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FI RM S' BANM K RUPTCY AND TURNOVER I N A
M ACROECONOM Y

���,QWURGXFWLRQ

The so-call ed "rat ional expectat ions revolut ion" t hat has
completely reshaped economic theory and general equili br ium t heory in
the last t wo decades has, incidentall y, brought ear li er ideas on the
crucial impor tance of agents' knowledge, informat ion and bel iefs to the
forefront forcing modern fol lowers of those ideas to reconsider them far
more deeply, systemat ically and r igorously (Arr ow (1986), Hahn (1977,
1981)). I t soon turned out that when agents act upon beli efs and engage
in out-of-equili br ium learning, heterogeneity (of beli efs) and self-
referent ial ity (of market outcomes)1 may determine large sets of
mult iple equili br ia, and of dynamic paths of the economy, which
coll apse onto the unique RE compet it ive general equili br ium only under
a number of rest r ict ive condit ions (Frydman-Phelps (1983), K irman
(1987, 1992), Pesaran (1987), Bray-Kreps (1986), Marcet-Sargent
(1989), Arthur (1992)).

The fact t hat expectat ions, let alone out-of-equil ibr ium bel iefs
and learning, may give r ise to mistakes in decision-making2, has
however been much less considered, and the implicat ions of this fact at
the individual as well as systemic level even less invest igated.  Rat ional
(in a broad sense) expectat ions are rooted in knowledge, and knowledge
is an evolving-adapt ive mental representat ion of the external
                                               

1A self-referent ial system is such that the actual value of a var iable is a
funct ion of i ts expected value in the populat ion, which is a funct ion of the
dist r ibut ion of beli efs in the populat ion. See e.g. Pesaran (1987) and Frydman
(1983) for int roductory t reatment .
2A fact quite clear even un der the st rong RE hypothesis, which states that
asymptoticall y decisions are not wrong in a systemat ic manner but does not
state that t hey are systemat icall y r ight (Lucas (1981)).
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environment (e.g. Lucas (1987), Arthur (1992), Holl and (1975)). Tr ials
and err ors are an integral par t of the evolut ionary-adpat ive process that
buil ds up our knowledge (Holl and (1975)). Even in the most formal
models of this process, from Bayesian to stochast ic recursive ones (e.g.
Bray-Kreps (1986), Marcet -Sargent (1989)), err ors paly a crucial
informat ive role in steer ing the process itself.  Yet err ors not only br ing
benefi ts but also costs. In part icular , models of expectat ions format ion
in economics usuall y do not include the possibili ty that decision-makers
may fail , that fai lures are generall y cost ly, that they may happen to be
fatal, and that t he bir th-death turnover of agents may change the
environment st ructure. I t is surpr ising that economic theor ists have
tended to over look these facts since "paying for one's mistakes" is a
buil ding block of the capital ist way of li ving, of market ethics and
organizat ion, and of Darwinian evolut ionary explanat ions of individual
rat ional ity and market eff iciency (Alchian (1950), Fr iedman (1949)).
Hence, the possibil i ty of cost ly errors should have consequences on
individual economic behaviour as wel l as on aggregate outcomes of
individual decisions3. Here we concentrate in par t icular on one extreme
                                               

3At t he individual level, the possibili ty of cost ly err ors is only
apparent ly dealt with by the standard expected-ut ili ty approach to r isk
aversion. This approach may proper ly explain how much expected
ut ili ty an individual i s ready to forego in order to receive a
compensat ion in al l future states that entail a ut i li ty loss to him/her .
Yet ex-ante ut ili ty equali zat ion across states is a peculi ar representat ion
in that i t disregards other impor tant at t r ibutes of rat ional behaviour in
the face of cost ly err ors. Consider the case pointed out by Hicks (1951)
and Roy (1952) at the dawn of modern port fol io theory. An investor
faces a small probabili ty of a large loss: i f the related expected-ut il i ty
loss is "very" large or "disast rous", no compensat ion may exist so that
the expected-ut ili ty approach easily breaks down. Bankruptcy is a
leading example of such ext reme events which is nonetheless quite
common in economic l i fe and is commonly taken as a r isk by
businessmen. The object ion that in large (in the li mit complete) markets
by vir tue of diversificat ion and r isk shar ing no one in fact bets a "very"
large share of one's wealth on ext reme events does not lead us very far .
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consequence of economic errors that nonetheless lies at the very core of
business life: bankruptcy.

By bankruptcy we simply mean a firm's foreclosure and exit from
the market. We speak of bankruptcy because firms in our model are
indebted with a bank. Technically, this event may take different forms
that are irrelevant for this paper's purposes. What is essential is that a
firm may be forced to leave the market as a consequence of wrong
decisions, where a firm is identified by its "software", not its
"hardware"4. Although we model firms as decision makers that discount
the probability of this event, our interest is not for the consequences of
bankruptcy at the firm level (on which an enormous literature exists
involving law, buisiness finance and business administration) but at the
economy level, particularly in a general-equilibrium perspective, where
the literature is instead scant (e.g. Hahn (1977), Greenwald-Stiglitz
(1988, 1990, 1993), Hahn-Solow (1995)). How does an economic system
work when the fact that the firms' population displays a certain birth-
death rate is introduced?

We focus on three moments when the problem arises. When
forming expectations under uncertainty, firms' rational decision makers
(entrepreneurs) should discount the probability of making fatal
mistakes that lead to bankruptcy. Moreover, only survivors have a

                                                                                                                       

As a matter of fact, markets are far from being complete, especially in
consideration of innovative investments. Moreover, most businesses are
run by undiversified owners while even in quoted public companies
important classes of stakeholders (such as managers and employees) are
"locked in" for a large share of their permanent income (a fact worsened
by current practices like stock options and Enron-style finance). In all
these and similar cases, rational risk-taking has to be the result of
calculations and decisions that differ from those prescribed by the
expected-utility approach. Research in this field, which is
complementary to the work reported in this paper, is not presented
here.
4Hence takeovers may be an alternative way to introduce the same event.
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chance to learn and improve over their previous decisions. Finally, at
any point in time the agents' population in an economy consists of
"learned" survivors from the past and "ignorant" newcomers that take
over failed agents; hence we expect the aggregate outcome at that point
time to differ from the one given by a uniform population, and we expect
it to evolve over time in a way that differs from the one traced out by
the asymptotic "free lunch" error processing à la Lucas-Sargent.

 We address these problems by means of a model whose main
features are:

• heterogenous population (i.e. heteregenous beliefs about the
relevant variable, the price level of output)

• sequential decision making

• self-referentiality

• a positive probability of bankruptcy for firms at each point in time

Our model draws on Greenwald and Stiglitz (1988, 1993). In each
period t there exists a constant population of a continuum of agents
(workers and entrepreneurs) which live for two periods, and a
government inclusive of a central bank that live forever. Agents
consume one single good which is distributed as endowment at birth
and can also be produced by means of a technology requiring 1 period of
production regardless of the scale, with one single input (labour) with
decreasing return. All transactions in the economy should take place
against money according to the so-called "Clower rule".

Hence, entrepreneurs who want to run a firm should receive
credit from a bank to pay the wage bill. We straightforwardly assume a
single central bank which issues standard debt contracts with the
exclusion of any risk on the part of the bank. This type of debt contract
is a crucial element in our picture since it introduces a bankruptcy
clause in case of insolvency, and hence the selction mechanism in the
population of firms.

