Nature prefers ordered structures instead of developing amorphous ones.

The stated problem has a natural and well known translation in the language of mathe-
matical physics. In particular let us consider a physical system composed by a finite number
of interacting particles confined in a bounded region of the space, say a cube with edges of
length N in R%. Assume that the interaction is given by a pair potential V' which is a function
of the distance between the selected couple of particles only. Then we can write down the
partition function for the system at inverse temperature 7" = %, B > 0, and we would like
to know whether in the low temperature regime, the Gibbs states of the system, i.e. those
corresponding to minimizing energy configurations, are periodic. The next step is to control
whether the possibly crystalline structure, realized at low temperature in a bounded region,
remains stable when we consider an infinite extension of the previous system, i.e. taking the
limit N — oo. The picture we have in mind is well depicted in section 2 of [Rad87] and

can be viewed as the Gibb’s state interpretation of the Crystal Problem. It is not difficult to
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reformulate the whole question in a pure mathematical language. In [Rad87] an extensive list
of this reformulations is given. We think that, among this mathematical approaches, the most
interesting one consists in an accurate use of the theory of asymptotic expansions of integrals.
Before going on we refer the reader to Sec. 6 of [Rad87] in order to have a detailed survey
of recent results on the subject. Moreover very interesting ideas related to the problem of
the stability of symmetries for equilibrium configurations can be found in [KD82b, KD82a],
while the approach that we will use in what follows is based on [AeKH*89, AGH"93]. More
recently, in [The06], a proof of crystallization, at low temperature and in two dimensions, is
given for a system of classical particles interacting by a pair potential, studing the asymptotic
behaviour of the corresponding ground energy. Moreover in [Siit05] it is proved that, for a
class of translational invariant pair interactions, there exist periodic ground states for classical
particle systems in three dimensions and it is showed that there exist crystal structures which
are stable against a certain class of perturbations. For a quantum mechanical analogue of the
crystal problem one can see [LK86, Lie87].

We analyze the case of uniformly bounded fluctuations of a system of classical particles
around a hypothetical crystalline ground state. Our analysis is based on [AeKH'89, AGH*93]
and it starts with the study of the finite volume scenario, i.e. the case in which interacting
particles are confined in a bounded box of size N in d-dimensional space. Then we generalize
some of the obtained results to the infinite volume case. The studied fluctuations are described
with respect to a certain class of well defined potentials which have to satisfy some general
conditions. Our analysis will be developed in the low temperature regime making use of
some asymptotic methods of expansions for the integral defining the quantities of interest. In
particular we use the Laplace method in many dimensions in connection with some cluster

expansions techniques.

1.2. The Finite Volume Case

We consider a system of n classical particles which has, for semplicity, mass equal to 1 and are
enclosed in some bounded region of R%. Let thus N > 0 be a given integer, and consider the

bounded volume:
Av={z=(",...,2) eR":| 2" |<N,i=1,...,d}

A configuration of particles for our system is simply an n dimensional vector of positions in
Ay, ie. 2™ = (x1,...,3,) such that z; € Ay, Vi = 1,...,n, the collection of such vectors will
be indicated by X (. The interactions between the particles are expressed in terms of a two

body, central, translational invariant potential

VZANXANHR
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ie. V(z,y) = ®(| x —y |) whith ® a lower bounded real valued function of compact support
on R* and sufficiently smooth.
Moreover each particle i of position z; € Ay, possesses its momentum p; € R4, i =1,...,n,

hence the phase space of the system is described by:

(p,2) = ((p1,21), -+, (Pny Tn)) (1.1)

The Hamiltonian of our system of particles reads:

n 2 n

H () =3 %+ 5 > ofai—a) (12
i=1 i#j=1
where:
|2/ |[<N and p,eR?  Vi=1,...,n, j=1,....d

Then the Mazwell-Boltzmann ensemble partition function, for the inverse temperature param-

eter § = % > 0, is as follows:

2(8) = / e BHO @) gy - - da, (1.3)

(RdXAN)n

Performing the integral in (1.3) with respect to the momentum variables we get:

dn

A%

where:
n

n 1
HO(@) =537 @ - a; )
i#j=1

and we made use of the well known n— dimensional Gaussian integral:

dn
B\ % _8p? -
(g e Tdpdp, =1 ; pQEE p;
=1

In order to study the asymptotic behaviour of (1.4) as the temperature converges to zero,
namely 3 T +o00, we will use the Laplace method! for the asymptotics of integrals. For this
we need to control the Hessian of the Hamiltonian H™ evaluated at the minima of H.
If the minima X, ..., X,, of H™ are well separated then, applying the Laplace method of

asymptotics to (1.4), we have the following asymptotic formula for § — oo:

Z](\?) (8) < Z e BH(X;) /€—§<($—Xj)7«%”|xj (ﬂﬁ—Xj))dxl oodr, (1.5)
j=1

A%

1See e.g. Ch.4 of [dB81] or Ch.4 of this thesis.
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where if a() and b(3) are two real function of the parameter § then a(3) < b(f) stands
for limg .o % = const. Moreover JZ | x,; denotes the dn—square Hessian matrix of the

Hamiltonian H™ evaluated at the minimum point X ; and the error made is controlled by :

/ e PAXGT) dgp o -d,,

A
where Z(X;; z) equals the tail of the expansion of H around the jth minimum point as shown?
in Ch.(4) Sec.(4.2).

Remark 1.2.1. We refer the reader to Sec.(1.2.1) for a more detailed and precise statement
of the asymptotics given in (1.5).

Remark 1.2.2. The problem of finding whether the Hamiltonian H™ has a minimum at an
almost regular configuration actually constitutes the Crystal Problem. Taking into account the
surface effects we do not expect that the ground states of our systems in a bounded volume give
rise to absolutely reqular configurations. Only in the Thermodynamic Limit, namely taking
N T oo and n T oo keeping the particle density p = ﬁ fizxed, we can expect this effect, for p

larger than a certain value pe.
In order to deal with the crystalline structures let us introduce the following definition:

Definition 1.2.1. Let {vy,...,v4:V v; € R4, Vi =1,...,d} be a set of d independent vectors

in RY. An infinite Bravais lattice, with generators vy, ..., vq, is defined as:

d
QmE{Zakvk:akEZ,k’zl,...,d}
k=1

We denote the restriction of a Bravais lattice Qo to a bounded set B C R? by Qp, i.e.
Qp = Qs N B. According 2y, = Qy will denote the restriction of 2o, to the d—dimensional
hypercube of 2N —length edge. As seen before to the jth particle in the box Ay there is
associated a d—dimensional vector x; which specifies its spatial position, therefore to the whole
set of particles in Ay there is associated a vector © = (x1,...,x,), i.e. an element of the
previously defined space of configurations X™. Using the vectors vy, ..., vy which span the

space {1, we can introduce the following equivalence relation in R%:
Y(wy, wy) € R x R? = w, r%wy—Elz €Z%: w + 2 =wsy

Let us define % to be the restriction of the equivalence relation L to Q ~. If a particle A
in Ay is spatially identified by the vector x,, then using the equivalence relation %, we can

think of it as being embedded in the convex envelope of:

d
S = {Zaivi:aie {0,1},i:1,...,d}
k=1

2See also e.g. Ch.(8) of [BH86] or Ch.(1) Sec.(2) of [Fed89]




1.2 The Finite Volume Case 5

Thus we identify the d—dimensional position x) of the particle A € Ay by its representative in

S under the action of Ly

Remark 1.2.3. 3 In what follows we will assume that the number | Qx | of crystalline points

equals the number n of particles {; i =1,...,n} in the bounded box Ay.

Using the previous equivalence relation X we can define the displacement of a particle
A € Ay, of position xy, with respect to the grid designed by Qy, by a vector y,n) = xx — p(A),
where 1()) is a selected point of the lattice Q.

It follows that for each set of n particles (A;...,\,) € Ay, i.e. for each configuration
v = (v1,...,2,) € XM there is associated a displacement configuration y(x) = (y1,...,yn)
where, in order to semplify our notation, we denote by y; the displacement of the particle A,

from Qy, i.e. according to previous definition:

Yi = Yu(ny) (1.6)

with | y; |[< N foralli =1,...,n. By Remark (1.2.3) we have that the previous correspondence,
via displacement coordinates, between particles A € Ay and lattice points pu € 2y can be

realized in a one-to-one manner.

Hence we can write the energy function of the original systems of n-particles (A1, ..., \,)
of coordinates (x1,...,z,) as follows:
1
C@)=5 D Vlm+u)—(m+y) (17)
Bk €N
HiF
where we have set x; = y; +y;, foralli =1,... n.

Let us define the Crystalline Energy Function as:

cr — 1
€ () = 5 > Viw— ) (1.8)
,ui,,quQN
K7 H
Then, for a fixed n-particle configuration z = (21, ..., x,) € X™ and making use of the above

definition for the displacement configuration y(x) = (yi,...,y,) such that z; = y; + p,; for all

1=1,...,n, we can express the Deviation Energy Function as:
(v | {mahreay) = () — €7 () =
1 1
=3 D Vst w) = (5 —yy)) — 5 > Viw—p) (19

Bt €N Bk €EQN
Wi HiFh

We point out that €% (Qx | {yx}rcay ) expresses the energy deviation of the real configuration

x from the crystalline energy € (Qy) associated to the configuration Q.

3This is a standard and natural assumption in condensed matter theory, see e.g. [Zim72].
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We note that due to the periodicity of the Bravais lattice, the crystalline energy function
¢ (Qy), which is a function of d | Qy | variables, actually depends only on the choice of the
set v = (vy,...,v4) of d linear independent vectors which span {2, i.e. on the following set of

cordinates:

ol o2 d _ 1 _ .2 _.d
S =v,8 =0, .8 =01, §@(d-1) = Vg, E2—(d-2) = Vg, -+, Ea2 = Uy

We shall then also write &7 (Qy)(v) for €7 (Qy). A crystalline configuration is a (local)

stationary minimum point for € (Qy) if and only if the following conditions are fulfilled:

o0&, @len) (v}, e ,Ug) =0
?fg@f(c”) (v}, e ,vg) =0 (1.10)
5§d2 @ler) (U%, e ,vg) =0
and the Hessian matrix:
el (v
(HET) (v) = (—8&065 ))ij_l ..... ) (1.11)
evaluated at the point {v},...,vf:i=1,...,d} is positive definite.

Let us state the following Hypothesis:

(Hla) There exists a positive density value p. such that for p > p.. there exists a set of
d linear independent vectors v = (v1,...,vy) such that conditions (1.10) and (1.11) are
fulfilled, i.e. there exists a Bravais lattice solution of the minimizing problem for € (Qy).

Moreover there exists Ny s.t. this holds uniformly for all N > Nj.
(H1b) The deviation energy €4 <Q N, {yi} meﬂN> has a local minimum in:

{yi:O,izl,...,n,)\EQN}

Remark 1.2.4. From (1.9) we have that {y; = 0,i =1,...,n, A € Qn} is a local minimum for
&. Condition (H1b) can be derived from the following condition for the displacement configua-
tion {yi},.can’

1

5 2 (=), () (i — ) (i — ) > 0 (1.12)
e

where (D) (N\) is the Hessian of ® evaluated at the lattice point \.

Remark 1.2.5. The discussion of the fullfillment of the Hypothesis is quite involved. Ford =1
we refer to [Rad87]. Ford = 2,3,... we refer to [Siut05, The06], see also [AeKH'89]. Here we
shall proceed by deducing consequences of this hypothesis.
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Condition (1.12) can be used to deduce the existence of a functional integral representation

of the quantities of interest. For this reason let us define the following matrix:

2 ZHkGQNa,ka?éﬂi (%Q) (I’Ll - luk> if Hi = /’L]
=D (p; — 1) if i 7 pij

Since the potential V' only depends on the distance then for all pu;, u; € {0y we have that

Ax (i, 1) = (1.13)

O (p; — pj) = ©(p; — i) and the following equality holds:

% Z <y/u — Yujs [’%ﬂq)(MZ - ,LLj)] : (y#i - yﬂj)) = Z <y#¢7AN()‘7M) : y#j) (114)

Hispbj €EQN AHEQN
Condition (1.12) implies that the matrix Ay is strictly positive definite on the space R,
where n =| Qy |. Therefore it is possible to define the following zero-mean Gaussian measure on
the Borel o—algebra of the subsets of R absolutely continuous with respect to the Lebesgue

measure dx on R™:
pS(dz) = z%l)e_%<x’ci§lx)dx (1.15)

where the elements the covariance matrix Cy are defined as follows:

(Cn(pir 19));; = (An (i 1))5;' (1.16)
| Cy | is the determinant of Cy and for = (21, ...,x,) we have defined:
n ’ cYN |_1
and: . .
(w,C5'z) = (i, Y OF (i, 1))
=1 j=1

In what follows we shall also denote the element (Cn (1, uj)m. of the covariance matrix C'y by
On(pi — pj), fori,j=1,...n

For all @ = (ay,...,a,) € R¥, we have the following characteristic function associated to

1"

N

o) = [ Ty, y) = e L
Rdn
Now let I'y be the restriction to the Ay of the dual lattice associated to the definition (1.2.1),

namely 'y =I' N Ay. Then:

d
FE{ZﬁiwizﬁieZ,izl,...,d} (1.19)

i=1
in such a way that:
<’UZ‘,U)J'> 261], Z,j = 1,...,d
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Remark 1.2.6. For d = 3 the set I' is generated by:

Vg X Vg V3 X U1 . V1 X V2

w <’01,U2 X U3> W2 = <U1,U2 X U3> ws = <U1,’02 X U3>

From the form of I" given in (1.19), it follows that the dual group, i.e. the Brillouin zone,
associated to the Bravais lattice defined in Def.(1.2.1) reads:

d
11
=RYT = Wi € [—=, = 1.20
/ {;7w76[22)} (1.20)
Hence (1.14) can be rewritten as:

>~ v ®) (Ax(0) = Ax(p)) () = D2 s An(pis 1)) (1.21)
P Cnitny

where we have defined the quantities:

n

An(p) = 30 () ()™ 5 () = 3y (1.22)
k=1

k=1
Using (1.22) we can state the following:
Proposition 1.2.1. Let {y; =0:i1=1,...,n} be the null displacement configuration with re-
spect to the points {p; : i =1,...,n} of the lattice Qn and suppose that it is a stationary point

for the deviation energy €& . Then it is a local minimum éﬁAN(O) —AN(p) is a strictly positive
definite matriz for all p € Q.

Proof 1.2.1. The proposition follows from the Fourier representation of the left hand side
quantity in (1.14) made above in (1.21) and recalling that the condition (H1b) stated before can
be derived using (1.12).

i

As we have done in (1.16) it is possible to write the following representation for the inverse
matrices (Ay (i, 1)) in terms of those defined in (1.22). For all p;, p; € Qy we have from
(1.16), (1.21) and (1.22) that:

Onlps— 1) = (An) ™ (o)) = 3 7 0) (An(0) — Av(p)) (129

pEQN
p#0

Now it is possible to rewrite the Gaussian measure p%, defined in (1.15) as follows:
pi (dy) = 21(\7) e 2tw ANy gy (1.24)

where, as before, y = (y1,...,yn), (U, Any) = >0 (Ui, An(pi; p15)y;) and | Ay | denotes
the determinant of Ay.
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Theorem 1.2.1. Let V' be a pair-particle potential depending only on the distance between the
two particles and fulfilling the Hypotheses (H1). Then the canonical partition function Z3 (/)
of a configuration-particles © = (x1,...,x,) € Ax at inverse temperature 3 with respect to the

minimum given by Qx for &(z), reads as follows:

Z3(8) = (%”) T2y zip) (1.25)

where we made use of the following definitions for the crystalline partition function:
73 = e PEN(ON) (1.26)

and for the deviation partition function:

Z3V(B) = / XN(?J)eB%(QN'{\% 'L'—lv-'-*")du?v(y) (1.27)

Rdn

Here xn is the indicator function of the measurable set Ay = {y e R |y, < N} and:

n

1

2 (W | {3 e ) = En(@) = 5 D (= 05 #0(i = 1) - (i = i) — € (W)

ij=1

the remainder of the Taylor expansions of the total energy of the configuration of particles x

around the local minimum .

Proof 1.2.2. By the Taylor expansion of Z](\?) (B) given by (1.4) around the minimizing con-
figuration given by the Bravais lattice defined in Def.(1.2.1) up to the second order, we have:

dn

2
Z]’z[(ﬁ) — (%) / e—ﬁe(w)(QN)e—g Z?,j:1(yi—yj,%é(ﬂi—ﬂj)-(yi—yj))e—ﬁ%’(QN\{yi}uiegN)dyl . dyn

n
N

We use (1.14) in order to write Z3 () in terms of (1.24) and then we perform the integration

with respect to the Gaussian measure, making also the following change of variables: y; — \%

foralli=1,...,n in order to gain a 3 factor in front of the remainder.
OJ
Let us define the free energy density of our confined system, see e.g. [Rue99]:
1
P = —InZy 1.28
V(0 = ) (1.2

Using the result of theorem (1.2.1) we have:

BP(B) = G man — ol §+ BPF (O | B) + Bx + Gpn () (1.29)
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where we have defined the crystalline free energy density:
B GCT(QN)

1 .
P (D = In [e A&7 O] = = 27 1.30
and we have introduced the free energy density of non Gaussian fluctuations around €y as
follows:
1 -8 Qn|{ L
pn(B) = In / xn(y)e ( " {ﬂ “ieQN>du?V(y) (1.31)
Bl An|
Rdn
We have also set:
IN= — nz .
VT B[AN] Y

1.2.1. Detailed Laplace Method in the Finite Volume Case

Here we shall apply the results obtained below in Ch.(4) Sec.(4.2.1) to analyze the problem
introduced in Sec.(1.2) and give a more detailed version of the Laplace Method used to study
the behaviour, in the limit § — oo, of the partition function (1.4). This allows us, in particular,

to find the asymptotic formula (1.5). We shall thus consider the asymptotics of the following

integral:
1(B) = / e PHY@) g o d, (1.33)
A%
where, as in Sec.(1.2),
n 1 -
HO @) = 230~ ) (1.34)
i#]

when (3 — oo. The Crystal hypothesis implies that the absolute minimum of (1.34) is reached
at the point:

Xo=(21,...xn) = (1, fin)
i.e. when the particles (A, ..., A,) sit on the vertices of Qy. Since the point (i1, ..., u,) is in
the interior of the domain A%}, we can apply the method of Ch.(4) Sec. (4.2.1), below. Then
the leading term of (1.33) when 3 — oo is given by:

dn

e—BHM(X0) 797\ 3
il 1.35
| [o=xo] ( p ) 139

where # |,—x, denotes the dn X dn-dimensional square Hessian matrix of the Hamiltonian
H®™ evaluated at the point Xy, and | 52 |x,| its determinant.

Let us now assume that ® € C§°, then it is possible to write the complete asymptotic expan-
sion of I](\?) (8) in inverse powers of . Since # is strictly positive definite in a neighbourhood

of Xy there exists a dn x dn orthogonal matrix () such that:

QT%Q = (0417"'704dn) : [dn
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where a1, . .., ag, are the strictly positive eigenvalues of .7 and I, is the unit matrix in R9".
Now define the following change of coordinates:

(= Xo) = (Q- (Var, .., Vaan) - Lan)", 2) (1.36)

where (aq,...,qq,) 18 dn — dimensional vector given by the eigenvalues «;, i@ = 1,... dn.
Equation (1.36) implies that, near z = 0, we have:

f(z) = H® (Xo) = H™(a(2) ~ 5 (1.37)
If we take §; = h;(z) Vi=1,...,dn such that:
hi=z4+o(z]) for|z|-0 and i=1,...,dn
with:
dn
HOE
i=1
then (1.37) holds throughout Ay and since VH™ = 0 only at X, then the Jacobian:
(9(1:1, Ce 7xdn>
J(€) = =22~ 1.38
( ) a<£l>"'7§dn) ( )

is negative and finite throughout Ay.
Let us define Go(§) = J (), on the basis of Sec.(4.2.1) of Ch.(4), with the notations explained
there we have the following:

Theorem 1.2.2. The partition function integral (1.33) has the following asymptotic expansion
for B — +o0:

(7) (3} = —BH™ (Xo) 2m) T = A GO le=o
Iy’ (8) = (ﬁ) »o (0287 (1.39)

Jj=0
1

Here we have A{Go | € =0 = (| |o=x,|)" 2. In particular:

dn
. o\ Z e FH™(Xo)
- ()Tl

g |7 | o=,
dn dn
2\ 2 (/1 _1 P4 H 3
_ <E) (5) <|<%ﬂ |z X0| [ quZSIax axraxq +O(|I—Xo| )

where the matrix B = (B;;) is defined in such a way that:

Iom=1,...dn
Bij (Hj le=x,) = Oim
Remark 1.2.7. The result stated by (1.39) can be written in a more explicit manner expressing

the quantities AéGo le—o in terms of the Hamiltonian function H™ and Gy. Nevertheless, in

the general case, it is not simple to explicitly determine the function Go(§).
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1.3. Finite Volume Cluster Expansion

In what follows we shall develop the rigorous Cluster Expansion for the partition function
defined in Sec. (1.2), analyze its behaviour in the low temperature regime and state some
remarks on the thermodynamic limit of the studied system.

In Sec. (1.2) we reduced the study of ZJ(\?) (B) to the analysis of the partition function
Z4¢v(3) which can be viewed as the partition function of a gas of dipoles sitting on the lattice

Q) and interacting with each other via a potential determined by:

(o)) B boeiR) o

Kt €QN

where:

i — Y\ _ 1 1
2% (Mi—ﬂj’y\/ﬁy):V<Mi+ﬁyi—ﬂj_ﬁyj>+

V=) - 5 (B r ) - ) 2

In order to study Z4(3) we shall make the following hypothesis for the Taylor remainders

(1.42)

appearing in (1.42):

Hypotesis 1.3.1. There exists a family of complex measures <d)\,(fy)> 0 in R such that for
peEN
all p; — g, whit(pg, ;) € Qn x Qy, one has:

Koy (i — 15 ) = /em‘”d)\l(g_)uj , zeK (1.43)

R4

where:

- K is a compact subser of R containing the ball of center 0 and radius Ry € RT, where

O, as a function of the distance, has support in [0, Ry

: S\LN) () = dALN)(—a), in order for Xay (i — 115 | ©) to be a real quantity.
Remark 1.3.1. The measures )\,(fiv) appearing in hypothesis (1.3.1) depend on the size of the

box Ay. In using (1.41) and (1.43), we have to observe that the variables { Ui } belong
VB i E€QN

to a compact set. This can be achieved for all § > ﬁéN), for some suitable ﬁ(()N) > 0.

Remark 1.3.2. Assumption (1.3.1) is working one as first step. For a future study of the
thermodynamaic limit it should be relaxed, e.qg. by allowing X to become general functions in

order to preserve the reqularity and stability necessary for the existence of the thermodynamic
limit, see [Rue99].
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For all vectors (\;, A}, ii, 4, @i, ) € (x)* x R?, let us define the following quantities:

Vi (aidipi | ajAjpg) = a; (Cy(Ni — Aj) + Cn (i — ) — Cn(Ni — p5) — Cn (5 — Ni))
(1.44)
The following holds:

Proposition 1.3.1. For the partition function Z3(3) defined in (1.27) the following absolutely
convergent expansion in powers of 3 holds:
chir(ﬁ) _ Z ﬂ Z 67%219@'9’/ Vv (iAo Aj ) ®?:1 d)\fl]jzﬂj (al) (1‘45)

n!
n>0 Myt €N

Proof 1.3.1. By (1.22), (1.23) and the definition of Vi, we have the following formula:

/H <eﬁajyxj _e—ﬁ%‘yuj> uév(dy) — o B Licicien VN (@idiilag ;) (1.46)

Ay I=1

On the other hand, by the assumption made in (1.3.1), we have an integral representation for
(™)

fi— 1
for all the crystalline points p;, u; € Qn and we obtain the desired expansion. Moreover from

the remainders % ()\ — %) as characteristic functions associated to the measures d\

the simple inequality:

1% <eizuenN “M)‘ <1 (1.47)
we obtain the following estimate:
Zy"(B) < ePnDN (1.48)

where we have defined: (15 = max,cq, {ng d | )\,(LN) \}, and Dy is the cardinality of the set
{1 by € Qn 2| i — py [< Ro}

OJ
Using Prop.(1.3.1) we also obtain an upper bound for the dipole free energy density for all

B> 05"
PR (B) = DY In Z§ < By (1.49)

1.3.1. Bounded Dipole Length Gas

From the estimate (1.49) it follows that if we want to control the free energy density in (1.31)

for large but finite /N, we must control the following ratio:

In Z4ev
| An |
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Remark 1.3.3. Since our potential ® has, by assumption, a compact support we can choose
a positive constant 5§N), i.e. a sufficiently small temperature T depending on N, such that if

8> ﬁfN) and | p; — p1; | is greater than a fived positive constant R then:

o (1= s | 2 ) =0

foralli,7=1,... n.

In what follows we always take § = ((NN) > max {B(()N),ﬁém} in order to satisfy the
conditions stated in Rem.(1.3.1) and Rem.(1.3.3).
By previous remark we restrict the admissible length of the dipoles by R and define the

following bounded partition function:

2% QN4 L
Zy(8) = / ol ”GQN)M%(dy) (1.50)
Rdn
where the restricted Taylor remainder ZY%; is defined as follows:

(o)) S wlomf)) e

Mi,u]’GQN
[i—pji| <R

Now we would like to obtain the analogue of the result in proposition (1.3.1) for large but
finite N for the quantity Z%¢ (which can be viewed as a grand canonical partition function of a
system of dipoles of length bounded by R, defined on the lattice 2y and in termal equilibrium
at the temperature 7' = 571).

