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Abstract. Features of scalar QFT defined on the causal boundary S of an asymptotically flat at null
infinity spacetime and based on the BMS-invariant Weyl algebra W(S) are discussed.

(a) (i) It is noticed that the natural BM S invariant pure quasifree state A on W(ST), recently introduced
by Dappiaggi, Moretti an Pinamonti, enjoys positivity of the self-adjoint generator of u-translations with
respect to every Bondi coordinate frame (u,(,() on 3t (u € R being the affine parameter of the
complete null geodesics forming 3T and ¢, ¢ complex coordinates on the transverse 2-sphere). This fact
may be interpreted as a remnant of spectral condition inherited from QFT in Minkowski spacetime (and
it is the spectral condition for free fields when the bulk is the very Minkowski space). (ii) It is also
proved that cluster property under wu-displacements is valid for every (not necessarily quasifree) pure
state on W(ST) which is invariant under w displacements. (iii) It is established that positivity of the self-
adjoint generator of u-translations in a fized Bondi frame individuates the BMS-invariant state A uniquely
(without requiring BMS invariance) in the class of pure algebraic quasifree states on W(S): there is
exactly one algebraic pure quasifree state which is invariant under u-displacements (of a fixed Bondi
frame) and has positive self-adjoint generator of u-displacements. It coincides with the GNS-invariant
state A. (iv) Finally it is showed that in the folium of a pure u-displacement invariant state (like A but
not necessarily quasifree) on W(3™) the state itself is the only state invariant under u-displacement.

(b) It is proved that all the theory can rested for spacetimes asymptotically flat at null infinity which also
admit future time completion i+ (and fulfills some other requirements related with global hyperbolicity).
In this case a x-isomorphism exists automatically which identifies the (Weyl) algebra of observables of
a linear fields propagating in the bulk spacetime with a sub algebra of W(S™). Moreover the preferred
BM S-invariant state A on W(3T) induces a preferred state on the field algebra in the bulk spacetime.

1 Introduction.

1.1. Summary the relevant results established in [DMPO05] and some extensions. Throughout
RT :=[0,+00), N:={0,1,2,...} and C>®(A),C>®(A;C) denote respectively the real and com-
plex linear space of smooth respectively real-valued, complex-valued functions on the manifold
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A. If x : M — N is a diffeomorphism, x* is the natural extension to tensor bundles (counter-,
co-variant and mixed) from M to N (Appendix C in [Wa84]). Concerning spacetimes we adopt
general definitions of [Wa84] (especially cap.8 therein). The metric has signature —+--- 4. We
use terminology, notation and definitions given in [DMPO05]. An asymptotically flat space-
time is a four-dimensional smooth spacetime which is a vacuum spacetime asymptotically flat
at (future I+ and past S~ ) null and and spatial (i°) infinity as defined in [Wa84] (see defini-
tion B.1 in appendix B). Actually it is not required that it satisfies vacuum Einstein equations
everywhere, it is sufficient that it does in a neighborhood of 3 U 3~ U {i’} or, more weakly,
“approaching” the boundary S+ U S~ U {i®} as discussed on p.278 of [Wa84] and the past null
infinity is not involved in all our results.

In [DMPO05] we have considered a Weyl algebra constructed on the future null boundary of
a asymptotically flat spacetime (M, g). By definition (see appendix B) (M, g) can be identified
with a submanifold, with boundary M = 3 U 3~ U {i%}, of an unphysical spacetime (M ,4)
with § = Q2g (where, for sake of simplicity, we omitted to write explicitly the embedding map).
Q: M — [0,+00) is smooth in M \ {i°} (at i¥ it is at least C? and satisfies Q(x) = 0 in M if
and only if 2 € T US~ U {i°}. St = (8JF(i")) \ {i°} is a 3-dimensional submanifold of M
diffeomorphic to R x S2. 3T is the union of integral lines of the, nonvanishing on 37+, null field
nt = g"V,Q and is equipped with the degenerate metric h induced by g. As far as the only
structure on SV is concerned, changes of the unphysical spacetime (M , §) associated with a fixed
asymptotically flat spacetime (M, g), are completely encompassed by gauge transformations
Q) — wQ valid in a neighborhood of 3 (not including i° in general), with w smooth and strictly
positive. Under these gauge transformations the triple (S, il, n) transforms as

St -3, h—w?h, n—owlin. (1)
If C is the class of the triples (3T, h,n) transforming as in (1) for a fixed asymptotically flat
vacuum spacetime, there is no general physical principle to single out a preferred element in C.
On the other hand C' is universal for all asymptotically flat spacetimes [Wa84]: If C'; and Cy are
the classes of triples associated respectively to (M7, g2) and (My, g2) there is a diffeomorphism
o %f — %; such that for suitable (%f, }Nll,nl) € (7 and (S;, ilg,ng) € Oy,

’y(%f) = %; , 'y*iLl = hy , Y1 =nsg.