This mechanism is not due to exogenous shocks like in
Greenwald-Stiglitz's original models but it is "endogenous" in the sense
that it is the direct consequence of entrepreneurs' heterogeneous beliefs
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on the pr ice generat ing machanism after observing a common external
signal given by the rate of growth of money supply. These beli efs
generate a cont inuu m of individual expected, or bett er "conjectured",
pr ices to which we impose the shape of a uniform dist r ibut ion.
Individual expected pr ices are st r ict ly pr ivate informat ion. We ident i fy
a given generat ion of ent repreneurs by three populat ion©s parameters:
the mean value, the dispersion and the tolerance level of their expected
pr ices. Since individual expected pr ices are pr ivate informat ion, the
popolut ion©s parameters are unknown to individual agents. Then we
show that , at the market-clear ing pr ice in t+1, there wil l go bankrupt all
the t-th generat ion©s ent repreneurs whose expected pr ice exceeds a
threshold value which is a funct ion of the three populat ion©s
parameters. In other words, we might say that whether a fi rm fails or
not in this economy only depends on relative expected pr ices.

As far as a single generat ion is concerned, we study:

·  the pr ice determinat ion mechanism under fi rms© fail ure

·  the ensuing relat ionship between the pr ice level and the rate of
money supply in compar ison with its "fundamental" value that
would result under homogeneous rat ional expectat ions

·  the relat ionship between the pr ice level and the populat ions©
parameters, in par t icular the mean value of expected pr ices

·  the relat ionship between the populat ion©s parameters and the
bankruptcy probabi l i ty

We then move towards the dynamics of our model economy as
bankrupt fi rms are dr iven out of the market and newcomers enter .
Reshuffli ng of populat ion in each per iod has two consequences: fi rst , i t
preserves hetereogeneity, second, it changes the economy©s st ructure for
incumbent fi rms. Therefore,

·  the process dr iving changes in the pr ice level over t ime, for a given
money growth rate, is full y determined by the populat ion©s dynamics
and, under our assumpt ions, is totall y hidden from individual
agents© view
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·  successful beli efs in one per iod may no longer be such in the
subsequent per iod

At t he present stage of development of our r esearch, we li mit
ourselves to the analysis of the impl icat ions of self-referent iali ty under
the populat ion dynamics generated by exits and entr ies with no specific
assumpt ions on learning. Newcomers that take over bankrupt fi rms are
character ized by beliefs drawn from t he same uniform distr ibut ion as
the previous generat ion, whereas we substant iall y rule out incumbents©
learning by assuming that all ent repreneurs in solvent fi rms do not
revise the previous generat ion©s successful beli ef. This impli es that
previous generat ions© successful beli efs have a growing weight , and that
the distr ibut ion of beliefs is no longer uniform, as the populat ion evolves
over t ime. We then study

·  the dynamics and the asymptot ic proper t ies of this evolut ion
mechanism

·  i ts consequences on pr ice level determinat ion and bankruptcy
probabil i ty over t ime

·  and in part icular whether in the long run bankruptcies tend to
disappear or to sett le down in a "st ructural"  li mit -level.

���7KH�PRGHO�HFRQRP\

We consider a sequent ial monetary economy of product ion and
consumpt ion. Time is int roduced in discrete per iods indexed by t. In
each per iod t there exists a constant populat ion of a cont inuum of
agents A which li ve for two per iods, and a government G inclusive of a
cent ral bank B that li ve forever . Agents consume one single good which
is dist r ibuted as endowment at bir th and can also be produced by means
of a technology requir ing 1 per iod of product ion regardless of the scale
with one single input (labour) with decreasing return. Al l t ransact ions
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in the economy should take place against m oney according to the so-
call ed "Clower rule"5.

2.1. Agen ts and i nst i t u t i ons

·   Each agent in the populat ion, a Î  A, has a l i fet ime hor izon of two
per iods: one per iod of act ivi ty (t), and one per iod of ret irement (t+1); at
bir th each agent receives a given quant i ty of the consumable good as
endowment, which is fixed for al l a and t

·  There are two classes in the populat ion that di ffer in their
endowments: the "poor" have an endowment just equal to the
subsistance level, x; the "r ich" have a quant i ty of the consumable good
that exceeds x

·  Endowments predetermine the agents© act ivity choices: the poor , i f
they wish to consume in both per iods of l i fe, can only be workers, a = w,
w Î  A, with xw = x; the r ich may choose to be ent repreneurs, a = j , j  Î  A,
with xj > x; for simpli ci ty and without loss of generali ty we assume that
the measure of the two classes of agents, W and J respect ively, is equal
and constant over t ime

·  All agents are r isk neut ral.

The poor©s choice is const rained by their endowent which is just
sufficient to their subsistance in the fi rst per iod. I f they wish to
consume in the second per iod they have to sel l all their labour force in
the labour market , earn a wage, and t ransfer i t to the second per iod for
consumpt ion6. The r ich may choose to run a fi rm by t ransforming the

                                               

5We assume this rule as an insit i tut ional fact which is typical of monetary
economies, and which we do not wish to explain here. We are instead interested
in invest igat ing the consequences of this fact as concerns the working of the
economy.
6For simpl ici ty we do not model the possible choices of workers concerning
work and leisure and the t ime dist r ibut ion of consumpt ion of wage earnings.
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excess of their endowment over subsistance in the fi rst per iod into a
product ion means in the way that wil l be explained below. The incent ive
for the r ich to become ent repreneurs is given by the prospect of adding
their fi rm©s second-per iod profi t to their total resources. Given r isk-
neut rali ty, any posit ive expected profit is sufficient for the r ich to choose
to be entrepreneurs. This choice is also Pareto improving since it all ows
the poor to become workers and to consume in the second per iod.

Pareto-improving t ransact ions between the two classes in the
economy require that t he labour market opens at each t when newborn
workers wish to exchange labour for wage with newborn ent repreneurs,
and the output market opens at t+1 where the ret ired workers wish to
exchange their wage earnings for consumpt ion with terminal fi rms.
Given Clower rule, workers want t o be paid in money at t and fi rms
want to be paid in money at t+1. Consequent ly, ent repreneurs at t need
to coll ect t he money equivalent of wages. This operat ion is made
possible by opening the credit m arket at each t.

2.2. The economy a t w or k

The working of our sequent ial economy is described in figure 1
and explained below.

[Figure 1]

More specificall y, the sequence of decisions in the economy
results as follows.

In t: a) each fi rm j plans the output level y(t)j t+1
b) i t employs the relevant labour input nj t, at the market
nominal wage rate st, and borrows the result ing wage bill stnj t
at t he nominal gross rate (1 + r t) º  Rt;
c) each worker w offers 1 unit of labour in fixed amount at t he
 nominal rate st, works and consumes his/her ini t ial
 endowment x, and saves income st  at the rate Rt for

                                                                                                                       

Modelli ng thse choices would only add fur ther parameters which are not
impor tant in our context .
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 consumption in t+1
d) the bank lends to each entrepreneur the wage bill stnj t and
accepts from each worker the deposit st, both at the rate Rt

In t+1: a) each retired worker consumes his/her saving stRt
b)  each firm sells output at the market price pt+1 and may
be solvent or insolvent with the bank (see below)

As is clear from the above time structure of transactions, and in
force of the Clower rule, a "device" is needed in order to transform the
illiquid excess endowment of entrepreneurs into money. This function is
performed by banks7. The central bank is the sole banking institution in
the economy and performs three functions:

·  it issues fiat money according to the Clower rule

·  it acts as commercial bank, lending to entrepreneurs and offering
deposit services to workers, at the terms that will be specified below

·  it finances public expenditure.