Let us define the following quantities:

DR(K)=DE(1) x --- x DE(K) =

(1.52)
- {(O{l,Al,/,ﬁ),...(OéK,)\K,/,LK) | /\17///2 S QN; | Hi — >\Z ‘< R,Oéi € R3}

For w € DR(K) we define:

W = ((0417 )\hﬂl)a s (O‘na Ana;“n)) = (Oé, )‘:/L)n and (&ia )‘la,uz) = d(z)v(aw)‘lnul) € D]]\%Z(Z)
(1.53)

We will also use the following notations:

/dﬁ(z’)z S /dAgfjjm(ai) and /dﬁu,...,n)z/dg(n).../df@(n (1.54)

Aiski €QN
[Xi—pi| <R

Moreover we define:

En (N, 1)) = Z Vv (e, Ay i | ciAjpeg) (1.55)

1<i<j<n
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and:

éaN ((av >" :u)n | (a/’ )‘/a :u/)m) = éaN ((a> /\7 :u)n U (O‘,v >‘,> :u/)m) _é&N ((a> /\7 :u)n) _gN ((O/v >‘,7 :u,)m}

(1.56)

Using previous notations we can rewrite (1.50) as follows:
bd _ (=B)" dR (1 — LN (d(1),end(m) 157
N_Z n N(a'-'an)e ( )

n>0

1.3.2. Cluster Expansion

In this section we will follow [AeK73] in order to apply the method of the linked cluster
expansion for the free energy density for large but finite volume. Let us to define the set ¥~
of all n — linear graphs that can be built on the set D{(n) defined before. Let T' € 4V, T be
characterized by a set of vertices ¥ = ¥/(I') and by a set of arcs & = &7 (I"). For every point

(cvi, Aiy ;) of I' define the following vertex function:
VN(i) = 6_%0‘?(CN(0)—CN(M—M)) (1.58)

From the positive defineteness of the covariance matrix Cly it follows that Cn(0) — Cn(p) > 0

for all 4 € Q. From this and (1.58) we have the following estimate for the vertex contribution:
IT w| <1 (1.59)
ey (I)

Let T' be an element of 4~ and let [ € &/ (I"), [ linking a starting point I, = (ay,, \i., f4z,) to

an ending point I, = (ay,, A, fu, ). Let us define the following arc function:
V() = V(s | L) (1.60)

Using definitions (1.58) and (1.60) we can compute the weight of a graph I' € 4% as follows:

w (T DR/dN /dR "VN“ ) ] v (1.61)
lEM

eyv ()

while the weight of the entire set 4 is:

=Y wi(I) (1.62)

regN

Using previous definitions one can state the following result:
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Proposition 1.3.2. For the bounded partition function Z% defined by (1.50), the following

cluster expansion holds:
A ene1 (=B wi

where the series is absolute convergent.

Proof 1.3.2. Given an element I' € 4N we define:

I [ef%vwz(ind(j)) _ 1] (1.63)

i€V ()

A (7 (D))

then, see [Rue99, AeK73], we have:

e_%gN(d(l) ..... d(n)) _ HVN(Z) H e—%VN(d(i”d(j)) —

i=1
_ ﬁVN(i) I1 ([6—§VN<d<i>|d<j>> _ 1} 4 1) _

Since by:

we have then:
Zbd—zﬂ di(L,...n)[[vw() Y #(dieTl))
N — n' N g e e ey N
n>0 i
and computing the sum we obtain the result.

U

Now we are in a position to state the following result concerning the finiteness of the dipole
free energy density for large but finite V:

Theorem 1.3.1. Let n € N, T' € 4V and 8 € R — {0}, then:
| wiy(I') |< o0 (1.64)

Proof 1.3.3. Let us firt recall some facts from Graph Theory. We are studying particular
graphs T' € 4N which are undirected and simple trees, this means that given T' € 4N for any
two vertices of I', they are connected by exactly one undirected simple, i.e. with no loop allowed,
path, moreover I' is connected. We adopt the following definition of a spanning tree ./ (I") of
the graph I as the tree composed of all the vertices i € ¥ (I') and of a, not necessarly proper,
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subset of arcs of </ (I'). Hence we can construct .#(I") selecting some edges of I' in such a a
way that they form a sub-tree spanning every vertex of the original tree I'. This means that,
for connected graphs I' € 4%, a spanning tree can be defined as a minimal set of edges that
connect all vertices. If a tree is a connected graph then it admits a spanning tree, moreover the
Cayley’s formula tells us the number of these trees. Let I' € 45 and .7 be one of its spanning

tree, then we define:

o' |=| (D) [=k+s

where k =| o7 (L) | is the number of elements in </ () and s =| &' | —k (which equals the
number of edges in the subgraph T' — .7 ). Then we can estimate the contribution to the total

weight wi (I') coming from the arcs | ¢ .7 as follows:

C‘CQO‘ls ag,

e (1.65)

5V (D) 1H

eB

sup‘ <c Ol|a a
Tl o
/8 S €

where the ¢ = ¢(d) is a positive constant and the quantities Cy and Cy are defined as follows:

cv=suwp (sup [C(o] )

HEQN

Cy= sup sup{|04] aEsupp(d)\N)}
preBR(0)

From this it follows:

| w) (D) |< Csb (#(T)) (1.66)
where
c c-C1C3
Cg = 03(6) = BC& . 0226 s
CCIC
Let us set Cs = e , then, recalling (1.61), we have:
Cm 1
WR ) € rpr [ 1L |H||VN )i+l o)

Let p € Qn then the following holds

Vn((ai, A 4 p, i+ p) | (g Aj + pops +p) =

= ai(COn((Ai +p) = (N + ) + On((ps + p) — (15 + )+
— On((Ni+p) = (5 +p) = On((15 + p) — (N + p)))oyy =
= V(s it | o \jpnz)
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Hence for a fized size N the quantity on the right hand side of (1.67) is bounded by:

X > D /dm IRICHE /dmn_un

MEBR(0) Xg,no€Qy Ansun €QN
[Aea—p2|<R  |[An—pn|<R

() x

n—1
< LTIV (e, Mg s | g djiamn)l <
j=1

<é(p Z Z (In(a, Ai, 0, @2, Aa, 1))

M EBR(0) Xo,u2ef2ny
[A2—p2|<R

where c(f71), é(871) are constants depending on 37! and possibly on R,

]N(CY17/\17H17042,)\2,/~L2) = /VN(O%/\hHl | CV27/\27M2)d | /\ N) | (Oél)d | )\Ag—m | (042)

and the statement of the theorem follows.

1.3.3. Towards Zero Temperature in the Finite Volume

In what follows we will use the result obtained in theorem (1.3.1) in order to study the behaviour
of the weights wy,(T'), i.e. the virial coefficients, when the temperature approaches zero, i.e. in

the limit 7 — oc.

Theorem 1.3.2. Under the hypothesis of theorem (1.3.1) we have:

dk n
lim wy(6) =0 and lim () =0
B—oc B—00 gk (_%)

Proof 1.3.4. From theorem (1.5.1) and exploiting the translational invariance property of the
potential we can assume that the graphs I' always have at least one of their vertices located at
some point (0, ) = (0,0, X) providing A € Br(0), hence:

Wi (D) = 3 / AN () ] [e— } I v (1.68)

u1€BR(0),(0,u1)e¥ (L) leZ() e (1)

From this it follows that, for a given graph I, w¥ (') is an analytic function of the temperature
= % for B # 0 and that limg_o wi(I') = 0. Hence, for every graph I', we can perform the
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following Taylor expansion:

d* 'ty
—(F;z: Z Z - ) 7(T) -

|2 (T ATTI7MI .
d —%> k‘l ..... k\f(l")\ Tgyeeey T"y/(p)‘ H’Lzl ‘ k"' H_]:l r.]

<z v
T ShZ ali

Z (T v (T
( SEOl s Ol

12(r)] ) (1.69)
- > o T IT wors
n1€BR(0) j=1
(0,p1)€2(T)
« H e 1VN(l (1-0(k1)) H V
leZ(I) ey (T
Since the number of restricted graphs that we are considering is finite we have then:
. dhw(T)
ﬁlggo r £ = (1.70)
1
1(-3)
O

Now we would like to study the cluster expansion for the free energy density of non Gaussian
fluctuations around the crystalline structure for large but finite N. We have to control the
behaviour of the cluster expansion of the quantity px (/) defined by (1.31):

For any given couple of points (a;, Ai, it:), (@, Aj, 1;) we have that for a given n — linear
graph I' = (o, A\, pt),, the energy &y ((a, A, it),) defined by Eq. (1.55) can be written as follows:

En((a, N\, p)n) = Z ai(Cn(Ni — Aj) + On (i — py)+

1<i#j<n

— On(Ni — p5) — Cn (5 — Ai))ay

for every sets (a, A, i) n, (&, N 1)
Now consider a vector v € [0,1]""! and let us recursively define the following sequence of

energies:

éa][\)f((a7 )‘7 M)N) = (gﬂN((a’ )‘7 :u)n)
Ex((, A p)n) = (1= 8)8n((a, A\, ) | (i Aiy i) + si85 (0 A, 1)) (1.71)
Ev (A 1)n) = EX((8)n-1)

Then the following theorem holds:

Theorem 1.3.3. By (1.3.1) the free energy density pn(3) has a convergent expansion in terms
of the weights Wi (53).
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Proof 1.3.5. Let us consider the following set of functions:
Fo={n:{1,...;n} = {1,...,n}:n(i) <i, Yi=1,...,n}

1) € Zn x 0,171 and any n > 1 let us define the function:

(1.72)

For any couple: (1, (8)n—

i
L

(1.73)

Si—18i—2 " Sn(i)

’:1

F; (8)n-1) =

.

\23&

with f(n,s1) = 1. Then the virial coefficient w}, = wi(B) can be rewritten as follows:

wiy(8) = “Z/

dy (o, A ) f (0, (8)n-1%

x H (05 + 1) | dln(@))e 3R

where we have defined:

/dRa)\/L > /dAM a) Y /dAAHI

,u,leB (0) A, o €Q N
[A2—p2|<R

The definition (1.71) leads to a convex sums of energies, hence, at every step of the induction
we have an energy function which is positive definite and then also the final one maintains this

property. From, e.g. [BF78] one can deduce:
> [t s)
neFy

Using this and Th. (1.3.3) we obtain the following bound on the coefficient wiy ()

‘enfl

R ()| <€ S

HEBR( Y }L/EQN
[N —p/|<R

n—1

where we used the notation in (1.44). Recalling the definition in (1.71), we have obtained the

desired expansion of the free energy density py(8) which can be rewritten as follows

OS2 [ [ aiarmason(6hai)x
(1.74)

n>1 7769

x [ [ én (dli + 1) | d(n(i)) (O

as an absolutely convergent series for any > 0
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Remark 1.3.4. We would like to underline that it is possible to control the limit for N — 400
of Zn.

Let us start recalling the definition of the infinitely extended lattice. Let {vy, vy, v3 : v; € R4}
be a set of d independent vectors in R?, then an infinite Bravais lattice is defined as:

d
Qoo E{Zakvk:&k €EZ,k=1,...,d}
k=1
then we define the infinite dual lattice I's, and the associated Brillowin zones QOO = Rd/Foo.
Let us set for all p € Qoo
Ac)= Y (e (1.75)
HEQoo,u7#0
Since A D(-) has compact support, then A (p) is a well defined quantity, in fact it is the limit
of Ax(p) when N — +oco. We can then go to the limit for N — +oc in the formula (1.21)
and get

5 2 = w0 = )l — ) = [ 500 (Ae0) = Ax)) dp)dp  (176)
i 0

where gn(p) = Zueﬂm yueP* which is well defined for all L*(Q) functions y of compact

support.
Since:
= — I | Ay (s ) —;Zmn(fi (0) ~ Ax(p))
N_25|AN| o N\Hiy g il EQN —2ﬁ|AN| ; N N\P
PEQN
then if:
NlirJrrl trin (AN(O) - AN(p)) (1.77)
pEQN
exists then it would be given by:
/trln [AOO — /Aloo(p)} dp (1.78)
R4
and we would have the formula:
~ N—oo 1 2 2
——— [ trin |Asx — A d 1.
iy = 2ﬂ]AN]/rn[oo OQ(p)]p (1.79)
A

Remark 1.3.5. The limit (1.77) exists and is given by (1.78), and hence (1.79) holds, e.g. if
An(0) = Ax(p) = ep? for all | p | sufficiently small, and some constant ¢ independent of N. At

least for any fized N, this bound is easily seen to hold, on the basis of our assumption on P.



CHAPTER 2

The Feynman-Vernon influence functional

2.1. Introduction

In what follows we will give a rigorous representation of the Feynman-Vernon influence func-
tional used to describe open quantum systems. It is based on the theory of infinite dimensional
oscillatory integrals, see Ch. (7). This allows us to rigorously describe the density matrices
characterizing the well known Caldeira-Leggett model of two quantum systems with a quadratic
interaction. Once this rigorous description is achieved we can use, in principle, the techniques
developed in Ch.(7) in order to obtain asymptotic expansion of the infinite dimensional integrals

occurring in the Caldeira-Legget model.

2.1.1. Open Quantum Systems

One of the crucial problems of modern physics consists in understanding the behaviour of an
open quantum system, i.e. of a quantum system coupled with a second system often called
reservoir or enviroment. One is interested in the dynamics of the first system, taking into
account the influence of the enviroment on it. A typical example is the study of a quantum
particle submitted to the measurement of an observable. In fact, from a quantum mechanical
point of view, the interaction with the measuring apparatus cannot be neglected and modifies
the dynamics of the particle. On the other hand the evolution of the measuring instrument is
not of primary interest.

A particularly intriguing approach to this problem was proposed in 1963 by Feynman and
Vernon ( see [FH65, FV63]) within the path integral formulation of quantum mechanics. In
1942 R.P. Feynman [Fey42], see also [Bro05], following a suggestion by Dirac (see [Dir33, Dir47],
proposed an alternative (Lagrangian) formulation of quantum mechanics (published in [Fey48]),

that is an heuristic, but very suggestive representation for the solution of the Schroédinger
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equation

{ﬂ% = PN+ Ve 1)

(0, ) = to(x)
describing the time evolution of the state ¢ of a d—dimensional quantum particle. The pa-
rameter A is the reduced Planck constant, m > 0 is the mass of the particle and F' = —VV is
an external force. According to Feynman’s proposal the wave function of the system at time
t evaluated at the point x € R? is heuristically given as an “integral over histories”, or as an
integral over all possible paths v in the configuration space of the system with finite energy

passing in the point x at time ¢:

-1

vty =+| [ eSOy | [ dsOu6o)Dy 2.2

{yv(t)==} Y (t)==}

where S;(7) is the classical action of the system evaluated along the path ~, i.e. :

z%/ 5)|Pds, (2.4)

D~ is an heuristic Lebesgue “flat” measure on the space of paths and:

( / 4570 )1

{7 (#)==}

is a normalization constant.

Feynman and Vernon (see [FH65, FV63]) generalized this idea to the study of the time
evolution of the reduced density operator of a system in interaction with an enviroment. Let
denote pa, pp, respectively, the initial density matrices of the system and of the enviroment,
Sa, Sp, respectively, the action functionals of the system and of the enviroment and S; the
contribution to the total action due to the interaction. Then the kernel of the reduced den-
sity operator of the system pg (obtained by tracing over the environmental coordinates) is
heuristically given by:

”

pr(t,z,y) =" / e (Sa=540) B (5 7Y p 4 (7(0),/(0)) Dy D~/

v(t)=z
v (t)=y

(2.5)
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where F is the formal influence functional (IF):

F(y,~) = / (S50 =S5 (1) o (S (CA) =51 (")) o

r(1)=Q (2.6)
I(0)=Q

x pp(I(0),I'(0)) DL DI'dQ”

The number of spin-offs originated by the seminal work [FV63] is so large that it is nearly
impossible to give here a complete list, and we limit ourselves to shortly mention some of
them.

Probably the most influential contributions can be found in [CL83a, CL83b|, where Caldeira
and Leggett applied the heuristic IF method in order to study the quantum Brownian motion
(QBM), i.e. the analogous of the classical Brownian motion but for a quantum particle, and
the tunneling phenomenon in dissipative systems. Latter papers triggered a chain-reaction
which is actually far from its end. In [Leg84] (see also [CL81, Cal83|) Leggett determined the
imaginary-time functional which supplies the tunnelling rate form of a metastable state at zero
temperature, in a formal WKB limit, in presence of an arbitrary linear dissipation mechanism.
In [CL85] an explicit calculation of the time-dependent density matrix is given describing the
damping on quantum interference between two Gaussian wave packets in a harmonic potential
and the obtained results are in agreement with the quantum theory of measurement, see e.g.
[Zur82).

In [HAS5] the decoupled particle-bath initial condition previously used, was compared with
the initial off-diagonal coherence of the reduced density matrix, constituting the thermal initial
condition.

A wide-range use of the IF approach was given in [LCD*87] where the authors on the
basis of their previous experiences managed to give a deep view to the dynamics of a two-state
system coupled to a dissipative environment.

In [CH87] an application of the IF formalism was given in order to study the reduced
density operator of a particle coupled with a fermionic environment. Similar applications may
be found in [Sch82, Gui84, Che87, Zwe87, BSZ92], where the fluctuations in the motion of
a heavy particle interacting with a free fermion gas are studied, providing various type of
classical and semiclassical expansion either with and without weak-potential or linear response
assumptions.

Chen’ s approach was extended in the case of a boson bath in [CLL89].

The heuristic IF approach was generalized in [SC87, SC90] to a nonfactorizable initial
system-plus-reservoir density operator without specific symmetry assumptions.

Since heterogeneous problems related to macroscopic effects in quantum system require
extensions to the QBM theory, following [CL83a] various attempts to derive a master-equation

(ME) were made in order to include general initial conditions and nonlinear couplings. The
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ME for linear coupling and ohmic environment at high temperature found in [CL83a] was
first extended to arbitrary temperature in [UZ89] and afterwards obtained for more general
environments and nonlocal couplings, which produce colored noise and nonlocal dissipation,
see [GSI8Y, HPZ92, Bru93, HPZ93, BG03] and references therein.

A complementary use of the IF approach to the description of Markovian open quantum
systems can be found in [Str97], where the IF method is used in order to develop the ME of
general Lindblad positive-semigroup (see [Lin76]) and the propagator in a formal stationary
phase approximation is calculated.

The derivation of the ME for the reduced dynamics of quantum system have gained a lot of
contributions by the use of mathematical respectively physical path integrals (PI) techniques
(see e.g. [Exn85, JLO2] respectively [Wei99, BP02, Kle04, GZ04] and references therein).

The IF formalism was also used in a parametric random matrices approach to the problem of
dissipation in many-body systems, see e.g. [BDK95, BDK96, BDK97, BDK98] and references
therein, where the derived form of the IF differs from the one in [CL83a] and recovers the latter
as the first term of its formal Taylor expansion.

The emerging theory of Quantum Computation is another field of application of the IF
method since the implementation of real quantum processors is often hampered by the quantum
decoherence phenomenon, see e.g. [Deu89, Unr95, BDE95, DS98, PZ99, GJZ103, SH04] and

references therein.

Despite the broad range of its applications, a rigorous mathematical construction of the IF is
still missing.

Our aim is to fill this gap following the ideas introduced in [AHK76, AHK77] in connection
with the rigorous mathematical definition of Feynman path integrals (2.2) and in order to
realize formulae (2.5) and (2.6) as well defined infinite dimensional oscillatory integrals on a

suitable Hilbert space.

Before we go over to a short description of our present work we would like to outline that there
are rigorous works on models of particles in interaction with heat bath not based on the IF

approach, e.g. see [Dav73, CEFMO00] and references therein.

In Sec. (2.2) we recall some known results, extend the definition of infinite dimensional oscil-
latory integrals and prove some important properties, for more details see Ch (7), [AGMO03,
AGMO04, AM05b, AM05a, AM04b, AM04c, AM04a] and references therein.

In Sec. (2.3) the new functional integral is used in the study of the time evolution of two
linearly interacting quantum systems. A mathematical formalization of the Feynman-Vernon’s
theory of the IF is given in Sec. (2.4). The main results in this section are Theorems (2.3.3)
and (2.3.4) where a conseguence of the Rem.(2.4.1) is used in order to prove the integrability

of certain function. The last part is devoted to the study of the Caldeira-Leggett model, see
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[CL83a], in the case of a finite dimensional heat bath.

2.2. Fresnel Integrals

In the following we shall denote by H a (finite or infinite dimensional) real separable Hilbert
space, whose elements will be denoted by =,y € H and the scalar product with (z,y). The
function f : H — C will be a function on ‘H and L : D(L) € 'H — 'H an invertible, densely
defined and self-adjoint operator.

Let us denote by M(H) the Banach space of the complex bounded variation measures on H,

endowed with the total variation norm, that is:
peMM),  ul =sup ) |u(E),

where the supremum is taken over all sequences {E;} of pairwise disjoint Borel subsets of H,
such that U;F; = H. M(H) is a Banach algebra, where the product of two measures p * v is

by definition their convolution:

puxv(E) = /,u(E — z)v(dx), v e M(H)
H

and the unit element is the vector dy.
Let F(H) be the space of complex functions on H which are Fourier transforms of measures
belonging to M(H), that is:

fiH=C  f@)= [ P9 = yle)

H

F(H) is a Banach algebra of functions, where the product is the pointwise one; the unit element
is the function 1, i.e. 1(z) = 1 Vz € ‘H and the norm is given by || f|| = ||xf]|-
The study of oscillatory integrals on R” with quadratic phase functions, i.e. the ”Fresnel

integrals”,
/em@f(x)dx, h>0, (2.7)

is a largely developed topic, and has strong connections with several problems in mathemat-
ics, e.g. in the theory of Fourier integral operators, and physics, e.g. in optics. Following
Hoérmander, the integral in (2.7) can be defined even if f(H) is not summable by exploiting the
cancellations due to the oscillatory behavior of the integrand, by means of a limiting procedure.
More precisely the Fresnel integrals can be defined as the limit of a sequence of regularized,

hence absolutely convergent, Lebesgue integrals.
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Definition 1. A function f : R™ — C is Fresnel integrable if and only if for each ¢ € S(R™)
such that ¢(0) =1 the limit
lim(27m'h)_"/2/62ﬁ @) f(2)p(ex)da (2.8)

e—0

exists and is independent of ¢. In this case the limit is called the Fresnel integral of f and
denoted by

/e% @) £ (2)da (2.9)

In [ET84] this definition was generalized to the case R™ is replaced by an infinite dimensional
real separable Hilbert space H. In fact an infinite dimensional Fresnel integral can be defined

as the limit of a sequence of finite dimensional approximations:

Definition 2. Let (H,(, )) be a real separable (infinite dimensional) Hilbert space. A function

f :H — C is Fresnel integrable if and only if for any sequence {P,} of projectors onto n-

neN
dimensional subspaces of H, such that P, < P,1 and P, — 1 strongly as n — oo (1 being the

identity operator in H), the finite dimensional approzimations

(2if) /2 / ¢F P Pan) £(P)d(Py),
PnH

are well defined (in the sense of definition 1) and the limit

lim (2rif) /2 / e3Pt Pas) §( P 2V d(Poc) (2.10)

n—oo

PnH

exists and is independent of the sequence {P,}.

In this case the limit is called the Fresnel integral of f and is denoted by:

/e;ﬁ<‘”’x>f(x)dx.

Let us recall the following theorem:

Theorem 2.2.1. (Parseval Identity) Let L : H — H be a self adjoint trace-class operator,
such that (I — L) is invertible. Let y € H and let f : H — C be the Fourier transform of a
complex bounded variation measure jiy on H. Then the function e” 2 (@, Lz)eilew) f(2) is Fresnel
integrable and the corresponding Fresnel integral can be explicitly computed in terms of a well
defined absolutely convergent integral with respect to a o—additive measure g, by means of the

following Parseval-type equality:

—

/B;‘h< D)= (o) o) f () dy =

2.11
(det [ L 1/2/ oHry(I L) 1(a+y)>,uf(da) ( )
H
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where det(I — L) = | det(I —L)|e=™ ™4 U=L) js the Fredholm determinant of the operator (I—L),
| det(I — L)| its absolute value and Ind((I — L)) is the number of negative eigenvalues of the
operator (I — L), counted with their multiplicity.

Proof 2.2.1. The result follows directly by theorem 2.1 in [AB93], see also [ET84], which
states that for g € F(H)

i i 1 ih -1
(o) — (L) _ i (o, (I-1) "} (@)
e 2R (&%) o~ 3R x)dx = e 2 do
/ 9(@) Vdet(l — L)H Hylde)

By taking p1g = 0, * puy the conclusion follows.

By expression (7.3) the following result follows easily:

Corollary 1. Under the assumptions of theorem 2.2.1, the functional

fe f’(’H) —s /6;”<x’(1_L)x>ei<x’y>f(x)dx
is continuous in the F(H)-norm.

Let us introduce now a new type of infinite dimensional oscillatory integrals on the product
space ‘H x H that will be applied in the next section to the time evolution of open quantum

systems.

Definition 3. Let f : H x H — C. If for any sequence P, of projectors onto n-dimensional
subspaces of H, such that P, < P,y1 and P, — 1 strongly as n — oo (1 being the identity

operator in H), the finite dimensional oscillatory integrals

1
(2mh)™

/ /6215<P"I’P”x>e_2ih<P"y’P"y>f(an,Pny)d(Pna:)d(Pn )
PyH PyH

are well defined and the limit

1 7 3
nh) / / eﬁ<Pnac,Pnac>@_Tn<Pny,Pny)f(an, P.y)d(P,z)d(P,y) (2.12)
PoH PnH

exists and is independent of the sequence {P,}, then it is denoted by:

/ / e e~ 3 W) £ (3, ) dwdy.

It is possible to prove a result analogous to theorem 2.2.1
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Theorem 2.2.2. Let L : H — H be a trace class operator, such that I — L is invertible. Let
f i HxH — C be the Fourier transform of a complex bounded variation measure piy on H X H.