With an appropriate choice of w, explicitly required to exist in the very definition of asymp-
totically flat spacetime (condition 5(b) in def. B.1), the tangent vector n turns out to be that
of complete geodesics. w is completely fixed by requiring that, in addition, the nondegenerate
metric on the transverse section of 37 is, constantly along geodesics, the standard metric of S?
in R3. We indicate by wp and (37, h B,np) that value of w and the associated triple respectively.
For w = wp, a Bondi frame on 3 is a global coordinate system (u,¢,¢) on S, where u € R is
an affine parameter of the complete null g-geodesics whose union is 3 and ¢,{ € S? = CU {0}
being complex coordinates on the section of It transverse to the geodesics: ¢ = e cot(6/2)
with @, ¢ usual spherical coordinates of R3. The metric on the transverse section of I now
reads 2(1 + ¢¢)~2(d¢ ® d¢ + d¢ ® d¢).



A diffeomorphisms x : St — y belongs to BMS group Gpus if x*h and y*n differ from
h and n at most by a rescaling (1). These diffeomorphisms represent “asymptotic isometries”
of M in the precise sense discussed in [Wa84] and highlighted in Proposition 2.1 in [DMPO05].
Henceforth, whenever it is not explicitly stated otherwise, we consider as admissible realizations
of the unphysical metric on ST only those metrics h which can be reached via transformations
in Ggars from a metric whose associated triple is (3, hg,np).

In coordinates of a fixed Bondi frame (u,(,(), the group Gpus is realized as semidirect
group SO(3,1)xC>(S?), where (A, f) € SO(3,1)] xC=(S?) acts as

u — U, = KA(C,Z)(u+f(Cvz))7 (2)
I _ anC+by ¢ = = _'—M
¢ = C=AC= el +dp’ ‘ _AC._QZ-{-K' ¥

K is the smooth function on S2

o (1+CZ) [a/\ bA
B O = T o @rc v o) + (enc F e+ dn) ™ e da

Above II is the well-known surjective covering homomorphism SL(2,C) — SO(3,1)7 (see
[DMPO5] for further details). Two Bondi frames are connected each other through the transfor-
mations (2),(3) with A € SU(2). Conversely, any coordinate frame (u/, C’,ZI) on 31 connected
to a Bondi frame by means of an arbitrary BMS transformation (2),(3) is physically equivalent
to the latter from the point of view of General Relativity, but it is not necessarily a Bondi frame
in turn. A global reference frame (u’, (’ ,Z/) on 3 related with a Bondi frame (u, ¢, () by means
of a BMS transformation (2)-(3) will be called admissible frame.
Remark 1.1. The notion of Bondi frame is useful but conventional. Any physical object
must be invariant under the whole BMS group, i.e. under asymptotic symmetries (which include
proper symmetries) of M, and not only under the subgroup of G gyss connecting Bondi frames.
We recall the reader that an asymptotically flat spacetime (M, g) is said to be strongly
asymptotically predictable [Wa84] if there is an open set V C M with M NJ—(S+) ¢ V
(the closure being referred to M) such that (V, §) is globally hyperbolic. Notice that also M :=
VM is globally hyperbolic under these hypotheses and a spacelike smooth Cauchy surface S
for (V,§) through ¥ individuates a smooth Cauchy surface S for (M, g) when restricting to
M. In particular Minkowski spacetime M = M* is strongly asymptotically predictable with
Mg = M*. If ¢ is smooth with compactly supported Cauchy data and solves the massless
conformally-coupled Klein-Gordon equations in My

} =1 YA). (4)

P$=0, where P:=—-¢g"V,V,+ %R, (5)

the limit 1 of (wp)~1¢ toward I is smooth (Proposition 2.3 in [DMPO05]). The action of
asymptotic isometries on ¢ in the bulk corresponds to an action of G gysg on 1, in a fixed Bondi
frame, (Proposition 2.3 in [DMPO05])