We straightforwardly assume a standard debt contract with the
exclusion of any risk on the part of the bank8. This type of debt contract
is a crucial element in our picture since it introduces a bankruptcy
clause in case of insolvency, and hence the selction mechanism in the
population of firms.  Therefore, each entrepreneur can obtain in t a loan
of size Bj t = stnj t from a bank, for 1 period, at the rate Rt provided that:

                                               
7This the same function attributed to banks in Kiyotaki and Moore's (1997)
economy.
8The standard debt contract (see e.g. Freixas-Rochet (1998)) is now a
workhorse in bank-firm models like the present one, though we do not prove
that this kind of contract is optimal in our setup. In fact, what we simply need
for our purposes is any financial arrangement which shifts the bankruptcy risk
onto the firm, since this is the way through which forecast errors beyond a
cri ti cal magni tude produce selection in the population of firms. For the same
reason, we also wish to exclude that the bank bears any risk.
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·  the ent repreneur©s excess endowment, xj -  x, is given as coll ateral

·  the ent repreneur is commited to the foll owing repayment scheme in
t+1:

i f pt+1y(t)j t+1 > Bj tRt, the fi rm is solvent , pays Bj tRt to the bank,
and the entrepreneur reappropr iates his/her coll aterali zed endowment

i f pt+1y(t)j t+1 < Bj tRt, the fi rm is insolvent , the bank seizes the
firm©s revenue and possibly the coll ateral up to

pt+1(xbjt+1 + y(t)j t+1) = Bj tRt + pt+1b

where b are fixed bankruptcy costs in real terms, and the fi rm is
declared bankrupt and exits from the market .9

Note that the above repayment scheme impli es that t he
ent repreneur faces two possibile l i fet ime consumpt ion possibili t ies:

pj t+1 + xj  in case of solvency

xj -  xbjt+1       in case of bankruptcy

where pj t+1 is the net real profi t given by

 pj t+1 = y(t)j t+1 -  Bj tRt/ pt+1

I f we take the real value of debt as of t, Bj t/ pt, subst i tute the expression
of Bj t, and define st º  st/ pt as the real wage rate, qt º  pt+1/ pt as the
growth factor of pr ices (inflat ion rate for shor t ),  the net real profit can
be re-wr i t ten as foll ows:

(2.1) pj t+1 = y(t)j t+1 -  stnj tRt/ qt+1

where stnj t is the real wage bil l and Rt/ qt+1 the (gross) real interest
rate.

                                               

9Note that , as a consequence, i t must be that xj  -  x > xbjt+1, which we assume
is always sat isfied.
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���6WDWLFV��7KH�FHUWDLQW\�FDVH

We first study the compet i t ive general equili br ium solut ion of the
above model economy in the certainty case. Given the sequence
st ructure of decisions, cer tainty requires perfect foresight . In this case,
the solut ion is t r ivial , amount ing to a simple exempli ficat ion of Say©s
Law with money, and we only give i t as a reference point .

Each ent repreneur©s object ive is to maximize the net real
profit10:

(3.1) max pj t+1 =  y(t)j t+1 -  stnj tRt/ qt+1

given the product ion funct ion

y(t)j t+1 = na
jt a Î   [0,1)

The choice var iable is nj t and the opt imal labour input is the
funct ion

(3.2) nj t = (aqt+1/stRt)1/1-a

Since each worker offers 1 unit of workforce inelast icall y, nj t is
also the size of employment by firm j , and is equal for all j . Aggregate
labour demand N t is therefore nt t imes the measure of the
ent repreneurs© class, J. Total employment  cannot exceed the measure
of the workers© class, W. Since W = J, the labour market determines the
real wage rate st at full employment is such a way that

(3.3) (aqt+1/stRt)1/1-a = 1

(3.4) s* t = aqt+1/Rt

which also impli es nj t = 1, y(t)j t+1 = 1 for al l j .

                                               

10Which, in our setup, is equivalent t o maximizing li fet ime consumpt ion
possibili t ies.



14

The bank pegs the nominal interest rate, and hence Rt, lends
s* tptW to entrepreneurs and receives the same amount as workers'
deposits; hence it always achieves balance-sheet equilibrium.

In t+1, aggregate full-employment output on sale is Y(t)t+1 = J  =
W. Aggregate consumption consists of retired workers' and retired
entrepreneurs' consumption. A worker's consumption is given by his/her
real saving from previous period,

c(t)wt+1 = s* tptRt/ pt+1

 = s* tRt/ qt+1

which is therefore equal for all workers. Hence, substituting the value
for s* t, workers' aggregate consumption is

(3.5) C(t)wt+1= aW

In force of perfect foresight, entrepreneurs realize planned maximum
real profits after repaying debt, so that their aggregate (market)
consumption is

(3.6) C(t)j t+1 =  Y(t)t+1 -  s* tRtW/ qt+1

  = (1 - a)W

It is immediate to notice that, due to the transfer of labour
income to t+1 in the form of savings, Say's Law holds in t+1. This, as is
well-known, implies that the output market always clears at any price
level.

To determine pt+1 a monetary equation is introduced on the
grounds that, under the Clower Rule,  the total (outside) money stock
available in each t must exactly meet the demand for money, which in
this case amounts to the money value of output with unit velocity, i.e.:

(3.7) M t+1 = Y(t)t+1pt+1

         = Wpt+1

Of course, classical (super)neutrality holds. In fact, let the central bank
create money at a gross rate wt+1 = M t+1/ M t. Since in equilibrium M t =
Wpt, dividing both sides of equation (3.7) by M t, we obtain
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(3.8) ωt+1 = pt+1/ pt = qt+1

that is to say,  the pr ice level grows at the growth factor of money.

���6WDWLFV��8QFHUWDLQW\�DQG�IDLOXUHV

In this sect ion we int roduce uncertainty. The only relevant
uncer tainty in the model of sect ion 3 is ent repreneurs© uncer tainty at
t ime t over the inflat ion rate at t ime t+1, which affects fi rms© profit
maximizat ion given by problem (3.1).

In this problem, qt+1 has to be replaced by an expectat ion that is
uncer tain. As to expectat ion format ion, we assume bounded rat ionali ty
(in Pesaran©s sense (1987)), that is,

(A1) Each agent knows the var iable©s generat ion process but does
not know i ts exact specificat ion

A fundamental reason behind this assumpt ion is that the "t rue"
generat ing process is self-referent ial (i .e. i t m ay differ from (3.8)) as will
become clear in due course.

4.1. H et er ogeneous i ndi v i dual con ject ur es

We t ranslate the previous assumpt ion into our model by
associat ing to each ent repreneur born at t an individual specificat ion of
equat ion (3.8) in the foll owing "conjectural" form

(4.1) pe
jt+1 = wt+1uj t

where wt+1 is known with certainty (e.g. is announced by the central
bank in advance), and uj t represents the individual conjecture about the
relat ionship between the growth factor of money and the inflat ion rate.
Note that the "t heoret ical value" of uj t is 1.

The fol lowing addit ional assumpt ions complete our
character izat ion of ent repreneurs© individual beliefs.
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(A2) Individual conjectures uj t in each per iod©s newborn
populat ion of ent repreneurs are a cont inuous random var iable U t
uniformly dist r ibuted in the populat ion, with st r ict ly posit ive support
uj t ∈ [uL

t, uH
t], and density

(4.2) 




 ∈−=

−

elsewhere                   0

],[    )(
)(

HL1LH
tttt

jt
uuuuu

uf

Consequent ly, from (4.1) individual expectat ions qe
jt+1 also foll ow

a cont inuous uniform dist r ibut ion, with st r ict ly posit ive suppor t
between the lower bound qeL

t+1 = ωt+1uL
t and the upper bound qeH

t+1 = 
ωt+1uH

t, and with mathemat ical expected inflat ion rate in the economy

qe
t+1   = Et(pe

jt+1)

= ωt+1Et(uj t)

= ωt+1(uH
t + uL

t)/ 2

(A3) Each entrepreneur , in turn, holds his/her inflat ion
expectat ion with a "t olerance interval" around qe

jt+1 of equal module
| δt| , i .e.:

qeL
j t+1 = qe

jt+1 − δt  

qeH
j t+1 = qe

jt+1 + δt

(A4) Individual conjectures uj t, and hence individual inflat ion
expectat ions qe

jt+1, are pr ivate non-observable informat ion.