Then the integral o
//eg'h(x,x)e;}L(va@;ﬁ<xy’L(x+y)>f<x’y)d$dy

1s well defined and is equal to:

a+ﬁ I-L)~'(a—p3))
=T / / dps(, 9) (2.13)

where det(I — L) is the Fredholm determinant of the operator (I — L)

Proof 2.2.2. By definition, taking a sequence P, of projectors onto n-dimensional subspaces
of H, such that P, < P,y and P, — 1 strongly as n — oo

/ / e @) e~ 3r W) o~ @mu L @) £ () dudy =

1 i
:’r}l—{{olo (27rh)n / /€%<$n Yn,(In— Ln)(anryn))f(xmyn)dxndyn

PoH PuH

where v, = P,x, v € H, I,, — L, = I|p,x — P,LP,. On the other hand, the finite dimensional

approximations are defined by the following sequence of reqularized integrals:

1 S — x
(2mh)n / /62h< w0 ) f (g )y
PoH Py 'H
1 i
= ll—l%w / / eﬁ<xnfyn,(lnan)(xn+yn)>gb(ex’€y>f<xmyn>dxndyn
PoH PoH

with ¢ € S(R™ x R™), ¢(0) = 1.
By introducing the new variables z, = x, — Ypn, Wy = Tp + Yn, by taking n > n and by Fubini

theorem, the latter is equal to:
1 . z+w
lim ( el =3
ey | (] ]
P HP,H  PyH P H

i - d t In - L’I’L !
X 62h<zn7(ln_Ln)wn>¢(€Z—"2_w7€w 92 z)dzndw">dﬂn(a’ﬁ) - lg% - ((27r)2n )

X / / / / 672% <a+ﬂ—26'y,(1n—Ln)’1(a—ﬁ—2€6)>éT(,yn’ 5n)d7nd6n dun(oz, ﬁ)

PyH PyH nH PnH

where p, € F(P,H x P,H) is defined by:

V4B, 25E)

/ A2, Yn ) dpin (T Yn) = /xPnn(x,y)¢(Pn9:,Pny)du(x,y)

PyH H
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and ¢ € S(P,H x P,H) is defined by:

Zn + W, W, — Zp
¢T(men) = Qb < 9 9 2 )

In the above calculation we have used the fact that if (I — L) is invertible which implies that, for
any sequence { P, }nen of projection operators on H, there ezist an n such that for any n > n
the operator P,(I — L)P, is invertible. Therefore by taking n sufficiently large we have that
det(I, — L,) # 0. By applying Lebesque’s dominated convergence theorem, and by the equality

/ / O (Vn, 0 )dVndd, = (27)*"d1(0,0),

PyH P 'H

the latter is equal to:

PoyH Pn'H

By taking the limit n — oo and by the convergence of det(I, — L) to det(l — L), we get the

final result

By expression (2.13) the next result follows easily:

Corollary 2. Under the assumptions of theorem 2.2.2, the functional

feFHxH)— //e;h<’”’x>e_Qih<y’y>6_i<””—y’L(‘”+y)>f(x,y)dacdy

is continuous in the F(H x H)-norm.

It is possible to prove the following Fubini type theorem on the change of order of integration
between oscillatory integrals and Lebesgue integrals.
Let {yo : a € R?} be a family in M(H). We shall let [, podo denote the measure defined

by
o [ [ dtw)inalarda

R H

whenever it exists.

Theorem 2.2.3. Let (H,()) and L : H — H as in the assumptions of theorem 2.2.2. Let
piRY— M(H x H), o+ pg, be a continuous map such that

/\ua\da < 0.
Rd
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Let fo(x,y) = fia(z,y), (x,y) € H X H. Then [, fada € F(H x H) and

///ethx — 25 W) o~ 35 (2= yL(“y»fa(x,y)da:dydoz

Rd H H

://ezih@’”e2ih<y’y>e2ifz<’”y’L(Z+y)>/fa(x)dadxdy (2.14)

H H R4
Proof 2.2.3. By definition of f,

/fada_// k) ihy) qp, (ky h)da = / el kartithy) /d,ua(k h)da,

R HxXH HxH R4

so that [, fada € F(H).
By applying theorem 2.2.2 to the L.h.s. of (2.14), we have:

/ / / 37 (0.0) (=3 09) =3 =0 L) § (1 o) dndyda

R H H
= det(] — L)~ /// g (=L k=) gy () ) da

RE H

By the usual Fubini theorem the latter is equal to:

det(I — L)~ // g A (=L) 7 (k=h)) /dua(kz,h)da

R4

that, by theorem 2.2.2 is equal to the r.h.s of of (2.14).

2.3. The Feynman-Vernon influence functional

The infinite dimensional oscillatory integrals of definition 2 provide a rigorous mathemati-
cal realization of the heuristic Feynman path integral representation for the solution of the
Schrodinger equation. The aim of the present subsection is the extension of these results to
the Feynman path integral representation of the time evolution of an open quantum system.

Let U; be the unitary evolution operator on L?(R?) whose generator is the self-adjoint exten-
sion of the operator defined on S(R?) by —£ + 120%z + v(z), where m > 0, Q is a positive
symmetric constant d x d matrix with eigenvalues Q;, j = 1...d, and v € F(R?), v(z) = fi,(z).
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The heuristic path integral representation given by Feynman for the solution of the Schrédinger
equation (2.1) is given by:
(U(Zf)@ﬁo)(l‘) _— / Lr mfo 5)2ds— fo s)Q27(s)ds)€ 5 fo ds(bO(,_Y(O))d,y
y(t)==
Let us assume for notation simplicity that m = 1 (this condition will soon be relaxed) and

let us introduce the Cameron-Martin space Hy, i.e. the Hilbert space of absolutely continuous

paths v : [0,t] — R, such that v(¢) = 0, and square integrable weak derivative f(f |7(s)[2ds < oo

endowed with the inner product (7, 72) fo (s s)ds. Let L : H; — H; be the trace
class symmetric operator on H; given by:
t s’
(Lvy)(s) = /ds’/v(s")ds”, v € H;. (2.15)
s 0

Let H! = ®LH; and let Lqg : H? — HY be the trace class symmetric operator on H¢ given

by:
(Lav)(s /ds / (Q2y)(s")ds", v € HL.

One can easily verify that (v, Loys) = fo 71(8)Q2%72(s)ds. Moreover if t # (n + 1/2)7/8Q;,
n € Z and §2; any eigenvalue of €2, (I — Lq) is invertible with:

t

(1= La) ™(s) =2(5) = @ [ sinf(s' = 9)(s)ds'+

s

+ sin[Q(t — )] /Coth 'Qcos(Qs')y(s')ds', (2.16)

0

and
det(I — Lg) = det(cos(Qt))

see [ET84]. Thanks to these results and under suitable assumptions it is possible to realize the
heuristic Feynman path integral representation for the solution of the Schrodinger equation as

a well defined infinite dimensional oscillatory integral on the Hilbert space HY.

Theorem 2.3.1. Let ¢y € F(RY). t # (n+1/2)7/Q;, n € Z. Then the vector ¢(t) = Upy is
giwen by x — ¢(t)(x), with:

ezithQIt/625< v, (I— L)7 fo 202 (s)d Se fJU(7(5)+1)d5¢0(7(0) + x)d’y (217)

HY
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For a detailed proof see [ET84].
This result can be generalized to the Feynman path integral representation of the time evolution
of a mixed state:

Theorem 2.3.2. Let p be a density matriz operator on L*(RY), such that p admits a reqular
kernel p(z,y), x,y € R Let us consider a basis {e;},oy of L*(R?) and assume that p admits
a decomposition into pure states of the form p(x,y) = >, Nei(x)el(y), with \; >0, > A =1,
(€, €5) r2(ray = i, and e;(x) = fi;(x), satisfying:

> Xilwil? < oo (2.18)

Lett # (n+ 1/2)7/Q;, n € Z. Then the density matriz operator at time t admits a smooth

kernel pi(z,y) which is given by the infinite dimensional oscillatory integral:

—_~—

o 3 (2020 —y 2t / / ¢35 (WT=L)7) o= 35 (0, (I=D)7')

H?’hd"_{:’hd

e hfo (xQ27(5)—yQ2~'(s) se—ﬁ fo ~(s)+x)ds

6% I U(W'(s)-&-y)dsp(,y(()) + 7, 7/(0) + y)dwdv' (2.19)

Proof 2.3.1. By decomposing p into pure states, by corollary 2 and condition (2.18) the integral
(2.19) is equal to:

Z A (e—ﬁxfﬂxt / eiﬁ( 1(I=L)y,— ¢ LY aQ2y(s dse—%fg U(’Y(S)—Hﬂ)dsei(’y([)) + I)d’y)

He
(6%3/&—22?;15 / e~ <’y (I L fO 0?2 /( )dseé fot ( ()+y)ds *(ry(o) "‘y)d’y)
H e
_ Z}\ (6 QHzQ%;t / eih( (I L)w6 E fo 2Q2y(s)ds e th v(v(s)+z)ds (7(0) +C(7)d’}/>

(e—ﬁyfﬂyt / er (Vo I=L)Y o= [5 vy (s)ds o~ 1 3 o0 () +u)ds g (+(0) + y)d7> " (2.20)
Hy

By theorem 2.3.2 the latter line is equal to Y, \;Ue;(x)(Ue;)*(y) = pe(, y).

Remark 2.3.1. Heuristically expression (2.19) can be written as

// i (Sekn) =510 +) 5 ((0) + 2,7/ (0) + y)dydy

where Sy(7y) is the classical action of the system evaluated along the path defined in (2.3).
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Let us consider now the time evolution of a quantum system made of two linearly interacting
subsystems A and B. Let us assume that the state space of the system A is L?*(R?) while the
state space of the system B is L?(R"). Let the total Hamiltonian of the compound systems
be of the form Hyp = Ha + Hp + H;n7, with

ARd 1

_ 102 d
Hy= 2M+2:1:QA:U+UA(3:) , T€R
HB: 5 + = RQ R+UB(R) , ReR
m

and H;yr = vCR, with C' : RY — R? is a linear operator and 4, resp. {p, is a symmetric
positive d x d (resp. N x N) matrix. Let us assume that the quadratic part of the total
potential, i.e. the function z, R — %inx + %RQQBR + xCR is positive definite (so that the
total Hamiltonian is bounded from below). Let us assume moreover that the density matrix of

the compound system factorizes pap = papp and has a smooth kernel:

PAB (xa Y, Ra Q) = pA(-T, y)pB(Ra Q)
We want to prove an infinite dimensional oscillatory integral representation for the reduced

density operator at time ¢, namely [(U;papU;")(x,y, R, R)dR where the unitary operator U; =
exp (—%H t), heuristically:

/ / / eh<SA(v)+s3(r>+smT(v,r>—sAw)—sB (=St (/1) 5,
Y= (2.21)

=R
x pa(7(0),7(0))ps(I'(0),1'(0))dvdy'dldl"d R

~v and I" represent the generic path in the configuration space of the system, respectively of

the reservoir, and:

§4(1) + Sp(0) + Spxr(1.T) = / (557(5) = 31(5)%(s) — vala(s)ds

(2.22)

t

+ /(%FQ(S) — %F(S)QZBF(S) —wvp(T'(s))ds + /’y(s)CF(s)ds

0

By the transformations in the path space, given by:

v — /VMandT' — I'/\/m (2.23)
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formula (2.21) becomes:

[T [

Dz /(
(t) RF’
2 .
o e S (s)_r(s)%r(s)_uB(F;j))dse—% Jo 1) 27 D (s)ds o (2.24)
. . 2 / 2 /
s o= 3 Jo (2 (5) =7 (5) 5 () —va (L) ds = 5 o ()2 ()T () ST () —vp (5 )ds o

% eh Efo WF’(S)dSpA <?/(_OM)’ 7\}%) <f\>0_) Fl(\/@)mm’drdr’d&

By transformations in (2.23) it is possible to take unit masses m and M to conform to the
setting of theorems 2.3.1 and 2.3.2.

Let us consider the two Hilbert spaces:
Hi=H,®---dH, and HN=H, D - B H,
—_—— —_——
d—times N—times

We shall denote an element of H¢, respectively of HY, by v, respectively I. Let L:Hy — H,
be the symmetric bounded operator on H;, defined by: Ly(s f ds' fo s")ds".
Let La:HS — HE Lp : HY — HY and Lap : H @ Hiv — He & HY be the self adjoint
operators defined by:
Lay = L3 My (2.25)
Lgl = LNQpm™'T (2.26)
1 1
LICT, LpT +
vmM o vmM

where, for all k& € N, L* denotes the operator on H¥ defined by:

Lag(v,T) = (Lay + LNCT) (2.27)

F=IlWeoL®g...0Lk

and:

(k) =
L'=1®1®---®1®w L, 6 ®1---®1

kthelement
Lemma 1. Let Uy € L2 (R") N F(R"™), vy € F(RY), vg € F(RY) and t # (n+1/2)7/);,
where n € Z and A?, j=1,...d+ N, are the eigenvalues of the matriz:

Q/2 C/
(Cé Q’é) Uy =Qu/VM, Qs =Qp/vm,C'=C/vVMm (2.28)
Then the solution of the Schriodinger equation evaluated at time t:

{m iV = Hapy (2.29)

U(0,z,R) = Vo(z, R), (r,R) € RE x RY
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18 a smooth function and is represented by the infinite dimensional oscillatory integral:

—~

/ BTN Laex —Lan) DD Gy, T, 2, RYWY(1(0) + 2, T(0) + R)dydl (2.30)
HioHY

where we have defined the functions:
W, B) = Wo(e/ VAL, R/ /m)
and:
G(r% F7 x, R) = 6_%m9§$—%RQ’§R_%xC/Rt «
X 67% f(f IQX’Y(S)dS*% f(f RQgF(s)ds—% fg IC'F(s)dsfé fot (5)C" Rds y (231)

< e~k Jivu(v(s)+a)ds—1 [3 vl (D(s)+a)ds
while v'y and vy are defined as follows:
Vi(@) = va(z/VM) 5 vp(R) = vp(R/v/m)
Proof 2.3.2. Let &1,... N be a system of normal coordinates in RN | with:
(z,R) =U(&, .. &apn) and UT =U"

then the quadratic part of the action is diagonalized and it is possible to apply theorem 2.3.1.
The result follows by the invariance of the infinite dimensional oscillatory integrals under uni-
tary transformation on paths space [AHK'76], and by the infinite dimensional oscillatory integral
representation for the solution of the Schrodinger equation with a potential of the type “ har-
monic oscillator plus Fourier transform of measure” (see [ABHKS82, ET84, AB93] for more
details).

Il
Lemma 2. Let f € F(HI ®HY), f = ji. Let t satisfy the following inequalities
t# (n+1/2)7/Qf, nezZ, j=1...4d, (2.32)
t# (n+1/2)7/QF, ne€Z j=1...N, (2.33)
t# (n+1/2)1/A;, ne?, j=1...d+ N, (2.34)

where QJA, j=1...d, Q}B, j=1...N,and )\;, j =1...d+N are respectively the eigenvalues of
the matrices Yy, Q5 and of the matriz given by (2.28). Let La, Lp, Lap be defined respectively
by (2.25), (2.26) and (2.27). Then the function:

[3

v eH! / em Uk R ILTCT (o, T)ar
H
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18 Fresnel integrable and:

—~

/ d N62%<(7’F)7(]d+N—LAB)(%F)>f('y, F)d’}/dr =
s - (2.35)

:/ ear (1a=La)) (/ e (LUN—Lp)T >e—%<F,LNC’TV>f(%F)dp>d7
HY HN

Proof 2.3.3. By condition (2.33) the operator Iy — Lp is invertible and by theorem 2.2.1 we

have:

HN

in LNc’T

*1/2 7;<F7M (I L ),1F
e det(IN - LB) e 2 i SUN B dﬂ’y(r)
HY
= det(IN — LB)—l/Z %(*y C’LN(]N_LB) 1LNC/T'y>

/ 6—%(F,(IN—LB)71F>61'<FY’C/LN(IN_LB)71F>d/~L’Y(F) (236)

HY

where i, is the measure on HY defined by:

/ g(T)dp.(T) = / g(D)e' " dp(+/,T).

WY HIXHY
One can also easily verify that the operator on H¢ defined by:
v (La+ C'LY(Ix — L) 'LNCT )y
is trace class and, if conditions (2.32),(2.32) and (2.34) are satisfied, the operator defined by:
Y (Ig— Lo+ C'LN(Iy — L) ' LN C')y
is invertible. Moreover the function defined by

is the Fourier transform of the bounded variation measure v on H,; defined by

[o@ity= [ g+ LYty = Loy D) 2B D)
T HAxHN
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By applying theorem 2.2.1 we have:

/ o2 Ta=La)) (/ eﬁ<F’(IN*LB)F>67%<F’LNC/T7>f(% PMP) dy
Hd Hiv

=det(Iy — Ly — C'LN(Ix — Lp) ' LN C™) Y2 det(Iy — Lg)~/?
/ o= B9+ C LY (I~ L) T (Lg=La—C' LN (Iy = L) LN CT) =L (4" LN (Iy — L) 1T))
HioHN
e~ TMUNLB) D) g (4 T (2.37)

On the other hand the oscillatory integral:

/ e2i O Laen=Lan) D)) £ (~ T)dydT
Hi@HY

15 equal, again by theorem 2.2.1, to:

ih

det(I — LAB)il/z / 6*7((’YvF)7(Id+N*LAB)_1(’Y:F»du(% ) (2.38)
HIBHN
Where Lag is defined by (2.27), so that an element (v',1") € Hi & HY is equal to:
(IdJrN - LAB)71<77 F) ) (77 F) S H? ©® Hiv
of and only iof

I, — L r Ld /F/ —
{ (g = La)y = LCT" =7 (2.39)

(Iy — Lp)I" — LNC'Ty' =T

and one can easily verify that the solution 1s:

v =(Iy—La—C'LN(Iy — L) 'LYC™) 1+
+(Ig— L) 'LAC(Iy — Lp — LNC'(Iy — La)~'LC))~'T

"= (Ix — Lp) "' LyC" (Is — La — L*C"(Iy — Lp) " LyC™) 717+
+(Iy — Lp — LNC™"(Iy— La) ' LYC")'T (2.40)

As a consequence the exponent in the integral (2.38) is equal to:

(7, 1), (Tagn = La) " (0, T))pgerey =
= (7, (lg— La— C'LY(Iny — L) 'L C) " 'y) 3
+ (v, (Ia = La) ' LC (Iy — L — LYC'(Ia = L) ' LIC") ' T)pa+
+ (T, (Iy — Lp — LNC™(Ig — La) ' LYC")'T)yyn
+ (T, (In — Lp) ' LyC" (I — La — L*C'(Iy — Lp) ' LyC™) 1)y (2.41)
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One can easily verify that:

(In — L — LNC™"(I; — La) ' L4C") ™ = (Iy — Lp)™*
+ Iy — L) "INCT (I — Ly — C'LN(Iy — L) ' LNC™") ' C'LYN(I — Lp) ™,
and analogously:
(Ig— Ly —C'LN(Iy — L) ' LNC)'C'LN (Iy — Lp) ™
=(Ig— Ly 'LC'(Iy — Lp — LNC™(Ig — La) "' L4C)) 7,

from which we conclude that the integral (2.38) is equal to the integral (2.37).
Equality (3.5) follows by the following relation:

det(I — Lag) =det(ly— Ly — C'LYN(Iy — L) *LYC™") det(Iy — Lp), (2.42)

that can be verified by writing the operator Iy n — Lag in the following block form:

; ;o (In—Ls LNCT
d+N e I L,

by taking the finite dimensional approzimation of both sides of equation (2.42) and by the

analogous equality valid for finite dimensional matrices.

Lemma 3. Let ¢§ € L*(RY) N F(RY), vf € L2RY) N F(RY). Let t satisfy assumptions
(2.32),(2.33) and (2.34). Then the solution of the Schrédinger equation (2.1) is equal to:

/ o (n(La=La)) / o (DN —Lp)D) = £ (OLNCTA)
M HY

(2.43)
x G(7, Tz, R)yy 4(7(0) + 2)vp 5(T(0) + R)dF> dy

where G(7v, T, z, R) is given by (2.31) and
Go,alx) =95 (a/VM) 5 g p(R) = 45 (R/v/m)
Proof 2.3.4. The result follows by lemma 1 and lemma 2 with 1y = Vi @ YE.

Theorem 2.3.3. Let p and pE be two density matriz operators on L*(RY) and L*(RY) re-
spectively. Let us assume that they have smooth kernels, denoted by pi(x, ') and p§(R, R').

Let us assume moreover that they decompose into sums of pure states

o=y wi'Pua,  pg = wlPu, 0t =t el =il (2.44)
i J
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with it € F(RY), pP € F(RY), and:

> witwP ||l < +oo. (2.45)

Let t satisfy assumptions (2.32), (2.33), (2.34).
Then the kernel p,(z,x', R, R') of the density operator of the system evaluated at time t is given

by the following infinite dimensional oscillatory integral (in the sense of definition 7.1.3):

/ / o3 (D) (TN —Lam) (1)) g g (), T~ L) (7T))
HIeHN J HIOHY

G(v, Dz, R)G(Y, T, 2, R) py a(7(0) + 2,7'(0) + 2)
po.5(T(0) + R, I'(0) + R')dydldy'dl"  (2.46)

where G(v, T, z, R) is given by (2.31). It is also equal to:

/ / e (Ta=La)y) o =35 (V. (Ia— LA)’Y) / / oon (0 UN—LB)T)
M A MY S HY

e~ H(@,LNCTy >6—Lh<r' (In=Lp)T"), (I LNCTy />G(7,T,x,R)C_¥(7',F',x',R')
ph(T(0) + B T'(0) + R)ATdI) oy (7(0) +2,9/(0) + ')y (247)

where py 4(x,y) = pj (x/V'M,y /M) and py (R, Q) = pi(R/v/m, Q/\/m).

Proof 2.3.5. If pi' and p¥ are pure states, the result is a direct consequence of lemma 1 and
lemma 3.
For general pit and pf satisfying assumptions (2.44) and (2.45) the result follows by the con-

tinuity of the infinite dimensional oscillatory integral as a functional of F(RN*?) (corollary
O

Theorem 2.3.4. Let py and pE be two density matriz operators on L*(RY) and L*(RY) re-
spectively. Let us assume that they have reqular kernels as assumed in theorem 2.53.2, denoted
by pit(x,2') and pB(R, R'). Let p§ € S(RY x RY). Let us assume that t satisfies assumptions
(2.32), (2.33), (2.34) and that t is such that the determinant of the d x d left upper block of the
n x n matriz cos(Qt), Q% being the matriz (2.28), is non vanishing.

Then the kernel pg(t,x,y) of the reduced density operator of the system A evaluated at time t
s given by:

~ —~

PR (t T y) —e é’ZIQQIGﬁyQ / / 6L7< v,(Ig— LA)’y>6 2h< (Ig—LA)~)
HES HE

6_% fo zQ'2(s) dseh fo Y2y ’(s)ds6 ¥ f " (v(s)+x) ds+ f ' (s)+y)ds

F(v, x, y)p(),A(v(O) +2,7'(0) + y)dydy  (2.48)
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where F(v,7,x,y) is the influence functional is given by:

F(%'Y/;I,y) = /e_l’fxCR +1nyC/R _7f0(7 v'(s))C’ Rds

RN

/ / o3 (TUN=LB)T) =55 (T (In—Lp)I") o= 4 (TLNC' ) £ (T, LN C'T)
HY S HY
f%’ I RQZB(F(s)fF’(s))ds — L [(xC'T(s)+yC'T"(s))ds
~i o VRN RIS fo v (MRS i (D(0) 4 R, T'(0) + R)dTdT'dR  (2.49)

Proof 2.3.6. Let us assume for notation simplicity that m = M = 1. The result in the general

case can be obtained by replacing
QA7 QB: Oa Va,VB, p647 pOB

by

w0 g, O 00y, Vs 06,45 P,

First step: Let us prove first of all that the functional (vv') — F(v,7,z,y) is well defined for
any v,y € HE, x,y € R and it is Fresnel integrable in the sense of definition 7.1.5.