(Aapv) (', ¢, C) = Ka(¢, 0 (u, ¢, C) - (6)
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All that may suggest to think the rescaled boundary values 1) as wavefunctions on I+ and
define a QFT based on a suitable symplectic space containing these wavefunctions where the
BMS group acts as in (6) and it is the symmetry group of the theory. In fact, in [DMPO05]
we introduced a simple notion of QFT on 3T based on a certain Weyl algebra of observables
associated with a symplectic space (§(31), o) with

$(3H) = {zp e 0 ()

sup \u]_k\f)ﬁ@g”&’gwl — 0,as |u| = +o00,Yk,m,n € N} . (M
(¢.C€82)

Here we enlarge 8(3) (the reason will be clear later) up to the space S(S1) D §(3™) with
S(ST) == {v € C®(S") | Y and 9,4 belong to L*(R x S?, du A es2(¢,C)) } (8)

€s2 is (see below) the standard volume form of the unit 2-sphere S? = CU{oc}. Both spaces are
invariant under the action (6) of BM S group so that the choice of a Bondi frame in the definitions
is immaterial. The nondegenerate symplectic form o is the following. If 11,19 € 8§(3™) or, more
generally 41,1 € S(S),

o1 Oy - . 2d¢AdC

= == ) du A = = 9
(1t G2 ) tunelC D). (0=t @
The Weyl algebra W(S) is that associated with the pair (S(S7),0) (see appendix C). The
generators of that Weyl algebras are denoted by W (v), ¢ € S(ST). By definition they do not
vanish and satisfy Weyl relations (or CCR)

(W1)  W(=¢) =W ()", (W2) W)W =YW+ ).

o(P1,12) 1:/

RxS?

W(ST) is uniquely determined, up to (isometric *-algebra) isomorphisms by the requirement
that it is a C* algebra generated by non null elements W () fulfilling (W1) and (W2) (see
Appendix C). The formal interpretation of generators is W (1)) = e?¥¥) 5 (1), W) denotes the
usual symplectically smeared field operator (see appendix C).

Remark 1.2.  Naturalness of the symplectic space (S(31), o) and the associated Weyl algebra
is consequence of the following three facts. (i) o is invariant under the action (6) of BM S group
as proved in Theorem 2.1 [DMPO05], the enlargement of §(3™) does not affect the proof. (ii)
Under suitable hypotheses the Weyl algebra of linear QFT in the bulk identify with a sub algebra
of W(ST). Let us illustrate this point. Let (M, g) be an asymptotically flat spacetime, strongly
asymptotically predictable with respect to V C M. Define § p(My) to be the real linear space
of real smooth solutions ¢ in My, of Klein-Gordon equation (5) which have compact support on
Cauchy surfaces in My, and define the Cauchy-surface invariant symplectic form defined as

o, (01, ¢2) = /Z (¢10ns, P2 — P20y, H1) du%) , for ¢1,¢2 € Sp(My), (10)

¥, C My, being a smooth spacelike Cauchy surface with unit, future directed, normal vector ny

and measure ,u;g ) induced by g. In this context Wp(M;;) denotes the Weyl algebra of the quan-

tum field ¢ in the bulk associated with the symplectic space (S(My;), oar,, ) with Weyl generators
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W, (¢), ¢ € S(My). Proposition 4.1 in [DMP05] reads

Proposition 1.1. Let (M, g) be an asymptotically flat spacetime, strongly asymptotically
predictable with respect to V C M. Assume that both conditions below hold true for the projection
map FM‘./ : Sp(Mf/) S ¢ ((wBQ)_l(b) [+

(a) T, (Sp(My)) C 8(S7),

(b) symplectic forms are preserved by U, that is, for all ¢1,¢2 € $(My),

omy (01, ¢2) = o(Darg é1, Ty, d2) (11)

Then Wp(My) can be identified with a sub C*-algebra of W(ST) by means of a C*-algebra
isomorphism 1 uniquely determined by the requirement

(Wi, () = W(lnm¢), forall ¢ € Sp(My), (12)

By Proposition 4.1 in [DMPO05] the conditions (a) and (b) are fulfilled at least when (M, g) is
the four-dimensional Minkowski spacetime (in this case My = M) : 8(3T) (and thus S(37))
includes the limit ¢ to ST of the rescaled solutions (wpQ)~'¢ of (5) in My and o (¢q,h2) coin-
cides with the limit to 3T of the bulk symplectic form for smooth solutions ¢.
However, it is worth noticing that (S(S1),0) does not depend on the particular (asymptoti-
cally flat and strongly asymptotically predictable) spacetime M whose 3 is the future causal
boundary.