Note that , as a consequence, each individual ent repreneur does
not know the distr ibut ion of inflat ion expectat ions in the populat ion,
and hence the populat ion©s expected inflat ion rate qe

t+1 is unknown too.

Now we can completely ident ify a populat ion of fi rms in t with its
own three parameters:

• δt, tolerance

• µt = (uH
t + uL

t)/2, expected value of conjectures uj t

• ∆t  = uH
t − uL

t , dispersion of conjectures uj t
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4.2. Individual decisions

Uncer tainty, as defined above, modifies the ent repreneur©s
decision problem. First , note that so far we have introduced uncertainty
in a "subject ive" form since each ent repreneur holds his/her inflat ion
expectat ion within a range of values (assumpt ion (A3)). Rat ionall y, this
uncer tainty has to be associated with a posit ive probabil i ty of
bankruptcy. In fact , assumpt ion (A3) impli es that t he ent repreneur
expects that t he actual inflat ion rate qt+1 may turn out to be different
from his/her individual expectat ion qe

jt+1, and i t m ay happen to be too
low for the fi rm to be solvent with the bank.

We first give a measure of this "subject ive" bankruptcy
probabil i ty impli ed by assumpt ion (A3). From the debt cont ract
descr ibed in sect ion 2, i t fol lows that a fi rm is insolvent when i ts net
real profi t is negat ive or

(4.3) qt+1 < stnj tRt/ y(t)j t+1 º  vj t

i .e. i f the actual i nflat ion rate is lower than i ts real debt-output rat io,
that we define vj t.

Now let us define the bankruptcy probabil i ty of the fi rm as

(4.4) f j t º  Prob(qt+1 < vj t)

Since assumpt ion (A3) descr ibes the distr ibut ion of the ent repreneur©s
pr ice expectat ion, the measure of (4.4) impli ed by (A3) is:

(4.5) Fj t(vj t) = (vj t -  qeL
j t+1)(qeH

j t+1 -   qeL
j t+1)-1

 = 1/2 -  (qe
jt+1 -  vj t)/ 2dt

Therefore, the subject ive bankruptcy probabili ty of each firm,

·  increases with vj t (a high real debt-output rat io makes insolvency
more l ikely)

·  decreases with qe
jt+1 (a higher expected inflat ion rate makes

insolvency less li kely)

We now examine the opt imal output and employment decision.
Under debt cont ract , the firm©s problem is to choose nj t so as to
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max pe
j t+1 =  y(t)j t+1 -  stnj tRt/ qe

jt+1 -  Fj t(vj t)b

The f.o.c. is the soluton of the following equat ion

(4.6) anj t
a- 1 -  (1 -  a)(bstRt/ 2d)nj t

- a -  stRt/ qe
jt+1 = 0

In order to obtain a closed-form solut ion we impose a = 0.5. The opt imal
labour input results:

(4.7) n* j t = [(qe
jt+1/ 2stRt) -  b/4dt]2

The fi rst addendum is the same as in the case of certainty.
Therefore, we conclude that

·  uncertainty reduces each fi rm's labour demand propor tional ly to the
marginal expected bankruptcy cost b/4dt

·  each fi rm's labour demand di ffers by the ind ividual expected infl ation
rate qe

jt+1.

The marginal expected bankruptcy cost  b/4dt (the increase in the
expected bankruptcy cost due to an increase in planned output ,
employment and debt) is obviously increasing in the direct bankrupty
cost b whil e  is decreasing in dt up to the "certainty equivalent" value of
0 as dt ®  ¥ . We interpret this as a measure of the "degree of tolerance"
of forecast errors. For instance, if dt is large the ent repreneur operates
under less st r ict forecast precision, and his/her labour demand is more
buoyant11.

4.3. Aggregate results

We have seen above that , owing to di fferent individual expected
inflat ion rates, labour demand is now different across fi rms. For each
firm to employ one unit of labour force so as to ensure ful l employment

                                               

11Think of dt  as the diameter of the target in a r i fle contest . The economic
meaning of dt is analogous to the degree of r isk aversion, though we der ive i t as
an at t i tude towards err ors rather than as a proper ty of the ut ili ty funct ion.
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as in sect ion 3, each fi rm should be willi ng to pay the individual real
wage rate

(4.8) s* j t = btqe
jt+1/ 2Rt

bt = (1 + b/ 4dt )- 1 Î  ]0, 1[

so that t he mathemat ical expectat ion of the real wage rate in the
economy is

(4.9) E(s* j t) = btmt/2Rt

Hence, ceter is par ibus, uncer tainty reduces Et(s* j t) relat ive to the
market value s* t under cer tainty by the factor bt. This factor captures
the effect of the marginal expected bankruptcy cost . Since b/ 4dt > 0,
generall y bt < 1, and i t decreases (increases) as b/ 4dt increases
(decreases) (see above for the interpretat ion of dt).

In t+1, aggregate output on sale is again Y(t)t+1 = W. However , as
is intui t ive, bankruptcies break Say©s Law since bankrupt
ent repreneurs cannot part icipate in market consumpt ion. In Keynesian
words, bankruptcies operate as an endogenous source of effect ive
demand deficiency; since output is fixed by previous per iod©s decisions,
the pr ice level should adjust to clear the output market .

Let us fi rst consider ret ired workers© consumpt ion. This is given
by their real savings. Suppose that t he announced increase in money
supply is reali zed in the form of a government per-capita monetary
t ransfer to ret ired workers mwt+1 ent irely financed by pr int ing money,
so that M t+1 = M t + mwt+1W = wt+1M t, or mwt+1W = M t (wt+1 -  1).
Consequent ly, the ret ired workers© real savings in t+1 are equal to the
real value of previous per iod©s deposits and the money t ransfers and
therefore

(4.10) C(t)wt+1 = [ptE(s* j t)RtW + M t (wt+1 -  1)]/ pt+1

Since M t = Y(t-1)tpt, or M t = Wpt, and consider ing the expression of
E(s* j t) (4.9), we can also wr i te

C(t)wt+1 = (mtbt/ 2 + wt+1 - 1)W/ qt+1
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As to retired entrepreneurs, since some firms may be insolvent,
and the corresponding share of entrepreneurs has zero income, the
retired entrepreneurs' consumption is limited to aggregate posi tive real
profi ts. In order to compute them, let us recall that a firm that operates
at the profit-maximizing real debt-output ratio

v* j t = s* j tn* j tRt/ y* (t)j t+1

      = qe
jt+1βt/ 2

is solvent if

qt+1  > v* j t

i.e. if

(4.11) qe
jt+1 < qt+12/ βt ≡ 1ˆ +tq   

In words, a firm turns out to be solvent in t+1 if its expected inflation
rate in t was no greater that the threshold level qt+12/ βt, that we define

1ˆ +tq . Conversely, in t+1 there fail all firms that had "too optimistic"

inflation expectations in t exceeding 1ˆ +tq . Note the important points

that i) 1ˆ +tq  is the same for all firms, so that we can drop the index j ,
and ii) it cannot be known in advance given our assumptions. This is an
important preliminary result on which we shall return later. Now we
proceed with the computation of aggregate positive real profits.