By decomposing the mized state p§ into pure states according to the formula (2.44), the influ-

ence functional can be written as:
/ > wPeP(x,y; Ry, R)dR
RN T

where @Z)JB(x,y) 1s the solution of the Schrodinger equation with initial datum Qbf and Hamil-
tonian H = —3Ar + s RO*BR + (z + v(t))CR + vg(R). In particular, by the unitarity of the
evolution operator, |\¢f(x, 2@y =1 for any x € R? v € HE. As, by Schwarz inequality:

> w) / VP (x,v; R)vP (y,7; R)dR
i EN

< ZwaJB(SC,’Y)”LQ(RN)H%B(%’Y’)HL?(RN) =1
J
we can conclude that F(v,~',x,y) is well defined for any x,y € R v,4 € HE. Moreover, by

Lebesgue’s dominated convergence theorem, we have:

F(n, ., y) = hm+ 6—5326 LrCOR +;fyCRe L [1(v(s)—v'(s))CRds
e—0
RN

—_—~  ~

/ / o3 (TN —Lp)T) =55 (T, (IN—=Lp)I") o= 3 (D.LN CTy) 3 (T, LN CT)
MY Y
6_% I RQQB(F(S)—F’(S))dse—% JE(@CT(s)+yCT (s))ds

e—%fg vB(F(S)-‘rR)dS—l-% fot v (T (s )—l—R)dSp ( (0) + R 1—\/(0) + R)dFdF/dR
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By theorem 2.2.2 we have:

F(v, z,y) = |det(Iy — LB)|_1 lim+ dRe_eme_%mCR
e—0

RN
e THYCR o= 1[5 (1()=7'(5) CRdsZZ l)m
n! m‘ h
n=0 m=0
t t t t
n m
/- .../Hdsinrj/ [ /Hduv Hduv
: 00 o =t J=l gn  gygy gy =L
//dkodhoﬁb(ko,ho)eiR(kO_h0+Z?_1 ki+2;n:1 hj)
RN RN
. N ~T v n _ N AT , v "
o B LTS PR von koGt ST kG, (In—Lp) TN (2T MBR_ve oGt T kiG,))
i NeTy v v NAT.) v .
6+%<(_L (;; =t _79}312— Cy-‘rhoGo Z )7(IN—LB)71(—$—%— gy-i-hoGo—Z;"lh Gr.))

where vp(R) = [on €™ dpy(R), pp(R,Q) = [on [pn €955 (ko, ho)dkodhg and:
UQB,R7UCQ:7GS € Hi\] ; S € [Oat]
are defined by

t

(vag.r ) = /RQQBF(s)ds,
0
¢

(vex,T) = /xCT(s)ds,

0
(G, T) =T(s).
By Fubini theorem we have:
!/ 1 Z m
F(’y,’y,l‘,y) ‘det<]N_LB | EE}I&ZZ n m| ﬁ)

O/// /HdS’JHd”/ e /Hduv Hduv

RN RN RN ry =1

dkodh0~pb(k07 hO) g1 (’Y/)gl (7)92(7,7 hU) _hu r, y>g2 (77 kOa k7 S, [E) (250)

Z

R N

R
dRe— ¢ e=# Jo (V(s)+a—'(s)~y)CRds iR (ko—ho+ 27—y kit 7%y hy)
RN
o~ iR I Q3(I-Lp) T LNOT (v(s) =7 (5))ds) o

% ezRfO (I-Lp) (= "S2 + 2% 4 (ko—ho)Go+ X1y kiGs; + 30, hiGr;)
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where, for every paths v,v', x € R, vg € R and vectors v = (vy,...,v,), W = (wy, ..., w,) we
have defined the functions:

41(7) = et SN O U L) 1LV OT) (2.51)

and

G (In—Lp) " (00Go+2 7 viGuw, ——F2)) o

G2 (3, v, v, W, ) = e % (0GR v

v 2.52
—i(LNCt’)/,(IN—LB)il(’UOG()-FE?:l ’U,‘Gwi— Ch,z )> ( )

X e

By integrating with respect to R in (2.50) we have that the latter is equal to:

1
| det(Zy = Lg) [ lim Zn—ﬁ( ) ()

n=0 m=

/t.../t/t.../ﬁdsiﬁdrjRN // /Hduv Hduv (2.53)

RN RN RN =1

w

N/2 2\ _
/ / (%) o, h)gn(V)91(1)92(r" o, =1, 7,)3 (v, i, K 5, 2) ko

RN RN
where:
t
— | _ l _ -1 ~T A . 1 -1 T(,.
w= : (I — L) C" (v(s) —~'(s))ds h(QB cos Qpt)” sin(Qpt)C" (z — y)+
0 (2.54)
n m 2
+ (cos Qpt) (ko — ho + Z cos(Qps;)k; + Z cos(Qpr;)h;)
i=1 j=1

By introducing the new integration variables:

1 1
kéE—(k’o-ho"‘CL), h0=h0——a
€
with:
1
a _Zcos (Qps;i)k; + ZCOS Qprj)h; — cos(Qpt) ﬁ/ 5) 1T (v(s)+
=1 7j=1 0
1 .
—/(3))ds) = £(2) " sin(@t)CT (2 — )
where:

/(I — L) 'CT(y(s) —+/(s))ds = cos *(Qpt) /cos (Qps)CT(v(s) —+/(s))ds
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the integral in (2.53), with ko = \/eky + hy — § and hg = hy + §, can be written as:

n,y\m
72| det(Iy — Lg)|™* lim Zzn'm' ?_L)

e—0t
n=0 m=0

////Hdnd/ [ [TaoofTanos

RN ]RN RN

[ [ ks + by~ Sahi+ S0 (0m0)
RN RN
92(7's g + % —h,r,y)g2(7, Veko + hy — % k, s, x)e 10520 ol

By letting ¢ — 0 and using dominated convergence, the integral reduces to the following form:

F(y, 7, 2,y) = K(z,y, t)e 5 077 AC0H ) o= (0 OLY (In—Lp) o)

sin(Q2 sin(Q2 s
0T (@) fy OB EET R CT () 4y (5)ds

%(7'7CLN(IN—LB)7lvc,y)6

ii%%(%)”( / // /tﬁdsiﬁdrj[...l

n m , 1 , 1
~ [T T et [ ity 5o+ 50

RN gy =1 RN

Lihsen g Sn(Rp(-sive)) cos@p(sins))  n p, SRV cos@p (rinny)
e 2 3,j=1"" Qpcos(Qpt) J€2 ZJ 1 Qpcos(Qpt) J
Z cob(Qle) cos(Q2pt) cr Zm ‘COS(QBT‘j)—COS(QBt) T
Z i=1 K 02, cos(Qp1) r Z =1 T 02 cos(gt) Y

B B costiép

i(ho—% 1-cos(@pt) o1y ﬂ-(hOJrg)l*L(QBt) T

Y
QQ cos(Q2pt) 2 923 cos(Q2pt)

sin(Q s
— 5 Jy BB I CT (y(s)4+ (5))ds(L 1y cos(Qpsi) kit Sy cos(Qpr)h;)

sin(Qp (t— 'rj))

] 1 Qpcos(Qpt) h

sinQpt sin(Qp (t—s;))
Zhh() Qp cos QBta _lh(hé) a/2) =1 Qp cos(QBlt) k - h(h/ +a/2)

oy OLN (In—Lp) " kiGls,) 7 07 CLN(INfLB)‘lthrj>€i<7—7’7CLN(IN—LB)’lhE)Gw (2.55)

where we have defined:

—LCT(w—y)<%—7§mmB” )CT(x—y)
K(x’y’ t) = 7TN2N6 2h Qp  Qp cos(Q2pgt)

and
e Lﬁ(('y v ) A("/‘f"y ))6—%<CT('\/—7’)7LN([N_LB)flLNcT(,y_’_,\/» %
% et ar cos(Qpt)(CT (v(s)=7'(s),(In—Lp) " o) (LN (In—Lp) ' Go,CT (v(s)+7/())) — (2.56)

_ €2ﬁ J3CT(v=") ()71 [5 sin(Qp (s—1)CT (v++')(r)drds
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with v(s); = 25, i =1...N, s € [0,1].
As we have assumed that the determinant of the d x d left upper block of the n x n matriz
cos(Qt) (Q2 being the matriz (2.28)) is non vanishing, it is possible to prove, see Rem.(2.4.1),
that the operator I — Ly — A is invertible.

As F(v,7,x,y) is of the form F(v,~) = e_%ﬁ““’_'yl)ﬂ('y*”'))f(%'y’), with f € F(HI & HY),
we can conclude that the influence functional is a Fresnel integrable function.
Second step: Let us prove that the reduced density operator pr(t,z,y) is given by the infinite
dimensional oscillatory integral (2.48).
Let p(t, z,y, R, Q) be the (smooth) kernel of the density operator of the compound system eval-
uated at time t. Then the integral giving the kernel of reduced density operator

pr(t,x,y) = /p(t,x,y,R, R)dR
15 absolutely convergent and by Lebesque’s dominated convergence theorem we have:
pr(t, 2, y) = ygg/p(t,x,y,R, R)e~™dR
On the other hand the influence functional can be written as:

F(y,7) = e s l0- 0400 £y, )

with:
fHI®H! — C  defined as follows f = lin% fes (2.57)
and where:
N/2 _ 1 i m
fe(v') = 7| det(Iy — Lp)|~ egrggZOZn,m, ()

TR0 O I 1 )

0 = 1 j=1 RN RN RN RN =1

1 1
/ /dkodhopb (Veky + hy — 7% ho + 5@)
RN RN

a a 1.
ga( B+ 2 —h,1,y)G2(7, ek, + ) — 5 k, Sw)e—i\(comst) b |2

with @’ = a + cos(Qpt)+ fo (I — L) 'CT(y(s) —+/(s))ds) and the limit (2.57) is meant in the
F(H & HY) sense.
By the continuity of the infinite dimensional oscillatory integral as a functional on F(HI & HE)
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(see corollary 2) we have that the r.h.s of equation (2.48) is equal to:

it 2 it , ()2 . i _ _ —
e~ 2 T VAT o35 YAy hm/ / e3r (1a=La)7) =35 (V' (la=La)¥")
e—0 d d
HES HE

o E S A% (5)ds [ y%/ (5)ds o [Lvaly(s)ta)dstE [ valy (s)+y)ds

46

e OTDACTN £ (3,9) 95t (1(0) + 2,7/(0) + y)abydy’ (2.58)

On the other hand the latter is equal to:

e—0

o~ 3 P UAT o 3h YR Jim e (Ta=La)y) g=35 (V. (Ia=La)y")
HES HE
o1 Jo 2% (s)ds o [o Q%Y (s)ds = fo va(y(s)+a)dsti fgva(y' (s)+y)ds

(/ dRe—eR26—%zCRe+%yCRe—%fot('y(s)—w’(s))CRds

/ / o3 (TUN=LB)T) g =55 (T ,(IN=Lp)I") o= 3 (L,LNCTy) 3 (T, LN CT)
HNJS HY

e-%fJ RQQB(F(S)—F’(S))dSG—% [ (@CT(s)+yCT (s))ds

e it Jo vp (T +Rdst5 [y vn (M) +R)ds ,B(D(0) 4 R, T'(0) + R)dTdI"dR) i (v(0) +,~'(0) +y) dydy/

By Fubini theorem (see theorem 2.2.3) and by the infinite dimensional oscillatory integral rep-

resentation or the kernel of the density operator it is equal to dee*€R2p(t,x,y, R, R).

letting € — 0 the conclusion follows.

By

i

Remark 2.3.2. [t is typical of the difficulties in handling rigorously Feynman path integrals

(as infinite dimensional oscillatory integrals) that the passages to the limit cause mathematical

problems, because of the lack of the dominated convergence and limited availability of Fubini-

type theorems. Our e-cut-off trick was instrumental to perform such a type of computation.

2.4. Application to the Caldeira-Leggett model

Let us compute the influence functional F(vy,~', x,y) in the case:

UB—O /00 RQ Hp RJ7QJ7

, where:

Up. . — mowj (ﬁ:jj/m ((R2+Q2)cosh —2R; QJ))
o (B, @1,0) = \/thoth(hw /2kT)
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wj, 7 = 1...n being the eigenvalues of the matrix (2. By notation simplicity we put m = 1,

the general case can be handled by replacing

A B
QAyQBa C: VA, VB, Po s Po

/ / / / / / /
A Bacav/hUB’pO,A’pO,B

By inserting this into the general formula (2.55) the influence functional becomes:

F(y, ' ,y) = K(x,y, t)e” 2 (077A0H) =i LY Un=Li) " vew)

i CT Ji— )ft sin(Qpt)sin(Qp(t— 9))CT("/(S)+’7/(S))dS
X

« €h<’7 CLN(In—Lp) voy) o 20 02, cos(Qt)
. ay 1—cos(Qpt) ~7 1—cos(Qpt)
ho=5) 5 ety OT 0 —ilhot§) gy 2 CT .
/dhopb(h6 — 1@7 h6 + 1@)67/( 0 )QQ cos(Qpt) xe 7’( 0+ ) os(Qpgt) yX (2 59)
2 2
RN
sinQpgt
X Zhh{)QB cos%Bt 6 <’Y_'Y/70LN(IN_LB)_1}7/OGO>

where
K(z,y,t) = WNQNe%CT(m_y) <é—%)cﬂz+y) (2.60)
and we have defined:
e~ 3l ACHY)) = =5 (CT (=) LN (In—Lp) T LN CT (v+9")) o
« e%cos(ﬂstch(w(s)ﬂ'(@),(m—LB)—lw<LN(IN—LB>—IGO,CT<w<s)+v'(s>>> — (261)
_ e% JECT (v=) ()71 [ sin(Qp (s—1)CT (v+7/) (r)drds

while a is set as follows:

1

a = —cos(Qpt) 5) " CT((s) =7/ (5))ds) — ﬁ(QB) 'sin(Qpt)C7 (z — y))

Dr"
o\

By direct computation, we obtain:

F(y,7,2,y) = et Js CTOE)+a=7 (5)=9)25" [§ sin(@a(s=m)CT (1) +a+7 ()+y)drds o
(2.62)

o= Jo CT () 2= (5)=y) 5" coth(G) [ cos(2p (s—1))CT (1(r)+a—/ (r)—y)drds

which yelds the result heuristically derived in [FV63].

Remark 2.4.1. (Kernel of the operator I — Ly — A)
A wvector v € HY belongs to the kernel of the operator I — Ly — A, if it satisfies the following
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equation:

Y(s) +/ds’/ds”/CQ§1 sin(Qp(s” — r))CTy(r)dr+

o (2.63)
- /ds’/in(s")ds” =0 s €0,
s 0
with v(t) = 0. Equation (2.63) is equivalent to:
5(s) + 02y (s) — / CO sin(Qp(s — 1)) CT(r)dr = 0 (2.64)
0

with the conditions: ~(t) = 0,%(0) = 0.
By differentiating equation (2.63), it is easy to see that its solution, if it exists, is a C*
function and its odd derivatives, evaluated for s = 0, vanish, while the even derivatives satisfy

the following relation

N
PEE(0) + QA" (0) = Y _(-DFCQEFCTYH R (0) = 0 (2.65)
k=0
By induction it is possible to prove that v*V(0) = (—1)N[Q*]4xq7(0), where [Q*N]4xq denotes
the d x d left upper block of the N-th power of the n x n matriz Q? (where Q? is given by
equation (2.28)). One concludes that the solution of equation (2.63) is of the form ~(s) =
[cos(€25)]axay(0).

By imposing the condition ~(t) = 0, one concludes that if det([cos(2s)]axq) # O then

equation (2.63) cannot admit nontrivial solutions and the operator I — L — A is invertible.

Remark 2.4.2. Using previous description of the Feynman-Vernon influence functional and
results stated in Ch.(7) Sec.(7.1.1) and Sec.(7.2), we can rigorously study the asymptotics for
h | 0 of the influence functional (2.6) in the rigorous path integral realization (2.49) given in
Th.(2.5.4), i.e. its semiclassical limit, see [APMOGD].

1See also [AHK77, AB93].



CHAPTER 3

A Remark on the Semiclassical Limit for
the Expectation of the Stochastic
Schrodinger Equation

In this section we will use the semiclassical expansion developed in Ch.(7) in order to study
the asymptotic behaviour of the solution to the stochastic Schrodinger equation associated to
the Belavkin proposal, see [Bel89], in the framework given by the theory of infinite dimensional
oscillating integrals as it is showed in Ch.(7).

Let us consider the Belavkin equation’:

{ dp = LHdt — 22Lopdt 4 NapdW (¢) (3.1)

Y(0,2) = vo(z) t>0,2z€R?

which is a stochastic partial differential equation describing the behaviour of a non rela-
tivistc, quantum particle disturbed by a standard Brownian motion W, of intensity A > 0
and where we have used the notation dW to indicate its Ito stochastic differential, see e.g.
[0J96, KS98].

Belavkin derives equation (3.1) by means of a one-dimensional bosonic field approach to
the problem of modeling the measuring apparatus and by assuming a particular form for
the interaction Hamiltonian between the field and the system on which the measurement is
performed.

Using the Stratonovich theory of stochastic integration we can rewrite (3.1) as follows:

{ dp = LHydt — X | 2 |> dt + VA o dW (t) (3.2)

¥(0,7) = 1o(z) t>0,x €R?

In [AGMO3] the study of (3.2) is given using the theory of infinite dimensional oscillatory

1See [Bel89] and references therein.



20

integral® to rigorously realize the corrisponding Feynman path integral solution. In particular
the following result holds?®:

Theorem 3.0.1. Let V and vy be Fourier transforms of complex bounded variation measures

on R, Then there exists a strong solution of (3.2) given by:

Bt 7) = e~ L Rty / o LUHLID 1) i Ji QFy()ds
H (3.3)
7 t
x e il Vg, (4(0) + 2) dy

where H is the Cameron-Martin space defined as the set of absolutely continuous paths ~ :
[0,#] — R? which ends in 0, i.e. 7(t) = 0, and has finite kinetic energy, i.e. [ |/(s) |* ds < oo,
while the element [ € H is defined by:

(1) = VA / w(s) -/ (s)ds

The constant ) is given by = Q2 = —2i\h and L is the following operator defined on the

complexification of the Cameron-Martin space H:

t
(1, L) = 92/71(5) “Ya(s)ds  Vy,e € H
0

Above theorem can be extended to general initial vectors ¢y € L?(RY) since the set F(RY) is

a dense subset of L?(R?). Moreover formula (3.3) can be written as follows:

Y(t,z) = / o Jo1(s)2ds .= [y (s)—z[2ds o

x e~ do VO HR)s o fy VA2 dW s) g0 (40 + )y

(3.4)

which, according to the theory presented in [AHK77] see also Ch.(7), is the Feynman path
integral solution of the problem (3.1), see [AGMO03].

Proposition 3.0.1. Let us take a solutions v of (5.1) in the form (3.4) and Ey [-] the expec-
tation with respect to the standard Wiener measure W. Then the following holds:

Ew [¢(t, 2)] = / e 3 Jol1()[ds =2 [gl(s)—zf*ds
(3.5)

% 6—%f(f V('y(s)+x)ds¢0(,y(0) + ZE) <]EW [efot ﬁ('y(s)-ﬁ-x)-dW(s)]) d’}/

2See Ch7 and references therein.
3See Th.3 of [AGMO3].
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Proof 3.0.1. This formula is first proven for the finite dimensional approximations of the
oscillatory integral and the Wiener integral. We refer to [AHK76] for details.

Proposition 3.0.2. For any vy € H, A >0, x € R™:

Ew [efcf WW(SWWW(S)} — o3 o (y(s)+a)ds (3.6)

Proof 3.0.2. This is an easy consequence of n(s) = dW (s) being white noise, i.e. gaussian,

mean zero and with covariance:

t

E [{g1,m) - (g2, )] = /g1 - gads

where g; € L?[0,t]) fori=1,2. See e.g. [Kuo75].
U

Corollary 3.0.1. The expectation of the solution (3.4) of the Belavkin Stochastic Schrddinger
equation is given by:

e fgw(s)|2ds€4 fgh(s)lezdse*% fo V(v(s)+x)ds¢o(ﬁy(0) + 1)

X
—

Proof 3.0.3. This follows immediatly from Prop. (3.0.1), (3.0.2).
U

Then we have obtained an expression which is of the form studied in Ch.7 Sec.7.2. Hence,
assuming that the potential V' and the initial condition ¢(0,2) = t¢o(x) chosen in (3.1) are
such that we have only one non degenerate critical point for the corresponding phase (which
can be shown to be the case for tg sufficiently small), we can perform the asymptotic expansion

of the above infinite dimensional oscillating integral in the semiclassical limit A — 0 setting
A = k! follows [AB93]. For details we refer to [APMO06c].



CHAPTER 4

Laplace Method

4.1. One dimensional Laplace Method

As a first example of expansion methods to evaluate integrals which depend on large positive

parameters, let us consider the following:

I\ = /g(a:)ek‘f’(m)dx, (4.1)

where the amplitude g(z) is a complex valued function, while the phase ! ¢(z) is a real
valued one and we would like to study the asymptotics of (4.1) with respect to the limit
| A |— oo, A being a parameter. Is is assumed that ge*® is Lebesgue integrable on the closed

interval [a, b] of the real line. Let us start recalling the following fundamental lemma:

Lemma 4.1.1. (Watson Lemma) Set for e > 0:
SEE{)\GC:\arg)\Eg—e} (4.2)

Define for 0 < a < oo, > 0,08>0 and g € C*([0,al):

a

SN /g(az)xﬁle’\xadw (4.3)

The following asymptotic expansion of (4.3) for X € Se, | A |— oo holds :

- I~ o [(BHEY g®(0
I(A)zaZAWWr( - ) kf)
k=0 '

IThis terminology is strictly related to the subject of asymptotic expansions for one parameter-depending
integral which naturally arise in several areas of mathematical physics. Traditionally the integrand term is

viewed as a wave, so it is natural to name g and ¢ as we made.
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where I' denotes the Gamma function ( which, if the real part of a number z € C is positive,
is defined by:

['(z) = /t21 e tdt
0
and then meromorphically continued to all z € C) and g™ (0) denotes the k — th derivative of
the function g evaluated at the point x = 0. The right hand side is understood in the sense of

asymptotic series, i.e. :

« o k!
k=0

N
LS p-iver (6 Al ) 900 4 e (r).

whit | Zn(N\) |< CyANTL, as A — +oo for any N.
For a proof of Watson’s lemma see e.g. Ch.4, Sec. 4.1 of [BH86].

Let ¢ be a sufficiently regular function, say ¢ € C° on the real positive axis, having a
non degenerate maximum at an interior point zy € (a,b), i.e. ¢ (29) = 0 with ¢ (20) # 0 and
¢ (x0) < 0. We can then perform the Taylor expansion of the function ¢ in a neighbourhood

U(xp) of xy obtaining:

(x — x0)?

¢(x) = ¢(wo) + ¢ (z0) 5
It follows, see e.g. Ch.4 of [dB81] and [Focb4|, that the main contribution to (4.1) comes from

its evaluation U(xg), (due to its regularity, the function g(x) is almost constant near z, in such

+ 0 ((z — 20)?)

a way that we can replace it by its value at zp). Extending the remaining integral to the whole
real line and using the well known Standard Gaussian Integral, we obtain the main term of the

asymptotics® for (4.1) when A — +o0:

[()\) = / %g(xw@)\ﬂfo) (4.4)

The idea on which the above is based goes back Laplace, namely if we have to evaluate an
integral like f: f(z,t)dx where the graph of f, considered as a function of z, has, somewhere
in the interior of (a,b), a peak and that the contribution of some neighbourhood of the peak is
almost equal to the whole integral when ¢ is large, then we can try to approximate f by a suitable
polynomial expression in that neighbourhood. Of course if we are able to perform better
asymptotic expansions of the integrand, i.e. obtain more information from the asymptotic
behaviour of ¢ for + — x, then we could hope to recover more information about (4.1) when
A goes to infinity. To reach this goal let us consider the following general case:

o0
I\ = /g(x)e’\d’(x)dx (4.5)

—0o0

2In what follows we use the symbol = to relate two quantities that have the same limit.
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with ge*® Lebesgue integrable on the real line, A\ € R, and let us assume, for semplicity, that

¢(z) is the sum of a convergent power series:

() = Z apx"

n>2

in a neighbourhood of zy = 0, with as < 0 and ¢ is only an integrable function which is, as
far as the interval —§ < x < § with d > 0 is concerned, is equal to the sum of the following

convergent power series:

g(x) =Y bua" b, ER

n>0
We assume in addition that both power series are still absolutely convergent if | z |= J. In
order to have negligible contributions from integrating over the intervals (—oo, —¢),(d, +00) we

assume® that, for each positive integer M and for A\ — 400, we have:

-4 “+oo
/ g(2)e*@dz = O(A\™M) / g(2)e*@dz = O(A™M) (4.6)
e 5

Moreover we assume, without loss of generality, the existence of a positive number 1 such that*:
$la) <ma® (-0 <2 <0) (4.7)

Considering e**2*” as the main factor of (4.5) we have that the remainder:

i—3)

S (A, z) = g(z)e Kizsr (4.8)

can be expanded in double power series in the two arguments A\z® and z, which is convergent

for | x |< 6 and for all values of Az3. Thus:

S(\z?, z) = ZZcmn(Ax3)mx" ;o jx|<d, AeR
m>0 n>0
It is possible to uniformly approximate S by its partial sums restricting Az® to some bounded
interval, e.g. we perform the power expansion if | z |< T = 273 and we may assume that
A > 673 whence T' < §. It can be shown, see e.g. [dB81], that the contributions that come

from integrating over (—d,—T') and (7, ) are negligible, moreover if 7 > 0 we have:

o0

/e”’\x2d:c =0 (e’")‘%> : (4.9)

T

3We use this assumption for carrying on our calculations, without discussing when it can be implemented.
4This is not a restriction since the validity of this estimate can be proved on the basis that ¢’(0) = 0 using

if necessary a smaller § .
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for some A > 0.
The estimate (4.9) can be generalized in order to have, for A > 1 and N > 0, that the
following holds®:

/e”)‘mngdx =0 (e*%”m) (4.10)
T
Using (4.7), (4.10) and the fact that g is bounded in —§ < z < §, it follows that for A > §73:

o) =T
/g(m)e’\‘b(x)da: + /g(x)eA¢(x)dx =0 (e_"m> (4.11)
T =5

Hence we are left with the contribution that comes from integrating over the interval (=7, T)

where we will approximate S by its partial sums Sy. We choose a positive integer N and write:

Sy(\z? x) = Z Com (A2 ™2™ (4.12)

m,n>0

m+n<N

Then if |  |< 0 we have, uniformly with respect to x and A:
S — Sy = O((Ax))N ) 4 O(xN ) (4.13)

Equation (4.13) follows from the fact that if we have a double power series of the form:

which converges for | z |[< 2R and | w |< 25, then the terms ¢,,, are bounded, i.e. :
e = O (RS)

Therefore if | z |[< £ and | w |< £, we have®:

X =0 (L[5 -
~o(( 32 (a5 ) =o (Gl 15D™) - @

m4n>N
k=N+1

=0 (=1 + D)™™ ) =0 (12 ) + 0 (| w M)

By (4.10), for fixed N and A — +o00, we have:

+oo +T
a 1
/ Sne = dy — / Syer 2 dz = O (A%z”ﬂ , (4.15)

—00 -T

See Ch.4 Sec.4 of[dB81].
6The estimate is not uniform in N, for more details see Ch.4 Sec.4 [dB81].
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as being a negative constant’. Combining previous results we have that for all positive integers

M the following estimate holds for A — +oo:
+oo +o00 +oo
/g(x)e)“ﬁ(”"’)d;v — / 54227 dz = O(A™M) + O(/ 2% (| Ag® [N 4 | @ [N da)

—00 —0o0 —0o0

where the last O — term is O(A"2¥~1), see Ch.4 Sec.1 of [dB81]. Hence, for A — +oo we have:

T 1 1 1
/ g(z)eM @ dy = Z ComEmn A~ 2MTHD (o) 72 BmAnthp <§(3m +n+ 1)) +
— oo m>0,n>0
m+n<N
+oA N oMY |
where:

1 ifm-+niseven

Emn

0 ifm-+nisodd

Since N, M are arbitrary we obtain the following asymptotic series for A — +o0o:

+oo
/ g(z)eM @ dg = Z a2 (4.16)
o k>0

where we have defined:

2%
1
Q= (_a2)7k7% Z Cm,2k—m(—a2)”™T (m +k+ 5)

m=0

It is easy to see that the main term, namely apA~2, equals g(())(—%)%. We can achieve the
same result as before relaxing the assumption that the functions g, ¢ are analytic. Actually in

order to have (4.16) it is sufficient that the following relations hold®:

g(x) < anx" ;o o(r) < Zanx" , (z—0)

n>0 n>2

4.2. Multidimensional Laplace Method

What we have discussed in section (4.1) can be generalized to the multi-dimensional case in a

rather direct manner. Let us start considering the following multiple integral:

I(\) = /,,_/GW(M 77777 ) dyy -+ day, (4.17)

"See Ch.4 Sec.1 of [dB81].
8See Ch.4 Sec.4 of [dB81].
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where {J; : i = 1,...,n} is a collection of bounded open intervals of R and ¢ is a continuous

function in the set J = J; x Jy x -+ x J,. Without loss of generality we can assume that:

(i) Ji = (—1,1) for each index t = 1,...,n

(iii) ¢(z1,...,2,) <0 for all points in J — (0,...,0)
(iv) all second order derivatives of ¢ exist and are continuous in a neighbourhood of the origin
(v) the maximum of ¢ at the origin is of elliptic type

namely we can write:

n

d(x1,. .., x,) = —% Z a;;x;T; + 0 (Z xf)

ij=1 i=1

where the quadratic form defined by (a;;) is strictly positive definite.