A preferred quasifree pure BM S-invariant state A on W(S ™) has been introduced in [DMP05].
The extent is not affected by the enlargement of 8(37T) to S(ST). Fix a Bondi frame (u, ¢, ().
For ¢ € S(ST) define its positive-frequency part ¢ (with respect to u) as follows:

o060 = [P PR ey e, (19

with 1y (E, ¢, C) := 0 for E ¢ R*. With our enlargement of S(S+) the Fourier transforms in (13)
must be understood as the Fourier-Plancherel transforms (see Appendix D). From proposition
D.1, the right-hand side of (9) can be computed also for positive frequency parties 114, 1a 1
when 11,19 € S(I), provided the derivatives involved in (9) be interpreted in distributional
sense. A Hermitian scalar product arises in the complexified space of positive frequency parts:

(14, 24) = —io(Pry, o) . (14)

Since S(S1) D 8(3T), Theorem 2.2 in [DMPO05] implies that the Hilbert completion H of the
complexified space of positive frequency parts is isometrically isomorphic to L?(R* xS?, dE®eg2)
(no matter the enlargement of §(3™)). In particular

(W14, P2y) = Wz@(ﬂc,?)@w,c,@ dE ® eg2(¢,C), for every pair 1,4 € S(ST). (15)



Since S(S1) D 8(3T), Theorem 2.2 in [DMPO5] implies also that the R-linear map K :
S(3%) 3 ¢ — 14 € H has dense range. Since, by (13) and (14) one also has o (¢1,12) =
—2Im(K11, K1)3), we conclude (see proposition C.2 in Appendix C) that there is a unique pure
quasifree regular state A which satisfies,

AW (1)) = e W9)/2 - for all 4 € S(IT) and where 1) (¢1,v2) == Re(¥1y,924)  (16)

and the GNS triple ($),I1, T) is made of the Fock space $) with cyclic vector given by the vacuum
T and one-particle space }{. The representation II is completely determined by the identity,
valid for every ¢ € S(SF), IL (W (1)) := ¢**¥) where, following notation as in [DMPO05] we write
U(1)) in place of o (1, ¥) for the sake of simplicity. Similarly, regarding the GNS triple of A and
field operators from now on we omit pedices .

Let us pass to focus on BMS invariance of the theory and the state \. We recall the reader
that a state w on a C'*-algebra A is invariant under a faithful representation ¢ of a group G
made of of *-automorphisms if w(F,(a)) = w(a) for every g € G and every a € A. Invariance of
w under [ implies that 3 is unitarily implementable in the GNS representation (), I, T,) of
w and there is a unique unitary representation U : G > g — U, acting on §,, leaving fized the
cyclic vector [Ar99], that is

UgHW(a)UgT =1L, (By(a)) and UyY, =7,, forallpairsge G, acA. (17)

The remaining unitary representations {V,},cq of § which implement the group on $),, may
transform Y up to a phase e’ only. They therefore differ from U for that phase only, it being
VIl (@)Y, = €11, (B,(a)) Yy = e U,Il,(a)Y,. When G is a topological/Lie group there is
no guarantee, in general, for strong continuity of U. Strong continuity would imply, via Stone
theorem, the existence of self-adjoint generators of the transformations of the group which, very
often, have some physical interest.

A group G > g acting on a symplectic space S by means of transformations B, preserving the
symplectic form o, induces a representation § of G made of *-automorphisms on the Weyl algebra
Wso (see theorem 5.2.8 in [BR022]): it is uniquely determined by Bq(W (¢)) :== W (B,-14)) for
every g € G and ¢ € S. We call 3 the representation canonically induced by G.
Concerning W(S), o is invariant under the action (6) of Gpprs and thus the representation «
canonically induced by Gpas (6) on W(S™T) is uniquely determined by the requirement

ag(W () =W (A1) ,  for every g € Gpus and ¢ € S(ST). (18)

« turns out to be faithful. With the extended definition of symplectic space we have the follow-
ing theorem which embodies theorems 2.3 and 2.4 in [DMPO05].