Aggregate positive real profits Πt+1 are the profits of all firms
with qe

jt+1 ∈ [qeL
t+1, 1ˆ +tq ]. From (4.1) we can write the following

equalities:

qeL
t+1 = ωt+1uL

t

qe
jt+1 = ωt+1uj t

1ˆ +tq  = ωt+1 tû

Using the definition of solvency, the definition of v* j t, and these
equalities, we can express the aggregate positive real profits in terms of
the primitives uj t and therefore
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We can now compute the equili br ium pr ice level at t+1, which
must sat isfy

(4.13) C(t)wt+1 + C(t)j t+1= W

The result is a quadrat ic funct ion in qt+1:

(4.14) g0q2
t+1  + g1wt+1qt+1 + g2w2

t+1 = 0

In terms of the populat ion©s parameters { bt, mt, Dt} , the
coefficients of equat ion (4.14) result :
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4.4. Deter m i nat i on of t he i n f lat i on r at e

Equat ion (4.14) has two roots of gener ic form:

(4.15) q* t+1 = ktwt+1

where

(4.16) 
úû
ù

êë
é gg-g±g-

g
= 2

2
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2
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Before proceeding, note that (4.15) has the same form as the
"conjectural" equat ion used by ent repreneurs (4.1), and i t corr eponds to
the "theoret ical" model only when kt = 1. However, the "t rue" (or bet ter ,
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the structural) generating process is (4.15), not (4.1). Therefore, we can
put forward our first proposition

(P1) The inflation generating process in the economy is sel f-referential , in
that t he relevant structural relationship  is a function of the parameters
characterizing the conjectures of the population about the structural
relationship i tsel f.

Since γ2
1 − 4γ0γ2 > 0, equation (4.14) has two real roots, one of

which is surely negative and hence non admissible. For a positive real
root to exist it is necessary and sufficient that:

  (γ2
1 − 4γoγ2)1/2 > −γ1

and then take the root





 γγ−γ+γ

γ
−= 2

2
11 4

2
1

o
o

tk

Since there are three free parameters, it is not possible to find a
single constraint that satisfies this condition. Here we provide some
combinations of parameters that may be useful in the simulation. In
table 1 we take βt and µt as given, and for each combination between
them we indicate the range of values of ∆t that fulfills the condition kt >
0 (the values of ∆t in parentheses are implied by the chosen value of µt)
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mt  = 0.5

(Dt < 1)

mt  = 1

(Dt < 2)

mt  = 2

(Dt < 4)

bt = 0.5 Dt > 0 Dt > 0 Dt > 0

bt = 0.8 Dt > 0 Dt > 0 Dt > 0

The table shows that any heterogeneous populat ion is consistent with a
posit ive root of the inflat ion equat ion for the chosen values of bt and mt.
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To gauge the relat ionship between the populat ion©s parameters
and the st ructural parameter kt, let us fi rst consider the average
conjecture in the economy mt. The relat ionship between kt and mt is the
first indicator of the effect t hat t he conjectures have on the st ructure of
the economy. For instance, when this relat ionship has posit ive sign,
conjectures tend to be self-fulfilli ng. Figure 2 shows that this is indeed
the case in our economy, where kt is plot ted against mt for a given uL  = 0
and two values of bt =0.5, 0.8. The figure also shows that t he parameter
bt exerts a fur ther effect of posit ive sign on the relat ionship between mt
and kt.

[Figure 2]

The economic reason of these results li es in the effect t hat
conjectures and the marginal expected bankruptcy cost have on
ent repreneurs© decisions. Since conjectures are bounded from below
(they cannot fal l below uL  = 0), an increase in mt is the result of a
greater upper bound uH , that is to say a larger tail of high-inflat ion
forecasters. These are prone to demand more labour and pay higher
wages which in turn wil l feed higher demand of ret ired workers.
L ikewise, an increase in bt, i .e. a fal l in the marginal expected cost of
bankruptcy, affects all ecntrepreneurs boost ing their labour demand
and inducing them to pay higher wages.

As far as the other populat ion©s parameter is concerned, i .e. the
dispersion of conjectures Dt, let us take as a benchmark mt = 1. This
corr esponds to a case in which the conjectures of the populat ion are on
average equal to the "t heoret ical value" of kt. Figure 3 shows that kt is
increasing in Dt and that bt is a posit ive shift ing parameter as before.
An increase in Dt for a given mt corr esponds to a so-cal led "mean
preserving spread" (MPS) in the populat ion©s conjectures, which impl ies
that both tail s of low-inflat ion and high-inflat ion forecasters enlarge.
How these two forces combine to produce, ceteris paribus, a higher
inflat ion rate level depends on the working of the bankruptcy
mechanism in the economy that wil l be discussed below.

[Figure 3]
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4.5. F i xed p oi n t s

A critical issue in all self-referential models is the existence of
fixed points in the map from the beliefs about a variable to the actual
value of that variable. This problem is important for two reasons which
relate to the notion of rational expectations (RE). The first is that if
such a fixed point exists we may then check wheteher it can act as an
attractor of beliefs under some law of motion of beliefs themselves. The
second is that, in a sel f-referential system, such a fixed point is a
necessary but not sufficient condition for the standard or "strong" notion
of RE (i.e. the case whereby beliefs coincide with the "theoretical" value
of the variable).  Indeed, as we shall see, in our system a fixed point
may exist in the map from conjectures to kt, but the latter may not
coincide with the "theoretical" value of 1. In other words, we need two
conditions for the "strong" REH to hold:

mt = kt

kt = 1

Knowing that

mt = uL
t + Dt/2

the following table reports the values of Dt that satisfy the condition mt =
kt for given values of  bt and uL

t

������� ���
	��
�������������
DD� ��������������� ���! mm" # $ % & '
( )�*�+ bbt * , - .
uL

t = 0 uL
t = 1 uL

t = 2

bt = 0.2 Dt  = 0.387

kt= 0.193

none (Dt  = 0) none (Dt  = 0)

 bt = 0.5 Dt  = 0.651

kt = 0.325

none (Dt  = 0) none (Dt  = 0)
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The noteworthy result is that fixed points mt = kt exist only in a
li mited domain of values of the populat ion©s parameters. In that
domain, however, the "strong" RE hypothesis (mt = kt = 1) does not hold.
The conclusion is not that beliefs have no rat ional anchor , but that they
are self-fulfilli ng on a "non fundamental" equili br ium on average. Take
for instance the second row, first column in table 3. I t shows that a
populat ion born at t ime t character ized by the average expectat ion qe

t+1
= 0.325wt+1, compr ised between 0 and 0.651wt+1, and with bt = 0.5 will
in fact generate an inflat ion rate qt+1 = 0.325wt+1,  which is lower than
it would be under "st rong" RE, i .e. qt+1 = wt+1. See also figure 2, which
shows how the funct ion kt(mt) intersects the locus kt = mt.

4.6. Bank r upt ci es

A key feature of our model is that firms may go bankrupt . This
event occurs because an ent repreneur in t may have an individual
inflat ion expectat ion too high, that is to say his/her qe

jt+1 exceeds the
threshold value given by (4.11). As already remarked above, this value
cannot be known in advance because i t depends on what t he actual
inflat ion rate qt+1 wil l be. But as we have seen, qt+1 is in turn a funct ion
of the populat ion©s parameters, that is to say all uncer tainty in the
economy is "endogenous" since i t ar ises from t he conjectures of
ent repreneurs uj t about t he inflat ion generat ing process, and the self-
referent ial ity effect . In other words, we might say that whether a fi rm
fail s or not in this economy only depends on relative expected pr ices.

In order to compute the share of f i rms that fai l i n each per iod, let
us recal l that the insolvency condit ion is

qe
jt+1   > qt+12/b

or , in terms of uj t,

uj twt+1 > ktwt+12/b

uj t > kt2/b º  tuÃ
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Therefore, in the fi rst place, a necessary condit ion on the
populat ion©s parameters should hold for fail ures to occur, i .e.:

uH
t  > kt2/b

or

 Dt > kt4/b - 2mt

Table 4 repor ts the values of Dt consistent with non-zero fail ures in the
economy for given values of mt and bt.