Remark 4.2.1. Assumption (i) can be obtained by scaling. Assumption (ii) is achieved shifting
the critical point to the origin. Assumptions (iii) to (v) state that the origin is a local mazimum
for the function ¢.

Under the above assumptions we can apply the same strategy as we have seen in the previous

section in order to have:

IA) =< IA2" (A — +00)
where:

] = / e / e*%Z?,j:l“if“xfdxl <o odxy, (4.18)

This is a standard type of non degenerate Gaussian integral and a well known calculation, see
e.g. [Pra03], shows that:

(2m)2

| (aij) |

where | (a;;) | is the determinant of the matrix (a;;) (which is strictly positive by above

I =

assumption). Moreover if ¢ admits an expansion into powers of x1, ..., x, we have asymptotic

results which correspond to those obtained in the 1-dimensional case, see Sec.(4.1) Eq.(4.16).
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4.2.1. Detailed Multidimensional Laplace Method

We want to study the n — dimensional integral defined on a bounded simply connected subset
D CR™
I\ = /e’\“b(’““)go(x)dx (4.19)
D
when A — +00. We assume that the region D possesses a smooth boundary I' = 9D, i.e. I is
an (n — 1) — dimensional hypersurface. We also assume that the amplitude function g, and
the phase function ¢ are as smooth as we need below.

Let us define the Hessian matrix of ¢ by:

2
H= ¢ where?,7 =1,...,n
&vzﬁxj i

and assume that the quadratic form defined by H is negative definite in a neighbourhood of

xo. Hence there exists an orthogonal matrix ) which diagonalizes H, i.e. such that:
QTHQ = (M,..., \) - I,

where \q, ..., A\, are the eigenvalues of H and I,, is the n x n unitary matrix. Let us define the

following change of coordinates:

(v = 20) B (Q- (Vor,....van) - 1), 2) (4.20)

where «; =| \; ]_% fori=1,...,n, and:
where h; are such that h; = z; +o(| z |) for z — 0,9 =1,...,n and:

1

5 2N = olw) — élx(2)) = f
hence, near z = 0 we have that f(z) ~ %zz. Since we have that z( is the only point in D such
that V¢ vanishes, then

Oz

‘]@_a_g

r=(x1,...,2,) &= (&1, .., &)

is positive definite in all the image D of the domain D under the action of the previous

transformations ¢ and h, moreover we have:

1

VT H (o) |

J(0) =
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where || | H(zo) | || is the absolute value of the determinant of the Hessian matrix H of ¢,

evaluated at = zg. The quantity in (4.19) can be rewritten as follows:

I(\) = M) / Go(&)e 28 d¢ (4.22)
3

where Go(&) = go(z(£))J(§) Let us define the following set of functions:

Hl = 61_1 (G0(€17 cee agn) - G0<O’ §2a cee 76”))
H2 = é;l (G0<07 527 s 76“) - G0(07 07&37 e ;gn))

Hy, =&, (Go(0,...,0,&) — Go(0,...,0))
and Hy = (Hy, ..., H,) in such a way that:

Go(§) = Go(0) + & - Hy

Using the theorem of divergence up to M times and observing that the boundary terms, i.e.

the ones which comes from integrating on dD, are exponentially small in \, we have:

M-1
G' 0 A2 1 A2
I(\) =< e (@o) Z —J)S ) /6_25 dé + )\—M/GM(é)@_?{ d§
=0

D D
where we have recursively defined the functions:
Gy =G(0)+&-Hi(&)  Gi(§) = VH;(E)

Hence we have an asymptotic expansion of I(A) in M terms when A — 400 with respect to

the asymptotic sequence of contributions:
LY oo [ ,-3e :
1) € o) [ em287d¢ Vi eN (4.23)
D
Previous result is improved by the following proposition:

Proposition 4.2.1. Let £ = 0 be an interior point of D, then, as X — 4o00:

[ () ()

for any m.
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Proof 4.2.1. Let ry,ry be positive constants such that B, (0) C D C B,,(0).

/e352d§g /6352d§g /eéizdg

Bry D Br,

Since:

By,
while:
2Nt 2 |7T 7
/‘fég?df: (X) F(”) /6 "y / ey
By 2710 s
1V 2

Hence if rl\/g > 1 andn > 2, we have:

A2 27 2 €T%_%
—jfd _ -
[ e (%) [1 r(g)]

By,

60
Then for A > 0:

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

Using equations (4.24), (4.26) and (4.28), we have, for X sufficiently large, that:

() [ = [ e= ()

which concludes the proof of Prop.(4.2.1).

Prop. (4.2.1) implies that:

S

IT(\) =< @) N (o)
J

G;(0)
A5t

Il
=)

(4.29)

(4.30)

In order to obtain an expression for (4.30) which can be as explicit as possible we observe that:

1 .
G;(0) = 558¢Go le=o

(4.31)
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where we set A¢ = Y0, 88—;2, in fact, recalling the definition of the functions G,(£) we have
that:

ANGo le=o= 210G le=o= 22§ (j = )AL Ga |emo= - -+ = P JIALG; [e=o= 271G [e=o (4.32)

Hence we can rewrite the expansion in (4.30) as follows:

%M 1 G
I(\) = X ( ) 0‘5 ° (4.33)
7=0
where: ( )
NGl |e—o= Go(0) = ——T020 , (4.34)
¢ I TH(zo) | |

From (4.33) and (4.34) we have that the leading term of our expansion reads:

(o) 27\ 2
= TEGI T (7) gola)

Remark 4.2.2. In Ch.(1) Sec.(1.2.1) the above described method for detailed expansions of
Laplace type integrals is applied in order to study the Crystal problem.

Previous results are very useful not only for the study of systems of classical particles at
low temperature, but also in many questions of probability theory such as, for example, when
we have to deal with large deviations, see e.g. [El85, DS84]. In these cases more general
assumptions are made but instead of asymptotic formulae like the one in (4.33) are one limit
oneselve in controlling only the first terms of the expansions of interest.

In particular let us consider the following integral:
I\ = /g(m)e’\qﬁ(x)dx
D

where g has compact support and ¢ is a continuous function, and define the domain:

z€supp (9)

@CE{xER”:xESUpp(g),¢( ) > max {¢(z )—c}} ,

where c is a positive constant. We have that:

In 7(\)
lim - m _
)\L 9 A xesugpx(g) {¢($) C}

Moreover if the following condition holds, with V(¢) = Vol (Z2.):

lim In V(c) =a>0

c—0+ Inc
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then:
lim In7(\) = max {é(x) — c}A —aln A+ o(ln)) (4.35)

A—00 z€supp (g)
and the converse is also true provided V(0) = 0. Hence we have a rough, but simply, method
to express the leading term for the asymptotics of the partition function of, let say, a classical
system of n— particles interacting via a polynomial potential in a bounded box. In fact, see
Ch.(1) Sec.(2) of [Fed89], if ¢(x) is a polynomial then (4.35) holds.

4.3. Boundary Maximum Point

Let us return to discuss the asymptotics of the integral:

I(\) = /g(x)e)“ﬁ(x)dx (4.36)

for A\ — +00, where D is a bounded simply connected domain in R™ such that I' = 9D is a
(n—1) —dimensional hypersurface. Suppose that ¢ has a unique maximum point in DUT" and
that this point belongs to I'. In order to obtain the detailed asymptotics of (4.36) for A — +o0

let us start with n = 2. In this case I' is a smooth curve in R? parametrized by:
(x1(t), z2(1)) for te€[0,7] (4.37)

and we assume that, as t increases, I' is run in the counterclock sense. Let us first suppose that
Vo #0in DUT, and let (z1(0),22(0)) = 2o € I' be the only maximum of ¢ in D UT'. Then:

Vo T |==0 (4.38)
hence V¢ is normal to I' at x = x. Taking N(t) = (2(t), ¥2(t)) we have?:
Vo(zo) =| Vo(xo) | N(0) (4.39)

In the one dimensional case we have that if ¢'(x) # 0 Va € D then the asymptotics is
obtained integrating by parts, see e.g. Ch. 3 of [BH86]. A similar method can be used in the

multidimensional scenario. Let us start with the 2 — dimensional case defining;:

Vo
Hy=go——— 4.40
0 90’ Vo 2 ( )
with go = ¢g. The divergence theorem gives:
1 1
I\ = X?{e)“bHO - Nds — X/e’\d’gldx (4.41)
r D

9N(t) is the unit outward vector to I
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where ¢g; =V - Hy. If we define:

J\) = ]é e* Hy - Nds (4.42)

r

then we define ¢ (t) = ¢(x(t)) and using Laplace’s formula given in Eq. (5.2.1) of [BH86], with

¢ set equal to —, we have!?:

2T

J\) < el | T
) N0

(Ho* N) li=o (4.43)

Here we have assumed that ¢ = 0 is a simple maximum point for ¢ so that ¥"(0) < 0. By the

divergence theorem we have:

1 1 1
L)) = 3 /ewgldx = eMH, - Nds — ¥ /€A¢ggd$ (4.44)
D r D
where we have defined: 5
\Y%
H1 = glm and go = V- H1 (445)

Then, using Laplace’s method, we can estimate the boundary integral in (4.44), hence:

1
2 e H, - Nds = O (X0 \72) (4.46)
D

which implies that I; = O (e*@)\~2) and I()\) < J()). Using (4.43) we have for the leading
term:
2m

A2 ¢7(0) |

Turning back to the original functions ¢ and g we have!! for the leading term:
T=x0

- [26 | 8%¢ [ 99 \? 9% ¢ 0y %% [ 9%\’
I()\) = 6)\(;5( )g(gj‘o) F [82(1;1 <8$2) — 281‘18;5287331871'2 + 82(E2 (82331) F k(ﬂ?o) | v¢ |3]
(4.48)

where k(z0) is the curvature of I" at = xy. The sign taken in (4.48) for k(z) is a minus (resp.

I(\) = e*@o) (Ho - N) |i=o (4.47)

N[

a plus) if I" is convex (resp. concave).

Remark 4.3.1. If the function g and ¢ belongs to C™ (R™) it is possible to write an analogous
of the formulae (4.30), (4.33) given in Sec.(4.2.1).

19See Ch.5 of [BHS6].
"See Sec.8.2 of [BHS6).
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Let us consider the asymptotics of (4.36) where now D C R". We can repeat the steps

done in the 2 — dimensional case. In particular the divergence theorem gives us:

1 1
I(\) = 3 / (Hy - N)eMdy — 3 / gie*da (4.49)
r D
where g9 = g, Hy = go%, N is the unit outward normal vector to the hypersurface I' = 0D,
dY is the differential of the volume function of I' and g = V - Hy. If the functions g and ¢ are

sufficiently differentiable then we have the following expansion!?:

)\M

J=0 T D

I\) = — Zl(—)\)_(jﬂ) / (H-N) erdy + ﬂ /gMe’\d’d:U (4.50)

where for all j =1,..., M — 1 we have defined H; = gj% and gj11 =V - Hj.
Suppose that x = xy is the only absolute maximum of ¢ and it belongs to I', then I' can
be parametrized by a smooth function o : R*™* D U — R", with U open and 0 belongs to the

interior of U, in such a way that: ¢(0) = 2 and we have:

ox
301-

Let us define the function ¥(c) = ¢(z(0)) then by (4.51) we have:

Vo -

b=0 Vi=1,...,n—1 (4.51)

Vi [p=0 (4.52)

where now the operator V is defined with respect to the parametrization function o, i.e.
V = V,. The condition that 0 is a maximum point for 1 is given by assuming that its Hessian

matrix is negative definite:

<(0‘1,. .. ,O'n_l),% |() (0'1,. .. 70-n—1)> <0 | \V/(O'l, . ,O'n_l) eU (453)

2
H = i
801'80']‘ i,j=1,..n—1

Then in terms of the previous parametrization each term [, (H - N) ¢**dY in the sum appearing

where:

in the expansion (4.50) contains an integral of the type studied in Sec. (4.2.1). Then the desired
asymptotics for (4.36) when A — +o0 is obtained expanding those addends and proving that,

compared to them, the term | D garedx is asymptotically small.

Remark 4.3.2. The case where the only absolute maximum point xo for the function ¢ is
reached on T but with A¢(x¢) = 0 is complicated by the fact that now the boundary contributions

are not asymptotically negligible. In particular we have:

12See Sec.8.3 of [BHS6).
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M-1

. G;(0) [ a2 Hj- N\ _xe 1 _ag
I(\) — Ae(x0) Z j)\j /e P dg—/ ( )\Zj-i-l) ) e 2 dX —i-)\—M/GM(f)e 2 d€
D

j= r D

(4.54)

where the functions H; and G; are defined as in Sec.(4.2.1). The proof of (4.54) was given by
Jones, see [Jon82, Jon97]. For the above discussion see also [Hsu48, Hsu51].

4.4, Morse Lemma and Laplace Method

In this section we would like to study the asymptotics!? of:

/ g(x)e ) dx (4.55)

Q
for A — 400, where Q is a d — dimensional bounded and connected domain. Let us define
V1 <i,j <n

0*¢(z)

&ci(%j)
We call zy a non degenerate stationary point for the function ¢ iff | 7 (xy) |# 0. Let us

' (x) =Vo(x) and H(x)= (

suppose that the maximum of ¢ on the domain {2 is reached at only one point zy € 2 such that
xg is non degenerate, then it is possible to give an asymptotic expansion of (4.55) for A — +o0

which is based on the following!* lemma:

Lemma 4.4.1. (Morse Lemma) Let xy be a non degenerate stationary point of ¢. Then

there ezists a change of variables v — &(x), & € C™, such that:

§(0)=mzo  det[¢'(0)] =1

and the function ¢ reduces locally to the form:
— 1¢ 2
ola) = olan) + 3 3o

where iy, ..., p, are the eigenvalues of F(xg).

The Inverse Function Theorem' allows us to conclude that the inverse function y = 9(z)

is of C'™ class, at least in a small neighbourhood of the point xg. Moreover if ¢(x) is an

13Here we shall adopt a more geometric point of view compared with the one exploited in Sec. (4.2.1).
1See e.g. [Car76, Car92] for a detailed discussion about this geometrical result.
15See e.g. [Car92].
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analytic function at xg, then also £ and 1 are analytic functions at the point y = 0 and x = x,
respectively.

As we have seen during Sec.(4.2) the asymptotics for A — +oo of (4.55) equals the sum of
the contributions of the points x4, ..., x,, at which ¢ reaches its maximum. In particular there

exists a positive constant ¢ such that the following holds:

I(A) =) Vi + 0 (X)) (4.56)
j=1
where M = max,cq ¢(z), and for j =1,...,m:
Va, = / g(z)e M@ dy (4.57)
Ulz;)

is the contribution coming from integrating over a small neighbourhood U(z;) of ;. Eq. (4.56)
is the Localization Principle'® and can be viewed as an analogous of the Residue Theorem.
Hence we can assume that the domain of integration 2 itself is a small neighbourhood of x
and by Morse lemma (4.4.1) we reduce (4.55) to the following form:

e [()) = / G(y)e? Zi=1 1Y gy (4.58)

v

where g(0) = g(xg). If we choose the original neighbourhood of zy so that V' is a cube with
supp(g) C V, then the integral in (4.58) can be treated applying the one-dimensional Laplace
method sequentially with respect to the variables y1, ..., yn.

Proceeding as above we can prove the following'”:

1= () 01w | 1

=

[9(z0) + O(AT1)] o) (4.59)
in the sector S, defined in (4.2), moreover the following expansion holds:

o0
I(A) = N5y "Gt
k=0
where the coefficients C} are functions of the functions g and ¢, assumed to be smooth, at the
point x = xy.
In the case where ¢ attains its maximum at a boundary point!®, namely at a certain
o € 0F2, and with the same regularity assumptions on both g and ¢ we proceed as follows.

From the smoothness of 0 we can parametrize it at least in a neighbourhood U, of the point

16See e.g.[Fed89] Sec.2.1.
17See e.g. Ch.1 of [Com82].
18Tn what follows we will assume that  has a sufficiently smooth boundary. For more detail see e.g. [LP79)].
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7o by a smooth map ¢ : Uy € R"™! — U, which expresses the local coordinates of U,, N 99
as functions of the (n — 1)-dimensional parameters vector £ = (&1,...,&,-1) € Uy, namely
z; =x;(§) Vj=1,...,n. Then, for each parameter ¢;, the vector v; = (vf) = (%), where
kE=1,...n—1, is an element of the tangent space to 02 at the point zy. Using again the
smoothness of 0f2 it is possible to define a normal derivative to 0 at each of its points, hence
the distance d = d(z) of a point x from 02 is well defined and by the latter 02 is characterized
to be the locus of the point x with d(x) = 0 = d(x(§)) for all £ € Uy, while for any other point

y € Q — 0 we have d(y) > 0. As a consequence we obtain that the vector field:
(i)
ox;
(2) 1

to each element of the tangent bundle of 9€2. Given a certain point z € 9€) we

n

is orthonormal'?

choose n(z) as the inward, normalized, normal vector with respect to the tangent space T,05.
By Taylor’s theorem ¢ can be expanded as follows in a neighbourhood of a non degenerate

boundary maximum point:
¢(x) =¢(x0) + (Ong(w0)) n + % (D20(20)) n* 4 (0,0¢d(x0)) - (€ — Eo)n+

+5(6— &) (020(a0)) (€~ &) +o (1€~ & )
where zg is such that x(§y) = x¢. Using this expansion for ¢ we replace the integral I(\) by
a corresponding one performed on a smaller neighourhood of 5. Then we use as integration
variables the set of couples {(&,n) : k=1,...,n — 1} instead of the x;’s and neglet the third
order terms in the latter Taylor series. As before we also replace g by go = g(zo) and extend the
integration to the whole R* x R"~! obtaining a multidimensional, standard Gaussian integral.

Taking A — +o00, we have that:

— 182 —1/2
[(A)x_)\—(n+1)/2(Qn)w—l)/?ew(ﬂﬁo)( | Og¢(o) | J(20) g0 (4.60)

(On(0)) ™

where J(zg) is the change of variables Jacobian evaluated in zy. Hence we have:

Theorem 4.4.1. Let g,¢ € C(Q) and let zy € O be a nondegenerate mazximum boundary
point for ¢, then, as X — +oo, with A € Sc = {A € C :| argA [< T — ¢}, the following
asymptotic expansion holds:

I(A) = A" HD/2(9) (n=1)/2Ad(wo) Z ap\ "
k>0

with coefficients a;, which depend on the derivatives of the functions g, ¢ at x = xy.

See e.g. Sec. (2.3) of [Fed77], Sec.2 of Ch.IX in [Won89] or [Jon82] for a proof of (4.60)
and Th. (4.4.1).

19Tt easy to see that n is always a non-zero vector field in the sense that it produces non-zero orthonormal
vector n(x) to each tangent vector of w(x) € T,,09, for all x € IN.



CHAPTER 5

Stationary Phase and Saddle Point
Method

5.1. Oscillatory Integrals

5.1.1. A first glance

In this section we shall consider integrals similar to those involved in the Laplace method
analysis but with an oscillating term containing the phase. In particular we would like to

evaluate the accurate asymptotics for quantities of the following type:

I(\) = /g(a:)ei’\qb(x)dx (5.1)

J
when the parameter A\ goes to infinity along the real line and where J C R is a connected interval
of the real line. We will refer to the functions ¢ and ¢ as amplitude and phase respectively
as we made for the integrals of the type in eq.(4.1). It is straightforward to note that the
growth of \ determines the fast varying of the term e*? in such a way that the contributions
to (5.1) oscillate more and more, hence we expect that the greater contribution comes from

neighbourhoods of the points in which ¢ has vanishing derivative. Let us recall the following

Lemma 5.1.1. (Riemann-Lebesque) if g € Ly ((a,b)), thent:

b

/g(m)ei)‘”dx gy

In order to obtain the asymptotics of (5.1) for A — oo, let us state®:

1See e.g. [Fed89, Sir7l].
2See e.g. [Erd56, LP79, tS73].
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Lemma 5.1.2. (Erdélyi Lemma) Let o > 1 and 8 > 0. Let g € O ([0, a]) such that g™ (a) = 0
for all n € N. Then the following asymptotic expansions for A — oo holds:

a

/xﬁ_lg(x)ei)‘madx = Z Cn)\_% (5.2)
n=0

0
where the coefficients C,, are given by:

(n) i (n
g UDF<n+ﬁ>e<£w

n! «a

Cr

Remark 5.1.1. Previous Lemma is obtained by integrating by parts and it is still valid as
| A |—= oo if arg(A) € [0,7], uniformly with respect to arg(\). Watson’s Lemma (4.1.1),
considered in Ch.(4) Sec.(4.1), can also be derived from Lemma (5.1.2).

Suppose now that g,¢ € C*(J), where J is the interval of integration in (5.1), and let
xo € (a,b) C J the unique stationary point of order n of ¢, i.e.

¢'(z0) = 0P (zo) = -+ =" (wg) =0, ¢ (o) #0 for n>2

Then:
I(N) = L(A) + T(A) + Ly (\) + 0 (A7)

where I,(\) and [,(\) are the boundary contributions to the asymptotics of (5.1) and can be
evaluated integrating by parts, see e.g. Ch.3 of [BH86]or Sec.(1) of [Fed89]. By a suitable
change of variables x — ¢ in a neighbourhood of zy contained in (a,b), we reduce ¢ to the form
¢(xo) £ t™. Then it is possible to apply Lemma (5.1.2). In particular if xy is a nondegenerate
stationary point for ¢, i.e. ¢ (o) # 0 the leading term in the asymptotics of (5.1) for A — oo
is given by?:

I,(\) = W(Biw(woﬁr’f‘s(wo) [9(550) +0 ()\*1)} (5.3)
where 0(zq) = sgn (¢ (20)). Let now define the coefficients:
T+ \/2<¢<x> —o@)d@)) 4| \/2<¢<x> ~ o(x)(a0)
"= (2n) ) & Jw |
then
Loy (M) = —gidoteo)+ o) Zc A (5.4)

oy

3See e.g. Ch.6 Sec.(1) of [BH86] or Sec.(3.2) of [Fed89].
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5.1.2. Boundary Points

A simpler case to deal with is the one in which the set of critical values for (5.1) is empty, in
fact is sufficient, up to natural smoothness conditions of g and ¢ which may be refined if the

integration interval is infinite, to integrate by parts to get?*:
Theorem 5.1.1. Let ¢ (z) # 0 for all points x € J, then in the sens of asymptotic series as

o 1) =3 <_¢'%x>>k (%Y ()1

k>0

where |; indicates that we have to evaluate latter quantities with respect to the initial and

final points of the interval J if it is bounded or we have to take a limit, when J is not bounded.

5.1.3. Multidimensional Case

We would like to extend previous, unidimensional, result obtained for integrals of type (5.1) to

the case where J is replaced by a domain Q C R%, i.e. for the asymptotics of:

I\ = / g(z)e?*@ dg (5.5)

Let us start recalling the following Lemma®:

Lemma 5.1.3. Let Q be a connected domain in RY, g € C5°(Q) and ¢ € C(Q) such that
Va € supp(g) it holds V(¢)(x) # 0, then as A\ — +oo:

) =0 (A%)

Lemma (5.1.3) implies that if g,¢ € C*(D U 0D) then the main contributions to the
asymptotics of (5.5) come integrating on the neighbourhoods which contain the stationary
points of ¢ and on the boundary I' = 9D. Other contributions appear if g™ or ¢ have
discontinuities for some n € N. The whole set of above mentioned points form the set of critical
points for (5.5). Let us suppose that there exists only a finite set (z1,...,x;) of such critical
points. Then we can construct a C*° partition of unity with £ + 2 functions n;,j = 1,...,k
and nr,n such that, for all j =1,...,k, x € DUT, the following conditions are satisfied:

- n; has compact support D; = supp(n;)

- each critical point z; belongs to exactly one D;

4See see e.g. Ch.3 of [BH86]or Sec.(1) of [Fed89).
°Its proof is done by integration by parts, see e.g. Sec.(3) of [Fed89).



5.1 Oscillatory Integrals 71
- D;,NT =10
- n; = 1 at least in a neighbourhood of x; contained in D;
i) (@) +ij(z) = 1

The function nr is identically zero in some strip close to the boundary I' and it is equal to 1 in
a smaller strip containing I'. The function 7 has compact support on which V¢ # 0° Let us

define the following integrals:

I;(A\) = /g(x)nj(;v)ei’\‘z’(x)dx and Ip(\) = /g(w)np(x)ei’\‘z’(x)dx (5.6)
D D
where, for j = 1,...,k, I,;(\) expresses the contribution to (5.5) coming from the critical

points z;, while Ir(\) gives the contribution from the boundary I

Applying Lemma (5.1.3) we have that:

k
IN) =Y LN+ Ir(\)+0(A™) (5.7)

j=1
Let us consider one, say xo, of the stationary points z;,7 = 1,...,k and assume that z

is a nondegenerate critical point for ¢. Then, for A — oo, the following asymptotic expansion

holds:
4 [1 K C
_ Jig(xo), | —m
I, = e - mEZO NG (5.8)

and the leading term is given by:

; 2T % ” : i /
= e ()7 |3 e [ +.0 (1) 5.9)

where sgn[¢” (x0)] represents the difference between the number of positive and negative eigen-
values of the n x n square matrix ¢ (20)%. Let us now treat the asymptotic behaviour in A as
A — oo of the quantity Ir(\). If T' contains a nondegenerate critical point of ¢ then the result
(5.9) has to be multiplied by a 3 factor, see e.g. Sec.(3.3) of [Fed89]. If I does not contain
stationary points of ¢ then the following result holds:

M
Ir(\) = / M@y, + O (A7) (5.10)
r

m=1

For the general construction of a partition of unity see e.g. [BM97]. For our purpose is not essential to give
explicitely such functions 7’s.