Theorem 1.1.  The state A\ on W(S™) (16) with GNS triple (9,11, T) is invariant under the
representation « of Gpys (6) so that A is independent from the choice of the Bondi frame on
ST wsed in (16). Furthermore the following holds.

(a) The unique unitary representation Gpys > g — U, representing o leaving fized Y, is the



standard tensorialization of the representation U = Ulqgc on the one-particle space H defined
in the Bondi frame on ST used to define X by

I EEAATH(CO)F(ATH(CC)

(Ui 5ye) (B.C.O) = o (BEy (A1(C0), A7), (19)

KA(A71(C, Q)

for every ¢ € L2(R* x §%,dE ® eg2) and Gprps > g = (A, f).
(b) U is strongly continuous when equipping G s with the nuclear topology (see [DMP05]).

Sketch of proof. By direct inspection, referring to (13), from (19) one sees that (i) U™ is unitary

and, if ¢ € S(ST), ¢(+9)(u,g,2) = fR+e_iE“(Ug(1)1ZJ:)(E,Q,Z)\/‘j§—E is well defined and satisfies

(ii) wﬁ;") +w$’) = Ay(1). Let Uy be the tensorialization to the whole Fock space of Ug(l) satisfying
Uy,Y :=7. Using II(W (¢)) = expio (1, V) (see proposition C.2 in appendix C), from (ii) arises
Ugl'[(W(v,Z)))UT =1II (W (A,~1¢)). This proves (a) as well as the invariance of A under a because
U,Y := T by constriction. The proof of (b) is exactly that of Theorem 2.4 in [DMPO05]. O

Remark 1.3. It has been proved in Section 3 of [DMPO05] that, adopting a suitable Wigner’s-
like representation analysis, (Theorem 3.2 in [DMPO05]) the representation U |4¢ is that proper
of a massless particle with respect to the known BMS notion of mass [MC72-75]. (The proof is
completely independent on the enlargement of $(S") adopted here.) This is particularly rele-
vant because this result suggests that also in the absence of Poincaré symmetry the “geometric
notion of mass” which appears in Klein-Gordon equation could have a Schwinger - group theory
interpretation in relation to BMS group for asymptotically flat spacetimes.

1.2. Contents of this paper. In this paper we primarily focus on one of the final issues raised at
the end of [DMPO05]. How is the BMS-invariant state \ unique? In fact, after some preparatory
results given in section 2 section 3 presents an answer to that question based on some peculiarities
of the state A which are examined in the following section. In the practice, first we notice
that A enjoys positivity of the self-adjoint generator of u-translations with respect to every
admissible frame (u, ¢, () on . This fact may be interpreted as a remnant of spectral condition
inherited from QFT in Minkowski spacetime. Moreover we find that every pure state on W(S™)
invariant under u-displacements with respect to a fixed admissible frame satisfies cluster property
with respect to these displacements. Afterwords, in section 3 taking the cluster property into
account, we show that the validity of positivity for the self-adjoint generator of u-translations
in a fived admissible frame individuates the BMS-invariant state A uniquely (without requiring
BMS invariance). As a second result, we show that in the folium of a pure u-displacement
invariant state (like A\ but not necessarily quasifree) on W(S) the state itself is the only u-
displacement invariant state. The proof of the first uniqueness result is essentially obtained by
reducing to the hypotheses of a know uniqueness theorem due to Kay [KaT79].

The second issue considered in section 4 concerns the validity of proposition 1.1 which assures
that the Weyl algebra of a linear QFT in the bulk is isometrically mapped onto a sub algebra of



W(SIT). We know that the hypotheses of proposition 1.1 are fulfilled for Minkowski spacetime or,
similarly, for a strongly asymptotically predictable, asymptotically flat spacetime which coincides
with Minkowski spacetime after a Cauchy surface arbitrarily far in the future. The issue is
important because the existence of the isometric *-homomorphism permits to induce a preferred
state in the bulk by the symmetric state A\. We expect that the preferred state is invariant
under any asymptotic symmetry (including proper symmetries) of the bulk by construction. We
prove in section 4 which the isometric *-homomorphism of proposition 1.1 exists whenever it
is possible to complete St by adding the asymptotic future point % in the sense of Friedrich
[Fri86-88|.