������� ���
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D∆t ������� � � ��� � �! � �#" ������$&% ��' � (*)��,+,- '&� �/.�0 � 1 � � mmt 2�3 4 bbt

mt = 0.5

(Dt < 1)

mt = 1

(Dt < 2)

mt = 2

(Dt < 4)

bt = 0.5 none* Dt > 0.67 Dt > 0

bt = 0.8 none+ Dt > 0 Dt > 0

D* t > 3.0
D+

t > 1.5

We observe that for fail ures to occur  the populat ion should
display a cri t ical combinat ion of parameters. Intui t ively, fail ures occur
as a result of a combinat ion of large dispersion of conjuctures Dt, and/or
high average of conjectures mt, and/or low marginal expected bankruptcy
cost (high bt). These three factors are consistent with the bankruptcy
mechanism in our economy: each of them, direct ly or indirect ly, impl ies
a larger tai l of f i rms on the high-inflat ion side of the populat ion©s
forecasts.

This intui t ion is confirmed by the computat ion of the share of
bankruptcies in the populat ion, which is equal to:
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(4.17) φt+1 = 1 − F( tuÃ )

       = 1 − ( tuÃ − uL
t)/ ∆t

       = 1/2 + (µt − kt2/βt)/ ∆t

i .e. a non-li near funct ion of the populat ion©s parameters. Figure 4
por t rays the funct ion (4.17) for µt = 1 and βt = 0.5, 0.8 (see the third
column in table 4). When βt = 0.5, φt+1 increases with ∆t. Yet βt acts as a
posit ive shift ing parameter. As βt changes from 0.5 to 0.8, bankruptcies
occur even at low levels of ∆t and are consistent ly larger than in the
previous case, though ∆t  now has a negli gible effect .

[Figure 4]

 In the tables below we provide some numer ical expamles of
comparat ive stat ics of different populat ions, and hence of different

result ing values of kt, tuÃ and φt+1

A) µt  = 1, ∆t  = 1 (uL
t  = 0.5, uH

t  = 1.5)

kt tuÃ φt+1

 βt= 0.5 0.354 1.416 8.4%

 βt= 0.8 0.453 1.13 36.7%

B) µt  = 1, ∆t  = 1.4 (uL
t  = 0.3, uH

t  = 1.7)

kt tuÃ φt+1

 βt= 0.5 0.376 1.505 13.9%

 βt= 0.8 0.482 1.205 35.4%
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Taking the two tables separately one can single out the effect of  
bt which, as explained above, measures the effect of the marginal
expected bankruptcy cost . Low expected bankruptcy cost (high bt) boosts
labour demand: wages r ise, and so do demand and the future pr ice level
(see effect on kt). On the other hand, the ent repreneurs© willi ngness to
pay a larger wage bil l impli es that borr owing increases; this is another
way, a way that looks at the increase in "inside" money, to explain the
upward pressure on the pr ice level. On this front , two opposite forces
are at work. First , more borrowing means more bankruptcy r isk on each

firm.  Second, a higher inflat ion rate is beneficial for i t raises tuÃ and

makes i t shr ink the tail of firms bound to insolvency. The negat ive effect

on tuÃ of a greater bt in both tables indicates that the fi rst force prevai ls

on the second, so that the share of bankruptcies eventuall y grows (see
the effect on f t+1). These examples point out a patt ern where "inside"
inflat ionary condit ions are associated with greater bankruptcy r isk and
actual bankruptcies.

I f one compares the two tables, one can gauge the consequences
of a MPS in the populat ion©s conjectures uj t. For bt = 0.5, the MPS has
an un ambiguous "inside" inflat ionary effect combined with larger
bankruptcies for the reasons explained above. For bt = 0.8 the
inflat ionary effect of the MPS is instead accompanied with fewer
bankruptcies, which means that in this case the beneficial effect of
"inside" inflat ion prevai ls.

Finall y, i t m ay also be wor th st ressing that the bankruptcy rate
is independent of the (anticipated) rate of outside money growth.
Racalli ng that t he marginal expected bankruptcy cost (the b-effect)
reduces the real wage bil l relat ive to the cer tainty case and that actual
bankruptcies are a consequence of overproduct ion by some firms, one
might conclude that m oney t ransfers to workers should sustain
aggregate demand and reduce bankruptcies. This is not the case,
however, because the bankruptcy probabi l i ty eventuall y depends on the
relative expected inflat ion of an ent repreneur : as long as money creat ion
is ant icipated, i t raises the expected inflat ion rate of al l entrepreneurs
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uniformly thus leaving their relative posi tions and bankruptcy
probabil i ty unchanged.

���7RZDUGV�G\QDPLFV

The previous sect ions set out the propert ies of an economy
character ized as a self-referent ial system fed by ent repreneurs©
conjectures about the inflat ion-generat ing process, and a fail ure
mechanism ent irely determined by the self-referent iali ty effect of
individual conjectures and their heterogeneity. The results presented
above hold for a single two-per iod sequence taken in isolat ion and hence
are essent iall y comparat ive-stat ic in nature.

The next natural step in the presence of fail ures is to move
towards populat ion©s dynamics in relat ion to two forces 1) selection, due
to the exit from market of bankrupt firms, 2) learning, due to the
incent ive of incumbent ent repreneurs to avoid fail ure and/or to improve
their performance.

Each of the two evolutionary mechanisms requires non-t r ivial
assumpt ions and creates non-t r ivial analyt ical problems.

Selection. The fi rst conceivable mechanism is that al l insolvent
fi rms are eli minated from the populat ion and replaced with new
entrants. Note that i t m ay be necessary to dist inguish between the
ent repreneur, who exits from act ivi ty after 1 per iod by assumpt ion, and
the fi rm, which may be thought of as an inst i tut ion that survives
generat ion after generat ion. Newborn ent repreneurs taking cont rol of
pre-exist ing firms may also ent rust the fi rm©s memory of past
conjectures. Bu contrast , bankruptcy means that the inst i tut ion is
destroyed with all i ts memory. Accordingly, newborn ent repreneurs
under taking new firms can be modell ed as endowed with randomly
generated conjectures and zero memory.
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Learning. The environment in which incumbent firms operate in
our model has two peculiar features that dist inguish i t form more usual
learning models.

First , the problem of the incentive to learn  ar ises. This problem
is substant iall y unaddressed in the li terature. Note that each per iod
ends up with three classes of fi rms: a) insolvent fi rms, b) solvent firms
with profi t lower than expected, c) solvent firms with profit greater than
expected. The class of f i rms a) has to be selected away as explained
above. What about t he other two classes of f i rms? Suppose a survived
firm©s memory at the end of t+1 contains (at least) the last conjecture
uj t, and this memory is handed down the incoming ent repreneur. The
rather natural quest ion is: why the incoming entrepreneur should
engage in learning, that is to say why he/she should modify the
inher i ted successful conjecture? The argument t hat t he inher i ted
conjecture was nonetheless incorrect is nonsensical, for the reason that
the probabil i ty of an exact forecast in our cont inuous setup is zero. The
argument that the firms in the class b) have an incent ive to improve is
plausible, but obviously cannot be extended to class c).