"This is the analogous of the principle of localization stated by Eq. (4.56) in Sec. (4.4) of Ch.(4).

8For a proof of the results stated by (5.8) and (5.9) see e.g. Sec.(3.3) of [Fed89].

9See Sec.(3.3) of [Fed89).
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where M > 1 is an integer and w; are differential forms given, for all j =1,..., M, by
-2 - I #\m—1 I
w;i(z) =| Vo(z) | aT((L) g)dzy A+ Adzy, A+ Aday,
m=1 m

and L* is the transpose of the operator L defined by:
L (ei’\d’) = i\e?

We would like to underline the major difference between the asymptotic analysis of integrals
of the complex oscillatory type and of the Laplace type defined by eq.(4.1) or their multidi-
mensional generalizations, relies in the fact that in the oscillatory case we have to take into
account all their critical points, whereas in the Laplace case only the absolute maxima.

In fact if we consider the following:
I(\) = /g(x)ei’\qs(“;)dw (5.11)

where & is a bounded connected domain in R™ then, in order to study the behaviour of 5.11,

we have to take care of:
A{r e 2:Vo(r) =0}
callz e I'=09

- all x € Z where ¢ and/or g are not smooth

Remark 5.1.2. The determination of the critical points for the phase ¢,i.e Vo(x) = 0 in-
volves, in general, solving a trascendental equation. In order to have explicit expansions often
parametric methods are used, see Sec.(8.5) of [BHS6].

5.1.4. Degenerate Stationary Point

In the case where the Hessian matrix of the function ¢ evaluated at the critical point x( is
singular, i.e. it has zero eigenvalues, we cannot use the Morse lemma. As a replacement we

can apply!® the following:

Lemma 5.1.4. (Splitting Lemma) Let ¢ : R" — R"™ be a C* function and let x¢ a stationary
point of ¢ such that Rank( (xo)) = r for some r € N, then there exists neighbourhoods U,V
of the points u =0 and x = xy and a diffeomorphism h : U — V such that:

S(h(u)) = "l +p (s, ... up) (5.12)

i=1

where p: R — R s a C*° function.

10See [PS78] and [Dui74, Arn91].
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Lemma (5.1.4) splits the problem of finding the asymptotic behaviour of (5.5) in two part.
The first can be treated geometrically as we made in Sec. (4.4), i.e. we use the principle of
localization and the Morse lemma on a set of r variables. The second one requires a different
approach. Let us consider the case in which Rank(7(z)) = n — 1 and assume ©Q = R” (so
there are no boundary points to investigate). Let xy be the only critic point. Without loss of
generality we can also assume that g has compact support in a neighbourhood of zy. Using
(5.12) in (5.5) we have:

I\ = /g(u)ei,\zy_—f £ +idp(un) g,
Q
where ¢ is the product of g and the Jacobian of the change of variables in lemma (5.1.4).
The asymptotic expansion of I(\) in the first n — 1 variables follows the way shown above
using theory developed during Sec.(5.1.3) and we are left we the study of the asymptotics, for
A — 400, of:

/ g(u)ei’\p(“)du
R

where g is a C™ function having compact support in a neighbourhood!'! of v = 0 and g'(0) =

g (0) = 0 and we can apply the discussion made in Sec.(4.1).

Remark 5.1.3. In [Won89], Ch.IX, Sec.4, one can find examples where the previous procedure
cannot be applied, namely:

¢(x17x2) = 35153% and (b x17$2yx3 sz

In these cases we have namely Rank(7) = 0.

Let us consider the case in which the phase function has the following form:

= (H x&) W(x) (5.13)

where 1) is an invertible real analytic function. By the theorem of Hironaka on the resolution
of singularities, see e.g. [Ati70], every function real analytic ¢ which is not indentically zero
can be represented in the form (5.13).

Without loss of generality one can assume that ¥ (x) = 1 and supp(g) € [—1,1]". For
0<e< %, we have:

c+ioco
1 . ,
v p L (2)e™2dz = e™ (5.14)

H'We suppose that the critic point is in 0 for the variable .
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whether j is positive or negative. In fact since the Mellin transform of e = F(z)e%z, for
0 < Z(z) < 1 then Eq.(5.14) can be obtained usng the fact that the Mellin transform of the

functions:
(@) =5 - /Sl—ntdt and  Ci(x /—COStdt
are given by:
_rzm\ [(2)
—sin (—) — for —1<Z(2)<0
2 z
and r
— COS (ﬁ) ) for 0<Z(z) <1
2 z
resepctively.

If 11 is negative the principal value of 4 ~* must be taken in (5.14). Let us define Q1 = [0, 1",

m= m1n{2, o ,...,i} and:
L) = / g(z)e™" (5.15)
Q1
where @ = (v, ..., ay) and x* = [[I_, 27", Then, using (5.14) with 0 < ¢y < m, we have:
1 co+ioco
L(\) = /g(x)Z—Z / (Az*)*T(2)e'2dz | dx (5.16)
T
Q1 0—100

We note that the function:
[ gta)aa
Q1
is analytic and bounded in R(z) < 0 < m and since g((1,...,1)) = 0 by partial, repeated

integration, we obtain, for any multi-index k = (kq,. .., k,), the following equation:

/ () E[ Ha];_z / T D g (1) d

Q1 Q1

Where we have indicated by D* the k th derivative operator and used the fact that the poles of
I ( o (@ x)dz are at the points -—. The asymptotics of /;(\) can be then obtained traslating
the contour of integration to the rlght as shown in Ch.IIT Sec.7 of [Won89].

Suppose that o% < % for j > 1, then a; ! is a simple pole and we obtain, after calculating

the corresponding residue and applying Fubini theorem to (5.16), the following equality:

c1+100

L)\ = AT (") e'Bir(art) + % / AT (2)e™3 /(xa)_zg(x)dxdz (5.17)

€1 —100 Q1
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where:
1 1

r(ayt) = —ail / . /in:anTg(O, T, ..., Ty)dxe - dry,
0 0

is the residue of le(xa)_zg(x)dx at the pole z = a;'. Since the last integral in (5.17) is
o(A°1"), we have found the leading term in the asymptotic expansion of I;(A) for A — +oo.
Such calculations can be generalized in order to have higher order terms, moreover it applies
not only to the unit cube )1, but also to any similar cube X7 ,I;, where each interval I; can
be equal to [0,1] or [=1,0]. The final asymptotics is obtained summing over all such cubes,
see e.g. [Won89] Ch. IX, Sec.4.

See also e.g. [Arn91, AGZVS8S]| for a theory of asymptotics for phase functions which are

degenerate.

5.1.5. The Saddle Point Method

The Saddle Point Method is also known under other names. Some authors, depending on
their scientific education, prefer to call it Method of steepest descent, some other use the term
Stationary Phase Method also for this case, here after we will follow the terminology used in
[dB81]2.

Our aim is to evaluate the asymptotics of integrals of the following type:

) = / 9(2)eXC) g (5.18)
v

as A goes to infinity and where v C C is a contour in a neighbourhood of which both functions
g and ¢ are holomorphic. A priori we assume that 7, g, ¢ all depend on the parameter \ € R.
As we will see later on problems of the type (5.18) have less direct solutions than their real
homologous. In particular a topological discussion of the situation has to be done before any
explicit calculations. Namely it will be necessary to perform an accurate discussion of the
chosen path to evaluate (5.18) which is the flywheel to a second stage composed of more or less
standard calculations that rely on the Laplace Method.

At very rough first level we may think of the Saddle Point Method as a way to deform the
integration contour 7 in such a way that the main contribution to the asymptotics of (5.18)
comes from neighbourhoods of a finite number of points. In order to perform mathematically
this type of argument one has to request that both functions g and ¢ are holomorphic. Once

the just described operation has been done, then we are in a situation very similar to the one
described in Ch.(4) Sec.(4.1).

12As in the case of [Din73], this is a standard reference to the asymptotic expansions subject and several

parts of these two books has been extensively used writing this section.
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But why deforming ? Let us define:

f(z) = g(z)e?) (5.19)

then the answer is given by Cauchy’s Theorem together with the following estimate which
holds if the length | v | of the path ~ is finite, and g, ¢ satisfy the regularity conditions stated

before:

[ I(A) [< / | () |l dz <]y [max ]| f(2) | (5.20)

Could we get better estimates changing the path of integration ? In fact (5.20) is actually
not very accurate and it is quiet natural to use the Cauchy Theorem in order to find a more
suitable route for our integration trip. Deformed paths must have the same endpoints of the
original one. Besides, the continuous deformation process has to be done in such a way that
the subsequent paths lie, at each step, in the analyticity domain of f. Hence the challenge

consist in finding a new path " such that '3 the following quantity is minimized:
|7 [max | f(2) |
il

It should be noticed that since the length of both v and its deformations 4" are finite, our
attention as to (5.20) has to be concentrated to the, possibly, wild variations of f with respect
to even small modifications of the integration path. Therefore our strategy will be focused in
discovering those paths +" which minimize max_ | f(z) |. Since the solution to the previous
step may be not unique, we have to choose the one to which Laplace Method better applies.
The method to complete this final step is known as Method of Steepest Descent.

5.1.6. Analytic Part |

In order to really develop the mathematical details of previous discussion let us recall that:
(1) The quantities involved in(5.18) are all A\-dependent

(2) The deformation of the path v must be done according to the analyticity domain of the

functions of interest, namely g and ¢
(3) The contour length | v | is not the important part

(4) Since the variations of the function ¢ dramatically depend on A and ¢ controls the

behaviour of the exponential term, then we expect that ¢ dominates g

13We have to keep in mind that all the quantities involved in the evaluation of the asymptotics of (5.18)

depend on the parameter \, hence 7 as well as 7 should be read as v(\), v (A) respectively.
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Finally it is realistic to work towards the achievement of an estimate of the following type:

| I(A) |< c(y,9) inf {max e)“%)(z)} (5.21)

v allowable z€y

where 7' is an allowable deformation of the original integration path v according to the dis-
cussion done in (5.1.5), while ¢(7, g) is a constant which depends only on the original contour
v and the function g. The procedure behind estimate (5.21) relies on the existence of a so
called minimaz contour, i.e. a path 4" which passes through a point z, in which %Z¢ attains
its maximum and such that this maximum be the lowest one among the maxima. If such a

contour actually exists then we have:
| I(N) [< ¢ (7, g) o) (5.22)

and Cauchy’s theorem guarantes us that:

I\ = /g(z)ew(z)dz

The asymptotics of this integrals for large A\ can be evaluated by Laplace Method as discussed
in Ch.(4).

Definition 5.1.1. A point zy € C is a saddle point of ¢ : C — C iff ¢ (20) = 0, moreover it is
called simple iff ¢ (z0) # 0.

If 2 is an interior saddle point then the asymptotics of (5.18) can be evaluated'* simply by
replacing the minimaz contour 4 with a smaller arc v* C 4’ which still contains zy, then we
use the analyticity of ¢ in order to perform its Taylor expansion in a neighbourhood U, D ~"

and by Laplace Method we get:

If 2y is the initial point of the contour v and max,c, Z (¢(2)) = Z (¢(20)) and ¢'(20) # 0,

then, as A — oo, we have ¥

I = -5 gb’le) er(=0) (g(zo) +0 G)) (5.23)

(
For the contribution given by Eq.(5.23) the following expansion holds:

o (20) - d kg(z)
> F (o) o5 = 520

=0

14The main idea is clear: one would like to translate in the complex domain notions which are developed in

the real case where the Laplace Method has been established.
15See e.g. Sec.(4.3) of [Fed89], Sec.(5.5) of [dB81].
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5.1.7. Topological Part

As we have seen in (5.1.6) the concrete evaluation of the asymptotics for (5.18) depends on
finding the minimax contour. The latter could not exist at all so that we are forced to find a

minimaz solution for the extended problem:

. 7
min  max g(z)e?**)
'yl allowable xe’yl

which actually becomes a topological challenge. ¢ .
Lemma 5.1.5. '7 Let ¢ : C — C be a holomorphic function in a neighbourhood U, of a point
2o in which ¢ (z0) # 0, then there exists a neighbourhood V,, C U,, such that the level curves:

AP (2) [v.y= ZP(z0) 5 Fd(2) v,y = I d(20)

are analytic and orthogonal to each other at z.

Lemma 5.1.6. Let 2 be a such that ¢ (%) =0, Vi = 1,...,n and ¢"*'(z) # 0, then there
exists a neibourhood U,, of zo in which the level curve Zp(z) = H¢(z9) consists of n + 1
analytic curves that intersect at zy dividing U, in 2(n + 1) sectors of angular amplitude equal
to w(n + 1) in which the sign of ZP(z) = Z¢(z0) alternates.

In order to better understand the previous lemma we turn back to (5.1.5). If we are in

18 we know that it is possible to apply the Inverse Function Theorem

the simple point case
in order to find a function which express the local coordinates z. In other words there exists
1) which is smooth in a neighbourhodd of 0 such that z = ¥ (w), ¥(0) = 2z, ¥'(0) # 0 and
d(h(w)) = ¥(z9) + w?. Hence the curve Z¢(z) = Zd(z) is described by Zw? = 0 which
identifies the locus of complex points composed by two mutually orthogonal paths at 2y, e.g.
v+ = (1 £ ¢t) where ¢ run in a time interval whose length is determined by the Implicit
Function Theorem. The general statement follows as shown in Sec.(4.5) of [Fed89]. See also
Ch.7 of [BH86], Sec.(2.6) of [Sir71] and [dW51] where the saddle point method is treated by

different techniques.

16Tn order to have a naive description of the following described idea, namely the Steepest Descent Method,
a fruitful reading can be found in Ch.5 of [dB81].

"From the hypotheses it follows that r(z) = ¢(z) — ¢(z0) is holomorphic in a neighbourhood of zy, then
the Inverse Function Theorem applies and 1 = u + iv = r~! is holomorphic in a neighbourhood of the origin.
Therefore the arc of the level curve Z¢(z) = Zd(zo) is defined by 1(0,v) and is analytic. Analogously for
7 ¢ with respect to 1(u,0). Orthogonality of the two level curves follows since these two curves are actually

conformal maps.

8Namely ¢ (z0) = 0 and ¢ (2) # 0.
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5.2. Steepest Descent Method

Using previous definitions and lemmas let us go deeper in the concrete topological part of the
Saddle Point Method'®.

Definition 5.2.1. Let ¢ be a complex valued function. A curve v : [0, T] — C in C such that
v(0) = zp € C, is called curve of steepest descent of the function Z¢ iff for all points z # zy

in 7y one has:
(i) F¢(z) is constant
(ii) RP(z) < Rd(20)
Proposition 5.2.1. Let zg € C, ¢ be analytic in a neighbourhood U, such that
P (z)=0,VYi=1,...n and "V (z)#0

Then there exist exactly n + 1 curves of steepest descent each of which relies in one and only
one of the sectors determined by Z¢(z) < Bd(zo)

Lemma 5.2.1. Let ¢ be a holomorphic function on a finite contour v such that the points
which realize: max,c, Z¢(z) are neither saddle points nor endpoints of the path . Then there
exists v such that:

/g(z)e’\‘i’(z)dz = /g(z)e’\‘ﬁ(z)dz

/

v Y
and

max Z¢(z) < max Zd(z)

z2€y zey

5.2.1. Analytic Part Il

Lemma 5.2.2. Let ¢ be an holomorphic function on vy such that max,e, Z¢(z) > C, then for
A > 1 one has:
I(\) = O(\e9)

Let us divide the considerations in two different situations, namely where we have to deal

with a boundary saddle point or with an interior one:

The basic idea of the steepest descent method can be found in [Rie53], see also [Deb09] for first further

developments and [Olv70], where very interesting numerical estimates are obtained.
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Theorem 5.2.1. (Boundary Saddle Point) Let v : [0,T] — C be a smooth path such that
7(0) = 2z € C and let g,¢ be analytic at zy, with ZP(z0) > RH(z) and ¢ (2) # 0, then as
A — +o0:

I\) = eA(20) Zak)\—(kﬂ)

k>0

where the coefficients ay are defined as follows:
a :—(_ 1 2>kg(z)|
k = ¢I(ZO) az qb/(z) zZ=Z0
Theorem 5.2.2. (Interior Saddle Point) Let v be a smooth curve in C, zy € 7, g, ¢ analytic
at 2y with BH(z0) > RP(z) for all z € v. Let ¢ (20) = 0 # ¢ (20) and v goes trough two
different sectors in a neighbourhood of zy where Z¢(z) < ZP(20), then it follows,as X\ — +o0:
I\ = 0 (20) Z ak)\*(kJr%)

k>0

In order to evaluate the coefficients a; we use the results discussed in sections (5.1.6) and
(5.1.7), in particular we know the existence of a smooth coordinates change: z = ¢(w) such
that ¢((w)) = ¥(z) — ‘”72 holds at least in a sufficiently small neighbourhood of the point z.
Changing integration variable in (5.18) and using the Cauchy Theorem in order to allowably
deforming the path integration + until the steepest descent contour has been reached, we get

as A — +oo:

I(\) = Mo0) /eng(iﬂ(w))w/(w)dw +0 (%)

The analyticity of both g and ¢ allows us to write down the following Taylor expansion in

terms of :

9@ (W) (w) =) e

so that the coefficients a;, remain determined as:
1
A = 2k+%F (k —+ 5) Co
One can easily merge results contained in asymptotics (5.2.1) and (5.2.2) in order to state the
following generalization to the case of multiple critical points:

Theorem 5.2.3. Let v : [0,T] — C be a smooth contour and g,¢ be analytic functions in a
open set containing . Let max,c, Z¢(z) be attained at {z;} which are either ~(0),v(T) or
saddle points each of which possess a contour where Zp(z) < ZP(z;), then as X — +o00:

I =) I(\2)

where the single asymptotic contribution due to the point z; is called 1(\, zj) and is evaluated
as stated in asymptotics (5.2.1) and (5.2.2).
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5.2.2. Constant Altitude Paths

What happens when the minimax contour contains a path of constant Z¢-altitude ? Namely

consider the following integral:
b

/e¢(z)dz (5.25)

where a,b € C are connected by a smooth curve « : [0,7] — C such that v(0) =a, y(T) =b
and Vt € [0,T] , Z¢(yt) = const, then ~ is the minimax solution. It is possible then to show
that v can be deformed so as to give a path with only a finite number of highest point, so that

we have are back ?° into the scenario discussed in Th.(5.2.3).

Remark 5.2.1. If we have to calculate the asymptotics of (5.1) in the case of a closed path we
clearly have no contributions coming from endpoints. If the integrand function is analytic all

over the path of integration, then (5.1) is obviously zero. Otherwise we proceed as follows:

If there exists a smooth transformation 2, ~" of the integration path v in a new path ~'
such that ' crosses just one saddle point which is higher than the other points of ' and
we can apply the results obtained in Sec.(5.2.1), since we have no contribution from the

ending point.

If we have a closed path of the type in Sec.(5.25) we do not solve the minimum problem
as it can be shown by considering e.g. ?* the phase function ¢(z) = z72. In this case any
circle centered in z = 0 is a curve of constant altitude which does not solve the minimum

problem.

5.2.3. Precision in determing Saddle Points

If the exact determination of the saddle point of a certain phase function ¢ involved in (5.1)
is not possible and/or we can be satisfied by some type of approximation?? we can perform an
approximated saddle point technique. Let us start defining the range of a saddle point. If ¢ is
a saddle point of the function ¢ then we define the § — range of £ as follows:

R5(€) = {z € C:| ¢P(¢) - ( = €)* |< 5}

where 6 > 0 and ¢® indicates the second derivative of the function ¢. If we consider the

expansion:

8(2) = 8(6) + 562(0) - (2= €7+ 590(6) - (= & + 0 (| 2~ € )

208ee Sec.(5.1) of [dB81] for an explicit example of this technique.
21Gee [dB81] Sec.(5.9).
22Gee e.g. [dB81] Sec.(5.10)
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and the sum ) . %qb(”) (&)-(z—&)™ is small, with respect to asymptotic parameter A, compared
with the one of the second order, at least in a sufficiently small § — range of £, then we can

apply methods seen in Sec.(5.1.5) and the integral can be successfully compared to?:

/ SO (o Rz = Vama | §(6) | ¥O (5.26)

Ve

where 7, is defined as the axis of the saddle point and the integration is made running through
e in accordance with the direction in which « crosses the saddle point.

The parameter «, which indicates the direction of v, is such that | @ |= 1. For the special
case in which ¢(z) = th(z) with h independent of the real parameter ¢, 2'(¢) = 0 and 2" (§) # 0
see Sec.(5.7) of [dB81].

In the other case, i.e. when Y ", Lo (¢) - (z — €)™ is not small compared to the term
%gzﬁ” &) (z—¢ )2, it is difficult to obtain approximated asymptotics following previous procedure.
This general difficulty could be caused by the presence of other saddle points in some small
0 — range of £ or by singularities of the function ¢ near £. An example of such a situation is
discussed in Sec.(5.12) of [dB81].

5.2.4. A case in point

Let €2 C C be simply connected, g, ¢ holomorphic in 2 and consider the following integral:

) = / 9(2)eXC) g (5.27)

a

for which we would like to find the asymptotic behaviour for large A. Suppose that z; is a
simple point for ¢, then we can determine, according to the theory discussed in the previous

sections, two sectors:

™ 1 ” ™
Sy =0<|2z—2 |<p, |arg(z—zo)i§+§arg¢ (20) |<§—5

where § is independent of A and such that 0 < § < § and p = p(d) > 0 such that there are
two opposite sectors in B,(z) of amplitude equal to § — 2§, both symmetric with respect to
the axis of zy. In these sectors | e? |<| e*?(0) | ie. Z¢(z) < %#(2). For both S, and S_ we

have:

| arg(—(z = 20)°¢" (0)) | < 5 — 20

hence:
B(—(2 = 20)*¢" (20)) > 2 =20 [* - | & (20) sin(20)
2See e.g. Sec.(5.10) of [dB81].
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and we get:
RO(z) — RH(z20) < —3 | 2~ 20 6" () sn(26) + O] = — 20 ")

which is negative as soon as p is sufficiently small. Now let a; € S, and b; € S_ such that the
path v,, ., joining these two points is still in 2. Then we can replace 7,, ., by a new path

which is composed by the following three parts:

(1) a3 — ay such that the final point as belongs to the axis inside S

(72) as — by crossing the saddle point along the axis until we reach by € S_
(7v3) by — by by a curve inside S_

Along v, and 72 we have that Z [¢(z) — ¢(20] < —c, hence as A — +oc:

/ 9(2) ) dz = O (HF9(0)-0)

Y1Uy2

while the contribution due to integrating along 73 can be evaluated by Laplace Method. In fact

w3 can be reparametrized by:
z=z+ar,a<x<b (—p< a<0<b<p, a:eé[”_“’"g(d’ (20))]>

getting:

b
>\¢('ZO) C

/g(z)e)‘"ﬁ(z)dz = a/g(zo + ax)erotas) gy gl Z
\/X k>0

73 a =

=

|

where we used the Taylor expansion of ¢ around zy:
1 "
&(z0 + ax) = ¢(z0) + §¢ (z0)a’2z* + O (| z |*)

and the coefficients ¢, are determined as in Sec.(4.4) of [dB81]. If g(zp) # 0 then the leading

asymptotics as A\ — 400 is:

/Q(z)ew(z)dz =« Wg(zo)ew(m) (1 +0 (%)) (5.28)

3

where « is a complex number of unit modulus and its argument indicates the direction on the

axis from S, to S_.
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Remark 5.2.2.

. EA;“’/(;‘)) > k>0 5k 18 the saddle point contribution [with respect to (5.27) ]. It depends on the
direction chosen to cross zy by our integration path: reversing the direction causes a —1

factor in front.

- The question whether the asymptotics of (5.18) can be represented by saddle point contri-
butions cannot be answered by studying small neighbourhoods of their associated critical
points. Nevertheless it is affermative in all those cases in which we can link a to a; and b
to by in such a a way that along these paths the condition max,c, Z¢(2) < max,ey ZP(20)
is fulfilled since , in this case, their contributions can be neglected.

In the case of a boundary point our discussion is simplified. In particular if:

g(a) #0 and ¢'(a) #0

and the path which starts from a in a direction in which Z¢ decreases, then the leading asymp-
totics, due to the contribution of a neighbourhood of a, can be evaluated using Laplace Method

and it equals:
N
g(@)e* (<2o( (@)
as shown in Ch.(4), see also Sec.(4.3) of [dB81].

5.2.5.  Airy Functions

As a classical application of the steepest descent method let us introduce the study of the Airy

function®*:

+o00
o () = 1 / cos <Z—3 + za:) dz (5.29)
T 3
0
for which we would like to find the asymptotics as x — +o00. With a suitable change of variable
(5.29) can be written as:
+00
o () = Ve ei(éﬂgc) dz

Y

—00

which allows us to consider an integral of the form (5.18), where ¢(z) = i (? + z) A= a2

and the path v is replaced by the real axis. We note that the function ¢ has exactly two saddle

points, namely z, _ = +i where it attains, respectively, the values ¢(zy ) = $§.