The last section contains some final comments and open questions. The appendices contain
proofs of some propositions and recall general definitions and results about quasifree states on
Weyl algebras.

2 Some properties of A\, W(3") and states on W(3™).

2.1. Positivity, u-displacement cluster property for Weyl-generator. There are two interest-
ing properties of A which were not mentioned in [DMPO05] these are stated in proposition 2.1.

Some introductory notions are necessary. For each admissible frame F = (u,(,() there is a
one-parameter subgroup {U’@ bier of Gpars defining (active) u-displacements: T := ‘J.t(sr) :
(u,¢,C) — (u+t,¢,¢). In turn, the restriction of o (18) to T is a x-automorphism representa-
tion, o) := {ag(ﬂ ber of T, If w is an oP-invariant state on W(S), it satisfies a(P)-cluster
property for Weyl generators if

Jim w0 (W) o (W) =w(WE)w (W) . forall .y’ eSS4, (20)
Proposition 2.1.  The Gpys-invariant state X on W(S™T) defined in (16) enjoys the follow-
ing properties with respect to the one-parameter group o) of every admissible frame F.

(a) The generator HP) of the unitary group {e‘“Hm bier implementing o) leaving fized the
cyclic vector is nonnegative.

(b) X satisfies o) -cluster property for Weyl generators (20).

Proof. 1t is sufficient to prove the thesis for a fixed Bondi frame F. It generalizes to every other
admissible frame ' using the following facts: (i) A is Gparg invariant, (ii) there is g € Gpus
such that agﬁw) = agagg) ag-1 for every t € R, (iii) « is unitarily implementable leaving fixed the
cyclic vector, (iv) unitary equivalences preserve the spectrum of operators.

(a) Construct the state \ referring to the Bondi frame F. In the one-particle space H = L2(RT x
S?) of the GNS representation of \, the self-adjoint operator H, such that (H¢)(FE,(, () :=
E¢(E,(,¢) defined in the domain of the square-integrable functions ¢ such that Rt > E
E¢(E,(, () is square integrable, has spectrum o(H) := [0, +00). By construction, if H® denotes
unique the standard tensorialization of H extended to the Fock space $ with the constraint
HOY =0, H® is non negative by construction, moreover one has e~ % D = T as well as,



from (13)
I ) =11 (W) ) =T (g (W) =11 (o (W)

So that e~tH implements a@ and has nonnegative generator.
(b) Take 1,4’ € S(IT). If ¥, (u,(,¢) := ¢ (u+t,(, (), using Weyl relations, (49), invariance of
A under o/®) and (ii) in lemma C.1, one has

(W) 0l (W) ) = e~ EPEDN W () X (W(W)) - (21)

By (14) and Fubini-Tonelli theorem: (K1, Kv}) = [, dEe™F [, v (E, C,Z)JZF(E, ¢, Qes2(¢, Q)
and the internal integral defines a L'(R™,dE) function of E. Riemann-Lebsgue lemma implies
that (K1, K1) vanishes as t — +00 so that (20) holds true from (21). O

Remark 2.1.  Consider QFT in Minkowski spacetime M* built up Minkowski vacuum Y pgs
and QFT with Weyl algebra W(M*) on 3 referred to A = Y. If a Bondi frame (u, ¢, () (which
can be fixed to be a Bondi frame) on 3T is associated with a Minkowski reference frame in
the bulk, u displacements are in one-to-one correspondence with time translations respect to
the Minkowski frame. More precisely, by Theorems 4.1 and 4.2 there is the unitary equiva-
lence U which unitarily implements, in the respective GNS Hilbert spaces, the *-isomorphisms
1 W(M*) — W(3) arising from proposition 1.1 (Proposition 4.1 in [DMP05]), mapping Y
into Y. Under the unitary equivalence U the self-adjoint generator of time displacements of
the Weyl algebra in the bulk is transformed to the self-adjoint generator of u-displacements for
the Weyl algebra on W(3™T) and hence the spectra of those operators are identical. Finally, as
discussed in [DMPO05], changing Minkowski frame by means of a orthochronous Poincaré trans-
formation is equivalent to passing to another admissible frame (in general not a Bondi frame)
by means of a suitable transformation (2)-(3). These changes preserve the interplay of time
displacements and u-displacements. We conclude that positivity of u-generator for QFT on ST
refereed to A, valid for every admissible frame on 3 is nothing but the spectral condition of QFT
in Minkowski spacetime referred to Minkowski vacuum for the free theory in M?. In Minkowski
QFT the spectral condition is a stability requirement: it guarantees that, under small (exter-
nal) perturbations, the system does not collapse to lower and lower energy states. In this way,
we are naturally lead to consider positivity of u-displacement generator with respect to every
admissible frame on 3T as a natural candidate for replacing the spectral condition in QFT on
3T also when S itself is not thought as the null boundary of Minkowski spacetime.