Second, sel f-referential i ty has a crucial impli cat ion for learning.
Classical l earning models assume a stable structure of the object of
learning -  the inflat ion generat ing process in our case. By cont rast , self-
referent ial ity entail s that the st ructure of the object of learning co-
evolves with the learning process. This proper ty is quite clear in our
model. The st ructure of the inflat ion generat ing process consists of the
parameter kt. This parameter is a funct ion of the populat ion©s
parameters { dt, mt, Dt} . The select ion mechanism, the subst i tut ion of
bankrupt fi rms with new ones, impli es that t+1 star ts with a modified
distr ibut ion of conjectures uj t+1, and hence with modified parameters
{ dt+1, mt+1, Dt+1} , with respect to the previous ones. Hence select ion by
itself implies that kt changes over t ime. As a consequence,

·  successful conjectures in one per iod may no longer be such in the
subsequent per iod
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·  the process driving the dynamics of kt is fully determined by the
population's dynamics and, under our assumptions, is totally hidden
from individual agents' view

·  large population innovations exert a negative externality on
incumbents (whether they are engaged in learning or not), whereas
conservative incumbents exert a positive externality on all incumbents
and learners in particular.

At the present stage of development of our research, we limit
ourselves to the analysis of the implications of self-referentiality under
the population dynamics generated by exits and entries, whereas we
substantially rule out learning by assuming that all entrepreneurs in
solvent firms do not revise the previous generation's conjecture. To
begin with, we also leave the parameters dt+1, Dt+1 unchanged over
time.

5.1. Population's dynamics

Given the distribution of insolvent and solvent firms at the end
of any period t as explained in section 4, the former are driven out of the
market and replaced by new ones which leave the measure of the class
of entrepreneurs J  unchanged.

Consequently, in any new period t+1 there exist two groups of
newborn entrepreneurs: those who run a pre-existing firm and those
who run a new one. Recall that the sole individual characteristic that
distinguishes entrepreneurs and firms is the conjecture uj t+1 whereby
each of them transforms the announced one-period growth rate of
money wt+2 into a one-period inflation forecast pe

jt+2 = uj t+1wt+2. We
assume that the entrepreneurs running pre-existing firms hold the
previous period's (successful) conjecture in the firm's "memory", uj t,
whereas the entrepreneurs running new firms form new individual
conjectures  following the same statistical law as their predecessors,
that is to say a uniform distribution with density f(uj t+1) and uj t+1 Î
[uL

t, uH
t]. Also, all newborn entrepreneurs hold their individual

forecasts with the same tolerance parameter dt as in the previous
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generation, i.e. peL
j t+2 = pe

jt+2 -  dt, peH
j t+2 = pe

jt+2 + dt. Being constant
over time, the parameters D = uH -  uL, and d will be expressed without
time subscript.

5.2. The dynami cs of t he d i st r i bu t i on of con ject ur es

The population dynamics described above brings as a major
implication a period by period modification of the distribution of
conjectures (and hence inflation forecasts) in the population of firms. We
first give an intuitive graphical rendition of this process.

[Figure 5]

The first panel in figure 5 portrays the initial uniform
distribution of conjectures at beginning of  period t with the parameters
given in the example A (first row) above, i.e. uL = 0.5, uH = 1.5, d = 1 (b =
0.5). The second panel represents the consequence of the firms' exit
mechanism given that the insolvency threshold results tû = 1.416 (with
8.4% of firms going bankrupt). The third panel exemplifies the
consequence of the new firms' entry mechanism: 8.4% of the previous
distribution above tû  is removed and "spread" over the whole support

with the effect that the tail of conjectures below tû is larger, while that

above tû is smaller, than before. Therefore, though a mixture of two
identical uniform distributions, the resulting distribution is no longer
uniform. Owing to the assumption that the previous period's successful
conjectures are transmitted to the new entrepreneurs running pre-
existing firms while are also randomly represented among the new
entrepreneurs of new firms, these successful conjectures gain weight in
the population.

More formally, let us start form the original set of random
conjectures U t uniformly distributed with density function f(uj t), uj t Î
[uL, uH], in period t. The consequence of the exit mechanism is
equivalent to truncating the support of U t at tû  so that the conjectures
of solvent firms, Us

t Î  U t, are realizations from the uniform random
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var iable Us
t ~ U(uL

t, tuÃ ). The consequence of the ent ry mechanism in

per iod t+1 is that t he conjectures are realizat ions from t he random
var iables U t+1 and Us

t according to the foll owing law
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 Consequent ly, the density funct ion of conjectures in per iod t+1,
f(uj t+1), can be wr i t ten as
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 We are now in a posit ion to compute the expected value of the
conjectures in per iod t+1, mt+1. Since the other two populat ion©s
parameters, D and d, are constant by assumpt ion, mt+1 represents the
evolut ion of the populat ion owing to the exit and entry mechanism. I t
foll ows st raight forwardly from (5.3) that

(5.6) 211 )1( mmm ttt qq -+=+

 where

 m1 = (uL + tuÃ )/2

 m2 = (uL + uH  )/2

 Let us now go back to figure 5 of which we can give a r igorous
quant i ficat ion. The dist r ibut ion of conjectures represented in the third
panel is the result of a mixture of the uniform distr ibut ion U(0.5, 1.416)
with probabili ty 0.916, and of the uniform dist r ibut ion U(0.5, 1.5) with
probabil i ty 0.084. Therefore, the density funct ion of the conjectures of
per iod t+1 is

(5.7) )()(084.0)()(916.0)( 1H,L121Ã,L111 +++++ ´+´= jtuujtjt
tuujtjt uIufuIufuf

 where
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 And, by applying (5.6), the expected value of conjectures results to be:

(5.9) mt+1 = 0.916´ 0.958 + 0.084 = 0.961

Unsurpr isingly, the average conjecture in per iod t+1 is lower
than in per iod t (mt = 1). In fact , the lower tail of the previous per iod©s
conjectures has gained weight in the new per iod©s populat ion of f i rms as
a consequence of the exit and entry mechanism. We have argued above
that in our economy the ent repreneurs who are bound to fail are those
whose conjecture l ies above a threshold value which depends, inter alia,
on the average conjecture in the populat ion. Should we expect a fall i n
the share of bankruptcies, and can we conclude that the populat ion and
conjectures dynamics that we have so far examined wil l , by expelli ng
over-opt imist ic conjectures, determine a per iod by per iod shr ink of the
bankruptcy probabi l i ty in the economy ending up with zero
bankruptcies? These are our matt ers of invest igat ion on the long-run
proper t ies of our economy.

5.3. Asympt ot i c pr oper t i es of t he economy

In this sect ion we invest igate the behavior of tû  in the long run,

that is, more formall y, we analyze the asymptot ic proper t ies of the
distr ibut ion of conjectures.

First , we look at t he evolut ion of the parameters of the
distr ibut ion of conjectures over t ime. At t ime 0 the expected value is
given by 2/)(0

HL uu +=m . From t his expected value we get

)( 010 mgk =  and )(ˆ 020 kgu = . The funct ions 1g and 2g  are given by
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where ( )t
0g , ( )t

1g and ( )t
2g  are given in sect ion 4.4. As we will see in a

moment , i t is essent ial to check whether the funct ions 1g  and 2g  are

non-decreasing. This is obvious for 2g ; as for 1g , we proved, using the
Symbol ic Math Toolbox of MATL AB, that i t is increasing for any value
of [ ]HL uu ,Îm .

Ent repreneurs whose expected value of conjectures is larger than
( )[ ]0120Ã mggu =  go bankrupt and are excluded, so that the remaining

firms are dist r ibuted uniformly between Lu and 0Ãu . Then a new sample

is drawn from a ( )HL uuU ,  dist r ibut ion.