2For a deeper introduction to this class of special functions see e.g. [Leb72], Ch.5, Sec.(17)., [SV98] or
[Fri5d].
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We note that Z¢(2_) > 0 = max,e, Z¢(z) which implies that the z_ contribution to the
asymptotics of (5.29) can be neglected. Since we have to integrate over an infinite contour
it is necessary to study the behaviour of Z¢(z) at infinity dividing the complex plane in the

following three sectors:

Sy ={z€C:arg(z) € (0,3}

Sy ={z€C:arg(z) € (¥,n}

Ss={z¢€C:arg(z) € (-4, -%&

where, along any ray which lies in Dy, Dy or D3 and such that its origin is in z = 0, it has to
hold Z¢(z) — —oo as | z |— oo0. Vice versa, in the remaining sectors, we have Z¢(z) — +oo
along any ray. Coming back to the previous discussion, see (5.1.7), we can deform ~ to any
line of the type .#(z) = ¢ > 0%, e.g. to a path 4 such that .#z = 1 which passes through the
saddle point z,. Since 7 is only a translation of the real axis we can parametrize it in a linear

way, i.e. Vz € ¥ we have z =1+ t, t € R, moreover:

Vze’y:>%¢(z):—§—t2

which implies not only that max,c; Z¢(2) is attained solely at the saddle point z, = i, but
also that the asymptotics of (5.29) is given by the z, contribution. Using (5.28) 2 we find as

T — 00: .
A (r) = ———e€"
2ri\/T

In fact in a sufficently small neighbourhood Uy of z; we have ¢(2) — ¢(zy) ~ —(z —4)? and in

ol
e

wt (1 + O™ ) (5.30)

U, the line of steepest descent 4 has the form .#(z — i) ~ 0 which implies that both 4 and ¥
have the same tangent at the point z, where arg \/—¢"(zy) = 0. According to the expansion
given in Th.(5.2.2) we have:

() = ——e i Z(—l)k%x‘? (5.31)

2mx >0

Let us turn back to the analysis of the phase function ¢(z) = i (? + z) for which we have
found the critical points z. = +i. Writing our local coordinates z = £ + in we have that:

3

Fo(2) = 5 — P + €, Fo(E) =0

so that the steepest paths are given as the closed set in the Zariski topology?” associated to the

equation: £(£2 —3n?+3) = 0 which represents a degenerate cubic formed by the imaginary axis

25Clearly this kind of paths are parallel to the real axis.
26\Where A = 23, g =1, o(z) =1 <§ +z).
2TSee e.g. [Zardd].
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and the two branches of an hyperbola. Following the directions along which Z¢(z) decreases
we note that the global landscape can be divided into two antisymmetric parts with respect to
the real axis.The hyperbola’s asymptotes are given by & = Fv/3n and the original integration
path can be modified in the branch of the hyperbola which lies in the upper half of the complex
plane and running from co- €6 to 0o - €% . Along the latter route we can easily see that (5.29)

converges whenever Zx > (0 and we can write:

5im
e 6

2rdl (a:%> o
— = / e* )y — / e dy = I(x), — I(x), (5.32)

in
§

1
€T3
i

which can be evealuated by Laplace method, see e.g. Ch.(4). Since both in I(z); and in I(x),
we have that ¢ = @(2)—@(z, ) is real, attains its maximum at z = z, and 4 1p(z) — ¢(z4)] <0,
then:

&(z):———z'(%3+z) :(z—z')Q—éi(z—if

and we can define:

where:
. g?)% is the positive square root
1= ti(z - z)]% is the value which reduces to a at z; =i
. the positive specification for ¢z holds for I ()1 while the negative one holds for I(x),.

By a standard Taylor expansion we have that, at least in a sufficently small neighbourood

N N
of zp, 2 =i =) 1ok (:I:gzﬁé) where kby, is the coefficient of (z — )" " in the expansion of

MES

[1 — @] in powers of z — i, so that:

3k‘2

z—z—z " 1k'F ’5) (j:gz;

k>1

N

)k (5.33)

are the expansions with respect to I(z);, for the —|— sign and for I(z)y, for the — sign. By
the results stated in Ch.(4), the fact that e=*?(=+)] =I5 g9z dqb and using (5.33) it is

possible to write down the asymptotics expansions of I ( )12, namely the following holds:

P T L )T (52
) ‘/ Zgw T O K D v ey

0 E>1 k>0

2
k
€xrz
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which holds uniformly in argz as z — oo and | arg z |< § — 6 for all positive 4.

What happens to o7 (z) when © — —oo 7 it is possible to work as in the latter situation,
x — +oo with the only difference that, now, we have to deal with an infinite path of integration
v where | e’ |= 1, hence the integral is only conditionally convergent.

More interesting is the full-complexr asymptotic case, i.e. the scenario in which we want to

take care of the asymptotics of &7 (z) when z € C and | z | = +00. Let us define:
C=C—-{2€C:.92=0,%z € (—0,0]}

In order to make a useful change of variable consider the complex function /z for which
we choose a positive, real, definition in C, i.e. Z[\/Z |.e¢] > 0.

The saddle points of the new phase function ¢(t, z) = it (mT?’Z> are equal to tL = +i/2.

Since we choose the branch of /z in such a way that it is positive for any, positive, real
argument, then ¢, belong, respectively, to the upper and lower half-space. Let us deform our
integration contour according to what we have done for (5.29) in the case of x € R,z — +00,
namely we consider the contour 4 which is a line parallel to the original one and passes through

t+(z). Over 4 we have:

9 . 3
t=iVz+7T —o00<T <400 ¢(t,z):_§z%+i%_7_2\/g
hence:
1 . +oo . 1 . +o0 t3
A (z) = —em3%? / T VA — Z 370 / e V7 cos —dt
2 T 3
—00 0

To the latter integral we can apply Lemma (4.1.1) in order to obtain the asymptotics (5.31)
for | z |— 400 where | arg z |[< 7 — € < 7, uniformly in arg z.

What happens in C, =| arg(—z) |< € ? By the discussion done for the real case when we
took the limit x — —oo for &7 (z), we have that the desired asymptotics is due to the sum of
the contributions of both saddle points t. = 1,2, the same is also valid in the present case
where we replace x by z. Let us define o = arg(—z), hence, in the part of the complex plane
in which we are working, we have | a |< e. As seen before, choose a branch of y/z so that

VZ =] /z | ie'2. Take a > 0 and change the integration contour into:

5 = [iv/3,iv/Z + 00) U (—iv/Z(—00), —iv/Z] U [~iv/Z, iv/3]
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on the first two components of 7 we have:
1
Bt=iVz+T 0<T<00 AL, 2)= —5%23 N

hence Z¢(t,z) attains its maximum at 7 = 0. Vice versa over the segment [—iy/z, /2] we

have: ;
t=ivzp —1<p<1 cb(t?fc’):(%—p)zg
Since #z2 =| z |2 cos (22) > 0 and ﬁ’—g?’ﬂ is monotonically decreasing with a maximum in

p = —1, then ¢(t, z) takes its maximum value at the saddle point t_(z).

Analogously if a < 0 then Z¢(t, 2) attains its maximum at ¢, (z) , hence Vz € C we have
that 7 is a saddle contour, and the asymptotic of the Airy functions is given as the sum of the
contributions of these points.

It follows that «7(z) has different asymptotic forms in different sectors of the complex
plane, i.e. our function reveals the so called Stokes phenomenon, see next section and Ch.(6)
Sec.(6.2.4).

Moreover something else can happen when we have the freedom of choice among several
path of integration. One situation is very delicate and it is related to the case where a line of
steepest descent which comes from a saddle point passes through another saddle point, then
both contributions compete for the asymptotics. This is the case for <7 (z) when we take, in

2

o(t,z) = z'ttLrT?’z, argt = 5 so that our integration contour goes through the saddle point

located in the lower half-space, i.e. z_. In this situation, contrary to what happens if argt =

s

3
when the path passes only through one saddle point namely 2z, we have to take into account

a second contribution. The addendum due to z_ does not affect the whole asymptotics which

actually remains the same, but the Borel®

summability is lost. Finally when we increase the
angle and ¢ reaches m, both 2z, and z_ takes place in the asymptotics. The theory developed
to take care of the loss of Borel summability in asymptotic expansions of integrals is the so

called Resurgence Theory, see e.g. [E81, CNP93] and references therein.

5.2.6. Stokes Phenomenon

Let us return on the concept of Stokes Phenomenon already seen in the study of asymptotics
of the Airy’s functions (5.29). If we consider the following differential equation of Airy:

d*y
Frhe 2y(2) (5.34)

its solution is is approximated, for large | z | by a linear combination of

Uy =z i (5.35)

28Gee the original work of Borel [Bor28], and Hardy [Har49]. See also [SW94] for an extensive review on the

subject.
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for x = 2%, see [Olv74]. The functions uy are multivalued with a branchpoint at z = 0,
nevertheless the solutions y(z) of (5.34) are entire. Therefore if a specific solution y(z) is
approximated at Z # 0 by ciuy + cou_ we cannot use the same approximation at z = ze?".
The latter is the basic Stokes Phenomenon.

The solutions of (5.34) arise as Fourier components, actually, except when z is purely

imaginary, the functions:
i 1 i S
U, =e ™ =21 and u_e ™ =z 17" (5.36)

represent waves, of frequency w with approximate wavelength 32 which varies with spatial
z2

position with a corrispondent variation of the approximate amplitudes clz_i and cgz_%. If z is
purely imaginary, the functions defined in (5.36)represent purely progressive waves. The wave
character of the solutions of (5.34) is their most important property and is the fundamental
reason why we take multivalued approximation for an entire function.
Analogous considerations hold?® for the general linear differential equation of the second
order: 2
vd_;;’ — p(2)w(z) =0 (5.37)
with analytic coefficient p(z) and parameter X\. The corresponding® wave approximations!

are:
1 1
ve =p e and x = X / Vp(s)ds (5.38)

If p(z) has a root zy and is analytic at this point then w(z) is also analytic at the same point.
Nevertheless the functions v4 have branchpoints at z = zy, they approximate the solutions of
(5.37) only for z # 2, and sufficiently large | z — x(z) |. Moreover they approximate locally
single-valued solutions by locally multivalued functions which turn to be domain-dependent
approximations, i.e. the Stokes phenomenon arises again.

Another examples of the Stokes phenomenon happens in the canonical representation of
the Hamiltonian oscillators in terms of action angle, see [Gol50]. Let us rewrite (5.37) in the

following standard form:

d>wW
dx?

LA (P
—(1+ X)W =0 and ¢é(z) = —p4% (5.39)

where W (z) = p(z)1w(z) with z = 1 [ v/p(s)ds. Let us assume that we have to deal with only
one singular point, in the above sense, at x = 0. Let r(Ax) denote a definite branch, in the

complex z — plane cut from 0 to oo, of the fourth root of the coefficient function p(z). Moreover

29See [Mey89).
30See [Olv74] for rigorous derivation of the result.
31This is the WKB method, see e.g. Ch.2 of [Fed89].
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let ¢(x) in (5.39) be understood as the corresponding branch. Then the wave approximations
to vy in (5.38) are:

Vi(zx)=¢€¢" and V_(z)=e"
By the WKB theorem??, the following:

Wi = ay(z; \)e*™

is a fundamental system of solutions of (5.39) with the property that | ay | are bounded for
large | « |. Hence we have that the approximating functions Vi are entire, while ¢ has a
branchpoint at x = 0 and the same happens for W. It follows that the coefficients in the
approximation ¢;Vy + ¢;V_ to W must jump across the cut, this is called®® Stokes curve or
Stokes line.

The study of Stokes phenomena naturally arise in the analysis of the classical functions of
mathematical physics which possess concrete integral representations. Since their asymptotics
is studied by the application of the steepest descent method, as we seen in the case of the Airy
functions in Subsec.(5.2.5), one has to deal with asymptotic approximations of wave character
which exhibit Stokes behaviour. In the case of more than one singular point we have to perform
a more complicated description of the Stokes phenomenon, see e.g. [Olv78], which is even more
difficult when the integrals of interest depend on some extra parameters. Actually, in the latter
case, it could be possible that different singular points coalesce according to the variation of
the parameters which trigger the asymptotics of our integrals, see e.g. [BH93, QWO00] and

references therein for a detailed study of the subject.

5.2.7. Steepest Descent Method in Multidimensional Scenario

In this section we would like to carry on the methods of Sections from (5.2.1) to (5.2.6) towards,
hallowing problems on multi dimensional complex domains. We shall discuss some problems
of the steepest descent method for the case of oscillating integrals see [AHK77, AB93|. We will
see that new topological problems arise in the sense of the multidimensional steepest descent
method.

Let us consider the following integral in many dimensions:

I\ = / g(2)e*Pdz (5.40)

o
where z € C" and 7" is a n-dimensional complex, smooth and compact manifold. We will
assume thath both g and the phase ¢ are sufficiently smooth at least in some domain D which

contains the integration manifold ~".

32S8ee [O1v74] for details.
33For a detailed discussion on how choose these cuts of the complex plane, see e.g. [Sto50, Olv74, MP83,

Mey89, Mey92].
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Of course, viewed as a real manifold, 4™ doubled its dimension so it is quiet difficult to try
a graphical sketch of the present scenario even if z = (21, 29) € C?, nevertheless the main idea
of the saddle point method can be applied, namely the searching of a saddle minimaz contour.
Let us assume that both g and ¢ are polynomial function and that 9y™ is connected. Applying
Poincaré’s theorem we know that the value of (5.40) does not change if we replace 4™ with a
new manifold 4" provided the latter has the same boundary 07". Let us suppose that, among
all the possible deformations of 4", we can pick up 4" with the minimax property, i.e. the

value:
min max Z¢(z) = Mxn

:yn ze,’yn

is attained on A4™. Hence if:
T ={z€9": Zo(z) = My}

then 4}, must contain either a saddle point or a boundary point of the integration manifold. If
zp € A" is a simple saddle point one can use the Morse’s lemma, see Ch.(4) Sec.(4.4), in order

to have3*:
n n

0(2) =3 2l = Ro(x) =D _wl -yl Fo(x) =2

i=1 i=1
at least in a neighbourhood U,, of 2. It follows that, if the dimension n is greater than one,
the steepest descent paths are replaced by planes II characterized by having x; = 0 for all
1=1,...,n.

To give a glance of the situation let us suppose that zy = 0 lies in 4™ and it is the only point
at which Z¢(z) attains its maximum. Then we can deform +" in order to make it coincide

with ¢ in a sufficiently small neighbourhood of zy and (5.40) takes the form, as A — +oc:

/ gly)e == dy +0 (e7)

ly|<o

for some constant ¢ > 0. The final asymptotic can be developed using the Laplace method.
Suppose that max,c.» Z¢(z) is attained only at the point zy which is both an interior and

a simple saddle point for 4. then the asymptotic expansion for (5.40) is (see [Fed77]):

1 2\ 2
IN) = ———— [ == ) M0G0 | g(z A7k
W= (F) [g< )+ o ]

where the choice of the branch for the root depends on the orientation of the contour.
In [Fed77] some theorems for choosing saddle points are developed, but a set of general rules
is still missing, one which can help us in solving the problem of the existence of a necessary

saddle point as we have done in the unidimensional complex case.

34See Sec.(4.5) of [Fed89].
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For the multidimensional investigation of a certain class of integrals see [Fed89], Sec.(4.5).,
where there is also an interesting example which emphasizes the differences between the one

dimensional and the multidimensional case, see [Fed89], Sec 4.5.



CHAPTER 6

Uniform Asymptotic Expansions

6.1. Introduction

Let us consider the Hankel functions of type j = 1,2, argument kr and order ka:

. 1 . ™
HpaY (kr) = %/elk[“‘)”*a(zﬁ]dz (6.1)
%

where the path of integration v, seen as a function from (7, %7?) to the real axis, is such that
3

lim, =+ 71(t) = —oo, there exists a point t, € (7,5 ) such that lim,_,- 7 (t) = 400 and a
point ¢ € (§,7) in which 4, equals 0, i.e. the path v, intersects the real axis. The path ~,
is symmetric to v, with respect to the axis ¢ = 7. We are interested in the limit behaviour
for k — oo, i.e. the high frequency limit behaviour. It is appropriate to take the order and
the argument parameter as a function of ka and kr respectively. If we make the following

substitutions:

A=kr and B=2
.

and define:

w(z,fB) =i [cosz—l—ﬂ (z — g)]

for y = 1,2, we have:

; 1
Y ) = 1,0, 0) =+ [ s (6.2)
T

Vi
We shall consider the case in which A € R, A — oo and 0 < < 1. By the definition of the

paths of integration we have that the only critical points are saddle points of w, and since:

w'(z) =i[-sinz+ 6] and w (z)=—icosz
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we have that in the strip —7 < Z(z) < %’T, w has two simple points z; such that!:

: T T
sinzy =3  and O<z+<§ and §<z_:7r—z+<7r

We then have:
w(zy) = +i [\/1 - B2+ p (Sin_lﬁ - g)]
where sin™ 1 is the sin —inverse function. Since w” (z) = Fiy/1 — (2 it follows that the steepest
descent direction at the two saddle points are:
T 3 T 37
0 =——, — d 0(z.)=—-——
Along the corresponding paths of steepest descent u(z,y) + 1v(x,y) we have:

u(z,y) = Z(w) = sinxsinhy — By
m (6.3)
v(x,y) = F(w) = coszcoshy + [ (x - 5)
Analyzing equations (6.3) we find qualitative informations about the way of deforming the
orignal paths of integration v — 1,vin order to apply the method of steepest descent which
allows to state the following asymptotics :
2 e(—l)jJrli[k\/rz—aQ—kacos’l(%)—%]

H (kr) = 4| = Emy (6.4)

where % < 1 and for j = 1,2. This result is no longer valid if ¢ =1, i.e. when the order and
the argument of th Hankel functions coincide. In particular in this case z_ = 2z, and instead of
having two different saddle points of order one, we have only one saddle point of higher order.
Nevertheless we can treat this case by deforming the original paths of integration in a different
manner with respect to what we have done above. Finally, for j = 1,2, we find:
1
HY) (ka) < G (%)l (‘-l)ﬁ eV (6.5)
m(ka)s \3

Hence the corrisponding expression [;(A, 3) for the Hankel functions are of the order O\~ 2)
if 0 < < 1 and of order O(A\"3) if 3 > 1. Latter transition in the determination of the
asymptotics for the Hankel functions with respect to the variation of the parameter 3 = 2,
suggests to develop a more sofisticated method of investigation. Actually we would like to have
an asymptotic expansion which remains valid even if the parameter triggering our integrals
crosses some critical values. In the case of the Hankel function the problem arises because of
the coaelescence of the saddle points z4 when the parameter 3 approaches 1. Nevertheless the
latter is not the only situation in which anomalies in the asymptotics of the integrals of interest
arise. Different problems can be caused by the coaelescence of saddle points to a boundary

point of the path of integration, or to some singularity points of the integrand functions.

'For the analysis of the other saddle points, which give negligible contributions to the required asymptotics,
see Ch.7 of [BHS86).
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6.2. Two Nearby Saddle Points

We would like to consider the following integral 2:

I\ a) = /g(z)ew(z’o‘)dz (6.6)
3
where A € RT, g(2) and ¢(z, «) are analytic functions of z in some simply connected complex
domain containing the integration path 4 and the points z = a,, 2 = a_, which are non
degenerate sadde points of the phase function ¢(z, a).

We shall try to find an asymptotic expansion for (6.6) in the large values of the asymptotic
parameter A which are uniform in the complex parameter a.. In particular the saddle points a
are free to move in a simply connected domain D in which we allow them to coalesce in order
to form a degenerate saddle point of order two. Moreover we suppose that, for each choice of
a4 € D there exists a domain Dy D Dy, outside of which all other saddle points of the phase
function ¢ lie and that their contribution to the asymptotic expansion of (6.6) can be neglected
in comparison to that of z = a.

Of course the major problem in reaching our purpose is to find an asymptotic expansion
which remains valid even if o, = a_, i.e. even if the parameter d =| oy —a_ |=0=4d,, i.e. d

takes the the critical value 0.

6.2.1. First Underlying Principle

It is possible to state some general principles which can help us to solve the asymptotic expan-
sion problem for integrals of the type (6.6). The first ingredient consists in finding a suitable,
sufficiently smooth, change of variable, e.g. z = z(t), which allows us to change the phase
function ¢(z, a) with a new one that could be simpler. For example if we have n saddle points
for the function ¢, each of which is counted with its algebraic multiplicity, in many cases it is
possible to substitute ¢ with a polynomial function ¢ of degree equal to n+ 1. This new phase,
according to [BH86], will be called canonical exponent since a whole class of problems could be
reduced to consider a particular ¢. We shall see that in the case of two nearby saddle points
the canonical exponent will be a polynomial of degree three.

In order to find the appropriate canonical exponent we have to ask for a change of variable

z = z(t) which possesses the following properties:

(i) z = z(t) should yield a conformal map of some disc D, C Ds, containing z = a, onto a

domain D, in the new complex ¢ plane.

2What follows is essentially based on [CFF57], Ch.9 of[BH86], [Urs70], [Urs65] and [Olv54]. Moreover a

good introduction to the subject can be found in Ch.4 of [Jon97] in the framework of non-standard analysis.
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(ii) The new phase function ¢(t, ) = ¢(z(t), @) should have in D, two simple saddle points
for ay # a_ which, eventually, can coalesce to a single saddle point, of higher order, for
d=d.=0.

One hopes to find a convenient change of variable, i.e. one which gives a simpler phase function
¢ compared with the original one ¢. Following this idea let us consider the following cubic

transformation defined in implicit form:

o) = = (= (@)t + ple) = bt 0) ©7)

where the coefficients ~, p have to be determined according to the values of . From (6.7),

differentiating with respect to t, we have:

dz -1t

dat 4oz, a) (63)

If property (i) has to be satisfied then the derivative in (6.8) must be finite and nonzero
Y(t,z) € Dy X D,. We can encounter problems in the following two cases: first if z = o, when

the above ratio explodes, second if t = . In order to avoid this situation we request that:
t=*+y < 2=ay

Putting the latter condition in our cubic transformation we can make explicit v and p, namely:

y= Lol —daa) ;i p= g (6lara)+dla ) (69

The result in (6.9) might look unsatisfactory due to the fact that the parameter 7 is not uniquely
determined, since o, # «_. Different choices for v lead us to pick up different branches in

(6.7), fortunately, however, the following result holds®:

Theorem 6.2.1. For each ay in Dy the transformation:

t3

o) = = (= (@)t + ple) = bt )

has just one branch which defines a conformal map of some disc D, containing ay. On this

branch the points z = oy and z = a_ correspond to t = +v and t = — respectively.

Once we have chosen the right value for v we can take into account the behaviour of z = z(t)
at the saddle points t = +.
If ay # «a_ then v # 0 and we have:
d*z F2y

0%# — |limdr2eqr= 5 < X0
? dt =t e=as L o(ay, q)

3See [CFF57] Th.1 for a proof.
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(while, if oy = a_ we have: 0 # % |i=0.2=a, = 52— < o0). Applying (6.7) to (6.6) we

& blay )
obtain:

To(z,a)

2 _ t2 _
Iy(\ o) = /g(z(t)) <J—> AN dt + % (6.10)
¢
where € = € N D, and Z is asymptotically negligible being by assumption exponentially

smaller than I(\, «) itself. Let us define the following function:

2—t2

dz

) = g(2(t))— = ag + art + ho(t, ) (t* — ~?) (6.11)

90(t,) = g(=(¢)) ( Ty -

Zo(z, )

The coefficients ag, a; and the function hy will be determined in the next section.

6.2.2. Second Underlying Principle

The change of variable z = z(t) brings on a new function, namely g defined by (6.11), which
will plays the role of a new amplitude function. The next step in our analysis consists in finding

a finite expansion in power of «, of this function fulfilling the following requests:

(1) The remainder should vanish at all the critical points which are involved in the uniform

expansion of (6.6) with respect to the parameter «.

(2) The smoothness of the remainder must be the same as the one of the transformed am-

plitude.

If (1),(2) are satisfied then the integral involving the remainder can be uniformly integrated by
parts producing a new remainder integral which has the same form as (6.6) and is multiplied
by the inverse power of the large parameter A. Since the boundary terms are either zero or
asymptotically small compared with I(\, «), it follows that the leading term of the uniform
expansion involves a finite sum of canonical integrals. Namely each of the latter integrals
is asymptotically equivalent to a well studied special function. Moreover if we work with
sufficiently smooth functions, i.e. the original phase ¢(z, @) and amplitude g(z), we can repeat
the process applying it to the remainder integral obtained at the previous step in order to find
an infinite expansion.

Turning back to (6.11) let us suppose that the function Ay is a regular function in D, then
we have:

lim ho(t, a)(t> — %) =0
t—=Ey

Setting ¢ = £+ we then obtain:
90(v, @) + go(=7, ) 90(7, @) — go(—=7, @)

= 6.12
2 ) a’l 2,7 ( )

ag =
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Since 90 is smooth we have:
1m ag = (0% : ma; = (0% .
0 0 0\Y, ) 0 1 It 0\Y,

hence we can determine hg:
go(t,a) —ag — aqt
t2 _ ,-),2

which is regular in D, with a removable singularity at ¢ = +v as one can see by:

ho =

d
+v,a) —a
lim ho(t, o) = idtgo( 7,0) — @
t—=Ey 2")/

Using (6.11) in (6.10) where ¢ = — £_ v*t) + p as defined in (6.7), we have:
3 P

3
I\ o) =e /(ao + alt)e#‘(?ﬂ%) dt + Zo(\, @) (6.14)
4
where the remainder %, is equal to:

+3

o\, a) = e / (t? = ) holt, Oé)e_/\<?_72t> dt
%NDa
The integral in (6.14) is over the whole path ¢ since the difference with its restriction to the

set € N D, equals an asymptotically small error. There remains to be evaluated an integral

which can be expressed in terms of the Airy function* &7 and its derivative:

Ap
I\, @) < 2mie™ [%M(Wﬂ + %yf’({“/ﬁ%)} + 6711(/\, ) (6.15)

where:

3
L(\a) = / (%ho(t, a)) ) g (6.16)
€MDy
In fact, in (6.14), the remainder %, can be evaluated integrating by parts and the asymptoti-
cally negligible contributions from boundary terms can be discarded.