2.2. Asymptotic properties, extension of cluster property. The proof of proposition 2.1 yields,
as a byproduct, a general property of (W(S),0), i.e. asymptotic commutativity. The proof of
the following proposition is in Appendix A.



Proposition 2.2.  For every admissible frame F the following facts are valid.
(a) a¥-asymptotic commutativity holds:

, liin [agg)(a) , b} =0, foralla,be W(ST). (22)

(b) Letw be a pure (not necessarily quasifree) state W(S1) with GNS representation (9., [y, To)
and assume that there exist a unitary group U implementing o'®) on $,. Then w satisfies
o) -weak asymptotic commutativity:

w- lim UF)AUF’T,B] —0, for all pairs A € TL,(W(ST)), B € B(H.,) (23)

where B(9,,) is the space of bounded operators on £, and w-lim denotes the weak operatorial
topology limit.

To conclude this technical subsection we give a final proposition which extends a@_cluster
property to the whole Weyl algebra giving also another related property. If ¥ is a Bondi frame on
3, we say that a state w (not necessarily quasifree) on W(ST) satisfies a(%)-cluster property
(in the full-W(3™) version) if

Jim_w(a P () = w(a)w(d), for all a,b € W(S). (24)
Proposition 2.3.  Let F be an admissible frame on ST and w a pure (not necessarily quasifree)
state on W(S) with GNS triple (9,11, Yy). If w is P -invariant the following holds.
(a) w satisfies aP) -cluster property.
(b) If A € TI,(W(S)) and UP) is a unitary group implementing o'%) on $,, one has

w- lim U AU = (1, AT . (25)
Proof (a) is an immediate consequence of (b) when writing the statement (a) in the GNS space
H,, using GNS theorem, with A = I1,,(a) and B = II,(b). To prove (a), take B € II,(W(ST))
and @ € 6. If A, = UD AU and Py = |To,)(T.| we have

(®, BA,Y,) = (B'®, [A;, P)]Y,) + (BT®, PyAY,) = (BT®, [Ay, Po]To) + (@, BY (Yo, A TL) .

The second term on the right-hand side is noting but (®, BT, )(T,, AY,) because w is %)
invariant, whereas the first term vanishes by weak asymptotic commutativity. By asymptotic
commutativity we also get limy_, oo (®, Ay BY ) = limy—, 1 oo (P, BA,Y,,) = (@, BY,)(Ty,, AY,).
Since {BY,} is dense in 9, for every ¥ € §, and € > 0, there is B, € II,(W(S™)) with
||BeY,, — V|| < €. Therefore, if (A) := (Y, AY,), it results that |[(P, A, V) — (A)(P, V)| is
bounded by [(®, A;BYy) — (AN®, BY,)| + (@, Ay(V — B.Y,,)) — (AN(®, (¥ — B.Y,))|- The
first term tends to 0 as t — 400, whereas the second is bounded by €||®|| | [|A¢| + [(A)| | =
e||®|| |||A]| +|(A)||. Finally, with the procedure based on standard properties of lim sup, lim inf
used in the proof of proposition , one obtains lim;_, 4 oo (®, A, ¥) = (Y, AL, ) (P, ¥). O
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3 The uniqueness theorem.

3.1. The uniqueness theorem. Making profitable use of cluster invariance, we are able to estab-
lish that A is the unique quasifree pure state on W(S™) which is a¥) invariant for an, arbitrarily
chosen, admissible frame F and it has nonnegative self-adjoint generator for the unitary imple-
mentation of a(®). No requirement about the full BMS invariance is necessary. Moreover,
dropping the quasifree hypotheses, we show that in the folium? of a pure a¥-invariant state
on W(S) the state itself is the only a!-invariant state. Below “BM S-invariant” for a state
means “invariant under the %-automorphism representation o (18) of Gpars”.