The sampli ng scheme at t ime t=1 is therefore as foll ows: with
probabil i ty ( ) ( )LHL uuuuq --= /Ã01  we draw an observat ion from

( )0Ã,uuU L , with probabili ty ( )11 q-  we draw an observat ion from

( )HL uuU , . Formall y, this means we sample from a mixture of these two
distr ibut ions, having density

From (6.8) we get new values
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Not ice that

Now, as the funct ions 1g  and 2g  are increasing, this impli es 01 ÃÃ uu £ .

Firms whose expected inflat ion rate is larger than 1Ãu  go bankrupt and
are excluded so that at t ime 2 we sample from a mixture:

where ( ) ( )LHL uuuuq --= /Ã12 .

I f the sequence { } Nttu Î
Ã  is non-increasing, it is not di fficult t o see

that at t ime t we sample from a mixture

where ( ) ( )LHL
tt uuuuq --= - /Ã 1

Thus the fi rst t hing we have to prove is that t he sequence { } Nttu Î
Ã

is non-increasing, because in this case the sampli ng scheme is
establ ished for any Nt Î . After this, we will have to examine whether
the sequence converges.
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To begin, not ice that t he funct ions 1g and 2g used for comput ing

( )tt gk m1=  and ( )tt kgu 2Ã =  are known, so that we can put t he problem

in the funct ional form ( )1ÃÃ −= tt ulu . With this notat ion we have the

foll owing result : the sequence { } Nttu ∈Ã  is non-increasing i f and only if

( )xl '  is non-negat ive for any [ ]H
t uux ,Ã∈ .

This statement can be proved by mathemat ical i nduct ion: we have
already  shown that 01 ÃÃ uu ≤ . Suppose now that 1ÃÃ −≤ tt uu . Then, under

the hypothesis that ( ) 0' ≥xl  tux Ã≥∀ , we have

( ) ( ) 0ÃÃÃÃ 11 ≤−=− +− tttt uuulul .

To prove that t he sequence converges, we use the fixed point
theorem [see, for example, Burden and Faires (1993), theorem 2.3]:
given the funct ion [ ]baCg ,∈ , i f ( ) [ ]baxKxg ,1' ∈∀<≤ , the sequence

( ) Nttt pgp ∈−= 1  converges to the unique fixed point in [ ]ba, . When

appli ed to our setup, the theorem says that , for the sequence { } Nttu ∈Ã  to

converge, ( )xl '  must be small er than one for any [ ]HL uux ,∈ .

The intersect ion of these two results impli es that we need ( )xl '

to be non-negat ive for any [ ]H
t uux ,Ã∈  and small er than one for any

[ ]HL uux ,∈ . The funct ion ( )xl  is quite compli cated and we used again
the Symboli c Math Toolbox of MATL AB to di fferent iate i t . The first
der ivat ive ( )xl '  is plot ted in figures 6a to 6d for all the examples

considered, i .e. [ ] [ ]5.1,5.0, =HL uu , [ ] [ ]7.1,3.0, =HL uu , with 5.0=b  and

8.0=b . We see that t he absolute value of the fi rst der ivat ive is smaller

than one for al l values of interest . In addit ion, ( )xl '  is posit ive for "large
enough" values of x: in the examples considered, "large enough" means
larger than 1. There is no a pr ior i guarantee that tut ∀≥1Ã : in general, i t

wil l be necessary to check i t at each i terat ion of the algor i thm. In the
examples presented this is always t rue. So the general st rategy, given
b , Lu  and Hu , consists in: (i) checking for which values of x  i t holds
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that ( ) 1©0 <£ xl ; (ii ) runn ing the process unt i l the difference tt uu ÃÃ 1 --  is

smaller than a prespecified tolerance level, checking at each i terat ion
that tuÃ  is such that ( ) 0© ³xl , tux Ã³" .

In the table below we repor t the results obtained in the examples
considered; u* is the convergence value (in parntheses the number of
i terat ions)

A) uL  = 0.5, uH = 1.5, m0 = 1

k0 0Ãu f 1 *Ãu f * m* k*

 d= 1 0.354 1.416 8.4% 1.390

(20)

1.2% 0.951 0.347

 d = 4 0.453 1.13 36.7% 1.077

(12)

17.8% 0.878 0.431

B) uL  = 0.3, uH = 1.7, m0 = 1

k0 0Ãu f 1 *Ãu f * m* k*

 d= 1 0.376 1.505 13.9% 1.464

(18)

2.8% 0.902 0.366

 d = 4 0.482 1.205 35.4% 1.136

(12)

16.2% 0.832 0.454

Not ice that t he sequence always converges to a value u*  inside the
interval [ ]HL uu , : this means that the propor t ion of firms that go
bankrupt is constant in the long run, and does not collapse to 0 or 1.
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We have studied a model of a macro-economy in sequent ial t ime
where the populat ion of f i rms at each point in t ime is character ized by a
uniform distr ibut ion of individual unobservable beli efs about the
mechanism relat ing an observable market signal (the rate of increase of
outside money) and the future  inflat ion rate. As a consequence of
heterogeneous beli efs, a certain share of the populat ion of f i rms can go
bankrupt and is dr iven out the market in each t ime per iod. The
bankruptcy mechanism is such that the probabili ty for a firm to fai l
depends on the parameters of the populat ion©s beli efs and i ts own
expected inflat ion relat ive to average. We have shown that within
consistent ranges of parameters, non-zero bankruptcies obtain. The rate
of bankruptcies in a given per iod results to be related to economicall y
palusible effects of the parameters of the populat ion beli efs, but not t o
the rate of money growth by i tself (no money i l lusion)

Though markets are in equi l ibr ium for incumbent fi rms© and
workers© exchanges, bankruptcies alter equili br ium proper t ies
substant iall y. The system is also self-referent ial i n that the actual
inflat ion rate in each per iod turns out to be a funct ion of the parameters
of the populat ion©s beli efs. Given this property, and the share of
bankruptcies, the observed relat ionship between the growth rate of
money and the inflat ion rate is no longer equal the "fundamental" or
"t heoret ical" one. In fact , in the same ranges of parameters that yield
non-zero bankruptcies, we have explored the existence of fixed points in
the map that projects the averege expected inflat ion onto the actual one,
i .e. "cross-sect ional" rat ional expectat ions, and we have found that
where such fixed points exist t hey do not coincide with the theoret ical
value of the inflat ion rate. On the one hand, this result m ay be added to
the class of "self-ful filli ng (average) prophecies", on the other, thinking
of  the self-fulfill ed average expected inflat ion as an "anomaly" with
respect to the inflat ion rate that would prevail under homogenous
per fect foresight and no bankruptcies is misleading because
heterogeneous beli efs and non-zero bankruptcies are par t of the
structure of the economy. The implicat ion is rather that , normat ively,
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the content of the rational expectations hypotesis should be extended to
include the bankruptcy-generating mechanism and the way it modifies
the structural  relationship between the growth rate of money and the
inflation rate, which seems however contradictory with the existence
itself of bankruptcies.

Finally we have extended our analyis to the turnover of firms
along the sequence of periods. We have started form the simplest case:
bankrupt firms are "erased" (no information left to posterity) and
replaced by "blank" newcomers with beliefs randomly extracetd from
the existing distribution. Incumbent successful firms do not change
their beliefs nor do they engage in learning. This turnover mechanism
generates a dynamics of the distribution of beliefs: changes in the
distribution's parameters produce changes in the inflation rate and in
the bankruptcy rate period after period (successful firms in one period
may no longer be such in the next). Though successful firms are
predominant in each period and the bankruptcy rate tends to shrink, we
have found by numerical methods that the probability of bankruptcy
converges towards a non-degenerate limit value. In other words, in the
long run the economy displays a "structural" or "natural" rate of
bankruptcy such that all the previous properties described above hold.

Figure 1

Labour demand
credit demand

Production

Sale of
t output

t t+1

Debt repayment
or bankruptcy
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