Setting g1 (t, ) = Lho(t,«) we see that I;(t,«) is of the form (6.10) multiplied by the
A~1 factor. Hence it is natural to establish an iterated set of steps, to expand I; in the way
already described for I, in order to obtain a third integral I3(¢, o) again of the form (6.10) but
multiplied by a A\~2 factor and so on. Following this scheme we obtain the following asymptotic

expansion for Iy (A, a):

o (VNy?) & I (VN2) K
Io(\, ) = 2mie™ @Z%‘ <j_j> “3:1 v Zn(Na)  (6.17)
>\ n=0 >\ n=0

1See Ch.(5) Sec.(5.2.5).
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where
Ry = N~ WD eAe / Gni1(t, a)e_’\<*
€NDq

The coefficients a;, j € N, are given recursively by:

Iy, 0) + gu(=y, ) _ gn(FHY, ) = gn(—7, @)
Ao = 3 a2n+1 = 2’_)/

2

and p
gn(ta Oé) = agp + a2n+1t + (t2 - 72)hn<t7 Oé) ) Int+1 = Ehn@a Oé)

The following theorem® states that (6.17) is uniformly valid for d =| ay — a_ |— 0:

Theorem 6.2.2. The previous recursive system yields an asymptotic expansion of I(\, «), as
A — 00, with respect to the asymptotic sequence:

{n(A0) = O N8 |y (VR02) | 473 | (V) ||

neN

Moreover, this expansion is uniformly valid for small d =| oy — a_ |.

6.2.3. Last Underlying Principle

The transformation (6.7) modifies the phase function ¢(z,«) in a polynomial of degree n + 1
and leaves us the task of determining n+ 2 constants. If our change of variable is such that the
n saddle points of ¢ are mapped into n saddle points of ¢, then there remains a free constant
which can be chosen in order to obtain the possible simplest integral. Namely, in our abstract
example we choose a polynomial of degree 3 for which the coefficient of #? is set to zero, this
choice leads us to work with a canonical integral of the form (6.10) expressed via the Airy

function and its derivative.

6.2.4. Stokes Phenomenon, again !

We have seen that in order to develop the asymptotic expansion for large values of the param-
eter A of (6.6) we first start with the application of the standard method of steepest descent,
nevertheless, since our phase function ¢ depends on a second parameter o we have that, varying
«, it is possible for the two saddle points z. = to coalesce, say z+ = 0 for a = 0.

It follows that the expansions of our integral, for a sufficiently large value of A > A\g(«), give
rise to expansions involving exponential functions. But since the index Ny(«) goes to infinity
when « approaches 0, then we have obtained a non-uniform expansion. Moreover if & = 0 we

have a different asymptotic expansion, see e.g. [Wat41] Sec. 8.21.

°See [CFF57] §5, [BH86] Th. 9.2.2 and [Olv54].



6.2 Two Nearby Saddle Points 100

The study of this breakdown, in a domain of the complex plane which contains o = 0,
is the key point of our previous discussion and results as those shown in (6.17) expressed in
terms of Airy function /. But what type of Airy function we have to chose ? The answer is
not unique, since it depends on the contour of integration and slightly different solutions had
been obtained by different authors. Anyway, compared to previous approaches like the ones
of [Nic10], [Wat41] or [Olvb4], in [CFF57] one can find a consistent improvement due to the
fact that, instead of having an expansion in a region which shrinks to « = 0 when A — oo, the
latter authors obtain an expansion which is uniform in a ball By, (0) independently of .

Nevertheless this improvement cannot save us from the Stokes Phenomenon. As we have

seen in Sec. (5.29) the Airy integral:

/ AE5—az) g, (6.18)

1
Ooefgﬂ'l

possesses an asymptotic expansion which seems to be discontinuous, see the remarks at the end

of this section, since its form changes in different sectors of the plane, i.e. for different values

of the parameter « that determines the behaviour of the two saddle points zi(a) = £y/a. In

particular the contribution due to z_ becomes relevant when arg(«) increases through %7? and

there is an apparent discontinuity, which constitutes namely the Stokes phenomenon.
Anyway this is only an apparent problem. Indeed the contribution from z,, for:

2
3™ < arg(a) < m — ¢,

is exponentially large, compared to the one of z_. Along arg(a) = 7 the two contributions
4

are comparable. When arg(a) increases to 37 the contribution from z_ becomes dominant.
When arg(a) = %7‘(‘ the path of steepest descent thorugh z_ passes from z,, i.e. we have a
new Stokes phenomenon. No Stokes phenomenon occurs when the path of (6.18) goes from
00e~ 3™ to coet3™. Of course one could have another Stokes phenomenon for different limits of
integration in (6.18). Since the previous considerations depend on the values taken by arg(«),
one has that the whole complex plane in general and the domain D,, in particular, are divided
into three different regions by the Stokes lines: arg(a) € {O, §7T, %7‘(‘}. The same happens for
integrals of the general form (6.6). To fix ideas suppose that the integral over 4" equals the one
from oo(—3m) to co(:m), then % can be deformed into an equivalent set of steepest descent
paths which pass only through one of the saddle points z1 or through both of them provided
« is restricted to lie in D, as mentioned before. With the same reasoning done for (6.18)

we can see that D, is divided into three different regions by the following three Stokes lines:
arg(y/7) € {0, 2w, 37}

Remark 6.2.1. A different proof of the analyticity of the change of variables z = z(t) intro-
duced by (6.7) is stated in [Urs70]. In [Fri59] it is possible to find an extensive treatment of
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the material above and in [BH86] (Example 9.2.1) an application to the Hankel functions case
18 given.

An improvement of the result given in [CFF57] is done in [Urs65] where the validity of the
used Airy function expansion is extended to a larger region which may be unbounded according
to the reqularity of the involved phase and amplitude functions.

It is interesting to note that in several papers dealing with the Stokes phemomenon the
change in the asymptotic expansions of the integral under investigation is often interpreted as
discontinuos. Actually this is not the case as it is shown in [Ber88, Ber89, McL92], see also
Sec.11 and 12 of [Boy99] and references therein. In the latter a clear explanation of the Stokes
phenomenon using the Airy functions is given together with an extensive list of references on
the Stokes phenomenon subject with links to the new developments in the Resurgence theory,
see e.g. [CNP93, E81, Vor93/, and Hyperasymptotics, see e.q. [BHI1, Boy90, Daa98].



CHAPTER 7

Infinite Dimensional Integrals

7.1. Introduction

In this chapter we recall some basic notions about the rigourous derivation of the Feynman
path integrals as the infinite dimensional analogue of the usual finite dimensional oscillating
integrals in R™:
/eiﬂ‘f)f(x)dx, (7.1)
Rn
where & : R* — R, f : R® — C and h > 0 is a parameter. Since a complete treatment of
the Feynman path integrals subject is out of the purposes of this work, we refer the reader to
[AHKT76] and references therein, for a detailed description of the topic.
The integral (7.1) is strongly related to those discussed in Ch.5 and its study, originated in
optics, is a classical topic which ranges from mathematical physics to functional analysis. We

can define (7.1) also in the case in which f is not absolutely integrable as follows * :

Definition 7.1.1. The oscillatory integral of a Borel function f : R® — C with respect to a
phase function ® : R" — R is defined if and only if for each test function ¢ € S(R™) such that
¢(0) =1 the integral

P(x)

# f(2)o(ex)de (7.2)

I(f,¢) = / ¢!

R”
exists for all € > 0 and the limit lim_ I.(f, ¢) exists and is independent of ¢. In this case the
limit is called the oscillatory integral of f with respect to ® and denoted by

(o}

/ e f(a)de = 1(f, D)

R

1See [Hor71] and references therein.
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In the case where ®(z) =| 22 | one calls: (27ih)”2 I(f, ®) Fresnel (or normalized oscilla-

tory), integral of f. One also uses the notation:

o

(2mih) "2 I(f, ®) = /e;h$|2f(x)dx

]Rn

The symbol ~reminds us to the presence of the normalizing factor (2wih)™? . Let us

introduce the following class of functions:

Definition 7.1.2. A Borel measurable function f : H — C is called F" integrable if for
each sequence { P, }nen of projectors onto n-dimensional subspaces of H, such that P, < P,
and P, — I strongly as n — oo (I being the identity operator in H), the finite dimensional

approximations of the oscillatory integral of f

o o

P = [ ettt p e ([ i)

PR PyH

are well defined in the sense of the previous definition and the limit lim,, fl@n (f) exists and
is independent on the sequence {P,}.

In this case the limit is called the infinite dimensional oscillatory integral of f and is denoted

by

o

F(f) = / el f(a)da.

H

Even though a complete description of the class of all " integrable functions is still missing
(even in finite dimension), it is possible to show that this class includes F(H), the class of
Fresnel integrable functions defined in Ch.(2), Sec. (2.2). In particular the following theorem,
see [AHKT76], holds:

Theorem 7.1.1. Let L : H — H be a self-adjoint trace class operator such that (I — L)
is invertible (I being the identity operator in H). Let us assume that f € F(H). Then the
function g : H — C given by

glo)=e m@ (1) reH

is F" integrable and the corresponding infinite dimensional oscillatory integral F™(g) is given

by the following Cameron-Martin-Parseval type formula:

/eﬁ(x’(IL)x)f(x)dm = (det(I — L))1/2/6?(1’””1”3)61/”(3:) (7.3)
H H
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where det(I — L) =| det(I — L) | e"™ M4 U=L) js the Fredholm determinant of the operator
(I — L), |det(I — L)| its absolute value and Ind((I — L)) is the number of negative eigenvalues
of the operator (I — L), counted with their multiplicity.

Moreover, see [AHKT6], it is also possible to define the normalized infinite dimensional

oscillatory integral with respect to an invertible operator B on H as follows:

Definition 7.1.3. A Borel function f : H — C is called F% integrable if and only for each
sequence { P, }nen of projectors onto n-dimensional subspaces of H, such that P, < P,y and
P, — I strongly as n — oo (I being the identity operator in 'H) the finite dimensional approz-

mmations
o

/ ezh (e Bpnw)f(PnI)d(an)7
PuH
are well defined and the limit

o

lim (det P, BP,)? / e2n (PrsBPa2) (P 1) d(Py) (7.4)

n—oo

PyH

exists and is independent on the sequence {P,}. In this case the limit is called the normalized

oscillatory integral of f with respect to B and is denoted by:

B
/ QL:BBx)f
H

Moreover if f € F(H) then f € F& and we have the following analogous of formula (7.3):

Theorem 7.1.2. Let us assume that f € F(H). Then f is F& integrable and the corresponding

normalized oscillatory integral is given by the following Cameron-Martin-Parseval type formula:

—~

B

/e?ih(m’B’”)f(x)dx = /6_?(”’B_lx)d,uf(x) (7.5)
H H
Remark 7.1.1. Theorem (7.1.2) shows that definitions (7.1.2) and (7.1.3) are not equivalent.
Indeed theorem (7.1.2) makes sense even if the operator L = I — B is not trace class (in which
case the Fredholm determinant det(I — B) cannot be defined).
In fact it is possible to introduce different normalization constants in the finite dimensional
approzimations and the properties of the corresponding infinite dimensional oscillatory integrals
are related to the trace properties of the operator associated to the quadratic part of the phase
function [AB95]. For example let us consider, for all integer p > 2, the class of bounded linear

operators in H such that:

=

1Ll = (Tr(20)3)" < oo
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For such an operator we define:

pl j
(%e)t(IjLL):det(I%—L exp[ ])
P

j=1

and the following normalized quadratic form on H.:

N, (L)(x) = (2, La) — thrz L en (7.6)

Jlj

then the following definition is well posed, see [AHK76]:

Definition 7.1.4. Let p € N, p > 2, L a bounded linear operator in H, f : H — C a Borel
measurable function. The class p normalized oscillatory integral of the function f with respect
to the operator L is well defined if for each sequence {P,},en of projectors onto n-dimensional
subspaces of ‘H, such that P, < P,.1 and P, — I strongly as n — oo (I being the identity

operator in H) the finite dimensional approximations

/ e#|$|2€,%NP(PnLPn)(P"I)f(Pn[IZ')d(an)7 (77)

PyH

are well defined and the limit

—

(o}

lim [ eznloF ez N (PaLP)(Pat) (P ) d(P) (7.8)

n—0o0
PyH

exists and is independent of the sequence {P,}.

In this case the limit is denoted by

/ 27l o~ 2 (@, L2) £ (1) d.
H

and it remains defined the class of p — normalized oscillatory integrals.

Previous results and definitions can be used in order to prove that, under suitable as-
sumptions on the initial datum ¢, the solution of the Schrodinger equation for an anharmonic

oscillator potential:

(7.9)

ihdp =~ Ay + (3o + V(z))y
Y(0,7) = ¢(z)
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whith A2 > 0 and V € Z (R"), can be represented by a well defined infinite dimensional
oscillatory integral on the Hilbert space (Hy, (, )) of real continuous functions 7(7) from [0, ¢]
to R? such that 2 € Ly([0,¢]; R?) and () = 0 with inner product

t
dyr  dvys
= _— —d
(71, 72) dr dr 4
0

Let us define the following operator L on H;:

t

(7, L) = / A (r) A (r)dr,

0

and the function v : H; — C

t t

v(vy) = /V(v(T) + x)d7 + 21 A> /'y(T)dT, v € Hy, v € R

0 0

The following theorem holds 2:

Theorem 7.1.3. Let ¢ € F(RY)NL3(RY) and let V € F(R?). Then the function f, : Hy — C,
xr € R?, given by
fa(y) = e 1" Vg(7(0) + )

is the Fourier transform of a complex bounded variation measure jiy, on Hy and the infinite

dimensional Fresnel integral of the function g.(v) = e‘ﬁWLV)fx(y)

[e)

/e;ﬁ(v,(I—L)v)e—év(v)¢(7(0) + z)d.
Hi

is well defined, in the sense of (7.1.2), and is equal to

el = 1 [ O D ),

He

Moreover it is a representation of the solution of equation (7.9) evaluated at x € RY at time t.

We would like to point out that definition (7.1.2) is more general than definition (7.1.3)
given in Ch.2. In [AM04b, AMO05a] a further extension is given which provides a direct rigorous
Feynman path integral definition for the solution of the Schrodinger equation for an anharmonic
oscillator potential V(z) = szA%x 4+ Az*, A > 0 3.

2See [AHK76, ET84].
3See [AHKT76], Sec.10.2 for a detailed description of the subject of Fresnel integrals and applications.
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7.1.1. Semiclassical Expansion

The theory of infinite-dimensional oscillatory integrals allows the rigorous generalization of
the Stationary Phase Method to the infinite dimensional scenario, see [AHK77, AB93|. This
means, in particular, that one can study the asymptotic semiclassical expansion of the solution*
of the Schrodinger equation in the limit A — 0.

In [AHK77| the authors consider Fresnel integrals of the form

I(h) = / o3V @) g () da, (7.10)
H

where H is a real separable Hilbert space and V and g are in F(H), and prove, under additional
regularity assumptions on V, g, that if the phase function 3|z|* — V'(z) has only non degenerate
critical points, then I(h) is a C'* function of /& and its asymptotic expansion at i = 0 depends

only on the derivatives of V' and g at these critical points. In particular the following holds®:

Theorem 7.1.4. Let H be a real separable Hilbert space, and V' and g in F(H), i.e. there are

bounded complex measures on H such that
V(z) = /eimdu(a) g(x) = /e”o‘dv(a)
H H

Let us assume V and g C*, i.e. all moments of u and v exist, and that H = Hy & Hso, where
dim Hy < oo, and if du(B,7),dv(5,7) are the measures on Hy X Hy given by p and v. Then
there is a X such that ||p|| < A* and

/em'ﬁ'dw(ﬁ,v) < 00, /‘3\@'6| dlv|(8,7) < oo.

H H
Then if the equation dV (z) = x has only a finite number of solutions x4, ..., xz, on the support
of the function g, such that none of the operators I — d*V (x;), i = 1,...,n, has zero as an

eigenvalue, then the function

I(h) = / ezl =iV @) g () dw
H
1s of the following form

I(h) = Z @QLHIMQ—V(%)];(]:L)’
k=1

4For a detailed description of the subject see, eg. [AHK77, AB93, ABHK82, AdMBBS82] and references
therein.
°See [AHKT7].
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where I (h) k=1,...,n are C* functions of h such that
1:(0) = €3] det(I — &*V (1)) "2 g()

where ny, is the number of negative eigenvalues of the operator d*V (xy) which are larger than
1.

Moreover if V(z) is gentle, that is there exists a constant A\ > 0 with

pl < A2 and /emlaldwa) < 00, (7.11)
H

then the solutions of equation dV (x) = x have no limit points.

In [AHK77] Th.7.1.4 is applied to the study of the asymptotic behavior of the solution of the
Schrodinger equation (7.9), by using the Feynman path integral representation. In particular
the following theorem is proved:

Theorem 7.1.5. Consider the Schrodinger equation

L0 h?
@haw = —%A@D + V(x)y

where the potential V' is the Fourier transform of some complexr measure v such that

V(z) = /eixﬂdl/(ﬁ)
R
with
/ Aedlu|(6) < oo
Rd
for some € > 0. Let the initial condition be

U(y,0) = erf Wy (y)

with x € C(R?Y) and f € C®(R?) and such that the Lagrange manifold Ly = (y,—Vf)
intersects transversally the subset Ay of the phase space made of all points (y,p), such that p
1s the momentum at y of a classical particle that starts at time zero from x, moves under the
action of V and ends at y at time t.

Then 1 (t, ), given by the Feynman path integral

/ ez Jo 1TVdm =3 s VO (4(0), 0)dy = / e My(4(0),0)dy,
y(t)==

V()=
(which can be made precise as Fresnel integral as in Th.(7.1.3), with L = 0, see Ch.10 of
[AHK76]). has an asymptotic expansion in powers of h, whose leading term is the sum of the
values of the function

S GL)

Yi

—-1/2 . ) . )
(et i) )
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taken at the points y9) such that a classical particle starting at y9) at time zero with mo-
mentum V f(yD) is in x at time t. S(3Y)) is the classical action along this classical path

r?(]) and 7’)’),('7 (’7(]) 7;8 the Maslo/u anex Of the path 5/(])7 Ze m(]) Z.S the numbeT‘ Of zZeros Of
det <<8’yk (y@), )>> as T varies on the interval (0,1).

If some critical point of the phase function is degenerate, the study of the asymptotic
behavior of the integral /(k) in (7.10) becomes more complicated. Fo example in [AB93] the
study of the degeneracy is reduced on a finite dimensional subspace of the Hilbert space H,
then the same tecniques of Ch.5 Sec.5.1.5 are applied.

The authors of [AB93] assume that $(z, Bx) — V(z) has the point z. = 0 as the unique,

degenerate, stationary point and under suitable assumptions on B and V' that the set:
7 = Ker(B — d*V)(0) # {0}

is finite dimensional. By taking the subspace Y = B(Z*) and applying the Fubini theorem

one has

H

= C’B/elf(z Bzz)/e;ﬁ(y’Bly)e_%V(Hz)dydz, (7.12)
Z Y

where B; and By are defined by
By = (my o B)(y), ye€Y,

By:=(n0B)2), z€7
and Cg = (det B)~"/2(det B;)/?(det By)'/?. By assuming that V,g € F(H), V = jiand g = 1

and under some growth conditions on y and v, one has that the phase function

1
y — §(y7 Byy) = V(y + 2)

of the oscillatory integral J(z,h) = ffge%ﬁ(y’Bly)e_%V(y“)dy has only one nondegenerate sta-
tionary point a(z) € Y. By applying then the theory developed for the nondegenerate case one
has
J(2,h) = er(a(),Bra(2)) o= £V (a(2)+2) T*(2, 1),
0*V —1/2

J*(2,0) = [det (31 -y ) + z))} gla(z) + 2).

As I(h) = Ee¢(Z)J*(z,h)dz, where ¢(2) = (2, B2z) + 55 (a(z), Bia(z)) — £V (a(z) + z), the

main ingredient for the asymptotic behavior of I(h) comes from J*(z,0).
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The phase function ¢ has z = 0 as a unique degenerate critical point and one can use the
finite dimensional theory in order to investigate the higher derivatives of ¢ at 0. For example
if dim(Z) =1 and 2;2(0) # 0 then

I(h) ~ChYS as h—0.

More generally it is possible to handle other cases, taking into account the classification of
different types of degeneracies, see, e.g. [AB93]).

In [ABHKS82, AAMBB82] the Feynman path integral representation (¢, k) for the trace of
CHt

the Schrodinger group Tre™7"* and the corrisponding asymptotics as h — 0 is studied. In

particular in [AdMBB82] the oscillatory integral

()

I(t,h) = /erzfl)(ﬂdy7

Hp,t

is considered, where H,; is the Hilbert space of periodic functions v € HY(0,t;RY) such that
7(0) = ~(t), with norm |y|? = fo 2dT+f0 7)%dr, and ®(v) = fo 7)?dr— fo Vi(y(r))dr,
Vi(z) = 12Q%x + Vi(z) being the classical potential. If V; : ]Rd — R is of class C?, then one
proves that the functional ® is of class C* and a path v € H,, is a stationary point for ® if

and only if v is a solution of the Newton equation
(1) +Vi(y(7)) =0 (7.13)
satisfying the periodic conditions
10) =), 4(0) =4(). (7.14)
V] is also assumed to satisfy the following conditions:

1. Vi has a finite number critical points ¢y, ..., cs, and each of them is non-degenerate, i.e.
det V{/(c;) # 0

2. t > 0 is such that the function ~,, given by 7.,(7) = ¢;, 7 € [0,], is a non-degenerate
stationary point for ®;

3. any non-constant t—periodic solution v of (7.13) and (7.14) is a non-degenerate periodic
solution, i.e. dimKer(®"(y)) =1, see [Eke90)].

Under additional assumptions, the authors prove that the set M of stationary points of the

phase function @ is a disjoint union of the following form:

M ={ze,,....ze,} U My,
=1
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where 7., i = 1,...s, are nondegenerate and M), are manifolds (diffeomorphic to S') of
degenerate stationary points, on which the phase function is constant. Under some regularity

on V they also prove that, as h — 0
I(t,h) =Y e IE(h) 4 (2mih) 72| A | M, I (h) + O(h)
j=1

where ¢; are the points in condition 1, by € M}, are all noncongruent ¢-periodic solutions of
(7.13) and (7.14) as in condition 3, [My] is the Riemannian volume of My, I and I;* are C*°

functions of A € R such that, in particular,

1:0) = (det [2cos (13/77()) ~1]]) ™"

d —1/2
I7(0) = (- det(RE®) = D]ma)
€
where R(t) denotes the fundamental solution of
(1) = —eV"(br(1))z(7), T >0,
2(0) =z, (0) = yo

written as a first order system of 2d equations for real valued functions.

Remark 7.1.2. The problem of corresponding asymptotic expansions in powers of h for the
case of the Schrodinger equation with a quartic potential requires a different treatement. For
the corresponding finite dimensional approximation a detailed presentation, including Borel
summability, is given in [AM05b]. The case of the Schridinger equation itself is discussed in
[APMO06a).

7.2. Further Infinite Dimensional Asymptotics

In this section we will consider the semiclassical limit of a particular class of infinite dimensional
oscillating integrals. Our study is based on the following work [AHK76, AHK77, AB93].
Let us start recalling the definition of the following spaces of symmetric linear continuous

operator from H into itself:
L*(H)={T:H — Hst {Tx,z) >0, T =T} (7.15)

Lf(H)={T e L"(H): Tr(T) < o} (7.16)

Let us consider the couple (a, B) where a € H and B € L (H) and denote by

{ex : k> 1} resp. {c: k>1}
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a complete orthonormal basis for H resp. a sequence of nonnegative numbers such that:

B e, = crep, Vk >1
Since we can identify H with the set of all sequences of numbers which are square integrable,

l, = {{mi}iZI cr; €R s Z | Z; ’2< +OO}

i>1

i.e. with:

we will use this identification in what follows. In the unidimensional case to any couple of

numbers (a,c¢) € R x RT there is associated the following unidimensional Gaussian measure:

1 _ (ac—a)2
Ha,c = € 2e x
V2rme

We define the corresponding product measure ji, 5 = ®72 e, ON the cartesian product

* = xR, with the corresponding Borel o — algebra, see e.g. [Hal50]. We call, in analogy
with the unidimensional case, the above defined measure j1, p Gaussian measure of average a

and Covariance matrix B. Besides the characteristic function of p, g reads as follows:

/6i<a7x>dﬂa,3($) _ 6i<a,o¢>e—%<Bo¢,a>
H

Let us consider the following type of infinite dimensional oscillatory integral:

/ ei((v—v’)v(I—L)(w+v’)>e—ﬁ(v—v’),B(v—v’»f(% 7/)d7d7/ (7.17)
HxH

where L : H — H is a self adjoint trace-class operator, such that (I — L) is invertible, and
f i HxH — C be the Fourier transform of a complex bounded variation measure 1y on H x H,
while B is as before a positive definite operator on H.

The oscillatory integral in (7.17) is well defined by means of finite dimensional approxima-
tions, see [AHK76] and Sec.(7.1) of this chapter and Sec.(2.2) in Ch.(2). Moreover since the

function:
o3 (v=7).B(y=7)

is the characteristic function of a zero-mean Gaussian measure y B, 0n H evaluated at v — «/,
with covariance matrix A~ B then for the previous integral an analogue of the Parseval formula
obtained in(2.2.2) holds. Let us consider the following form for the function f(v,v’):

Fy,) = e BVORVOD gy, ) (7.18)

where g € F(H,H) and V € F(H). With suitable assumption on the operators I — L and B
we have that the phase:

l

LA L) () = 5 (=7 B (=)~ V) £V (7.9)

o(v,7) = 5



7.2 Further Infinite Dimensional Asymptotics 113

has a unique isolated stationary point. Let us indicate this point by (7., 7.), then, imposing
regularity conditions on the potential V', we have that (v.,7.) is non degenerate stationary
point for the phase ¢. By the application of the Cameron-Martin formula, we can translate the
above mentioned point at the origin. Then we can perform the asymptotic expansion of (7.17)
as h — 0 using tecniques developed in Sec.3 of [AB93], see also Sec.(7.1.1) of this chapter and
[APMO6b).
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