Theorem 3.1.  Consider an arbitrary admissible frame F on S7.
(a) The BMS-invariant state \ defined in (16) is the unique pure quasifree state on W(S™)
satisfying both:
(i) it is invariant under o7,
(ii) the unitary group which implements a9 leaving fized the cyclic GNS vector is strongly
continuous with nonnegative generator.
(b) Let w be a pure (not necessarily quasifree) state on W(S™) which is BM S-invariant or,
more weakly, o' -invariant. w is the unique state on W(ST) satisfying both:
(i) it is invariant under o7,
(ii) it belongs to the folium of w.

Remarks. (1) The condition (ii) in (a) is equivalent to the requirement that there is a strongly-
continuous unitary group {e‘“Hm }ier implementing a(®) | such that inf o(H)) > (T, HO)T),
T being the cyclic GNS vector.

(2) From a general result in the appendix C, strong continuity for the unitary group imple-
menting a(¥) leaving the cyclic vector unchanged for a state w is equivalent to continuity at 0

of RSt w (W(w) a@(W(w’))) for all ¥,9' € S(3).

Proof of theorem 3.1. (a) Consider a state w invariant under a one-parameter group of *-
automorphisms a(%), supposing that F is a Bondi frame, and let us indicate by {Ut(?)}teR
the unique unitary group which implements «(*) leaving the GNS cyclic vector T, fixed.
From now on we represent wavefunctions in coordinates (u,(,() of F. Since w is quasifree
on has II,(W(¢)) = ¢™¥«(®) and thus, in particular, for every z € R, Ut(gjeiq’w(rw)Uﬁ?Tw =
Ve @)Y where ¥y (u, ¢, C) == p(u +t,(,C). Using the fact that UE? T, =T, and applying
Stone theorem, it results Ut((f) al (K, )Y, = a’ (K, )Y, In other words the one-particle space
H,, is invariant under Ut(?) and its restriction to I, VI := U |4 is unitary as well. Ten-
sorialization of V(?), assuming also invariance of Y,, produces a unitary representation of a
which leaves Y, invariant and thus it must coincide with U . As a consequence we can restrict

2The folium of an algebraic state w is the convex body of the states which are representable by means of either
vector or density matrices in the GNS Hilbert space of w.
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our discussion to the one-particle space H,,. The fact that the U¥) is strongly continuous with
positive self-adjoint generator implies that V(%) is strongly continuous with positive self-adjoint
generator H,,. Notice also that, if 14 (u, ¢, () := ¥ (u+t,¢, (), by construction, Vt(gj K, = K,y
for every t € R and ¢ € S.

Now consider the triple (K, H,,, V%)) associated with w (where K, : S(3T) — 3, is the func-
tion in lemma C.1 and proposition C.2) and the analog for A, (K, X, V(gj). We want to reduce
to use the following remarkable result due to Kay [Ka79].

Lemma 3.1.  Let Ws , be a Weyl algebra equipped with a one-parameter group of x-automorphisms
B = {Pi}ter canonically induced by a one-parameter group of transformations B = {Bi}ier of

S preserving the symplectic form o. Suppose that, for k = 1,2, there are triples (K, Hy, Vi)
where: Hy, are complex Hilbert spaces, Ky : S — Hy, and Vi, = {Vi ¢ her are strongly continuous
one-parameters groups of unitary operators on Hy. Suppose that the following holds as well.

(a) Ky are R-linear with dense range and o(¢, ") = —2Im (K, Kgi)')g¢, with 1,9’ € S.

(b) Vi1 Kptp = KBy for everyt € R and ¢ € S.

(¢) The self-adjoint generators Hy of Vi, have nonnegative spectrum.

(d) RanHk = U‘Ck.

With these hypotheses there is a unitary operator U : Hi — Hy with UK = Ko.

Notice that (2) of proposition C.2 implies that, under the hypotheses of lemma 3.1, the pure
quasifree states w; and wy, respectively individuated by (K7,H;) and (K3, Hy), must coincide.
Turning back to the proof of theorem 3.1 , the triples (K, H,, V) and (K, H, V) satisfies
hypotheses (a) by lemma C.1 and (d) in proposition C.2. (b) and (c¢) hold true by construc-
tion/hypotheses for w and by proposition 2.1 for w. To conclude the proof of theorem 3.1 it is
now sufficient to establish the validity of (d), i.e. that RanH, = H, and the analog for the
generator H of V). Since H,,, H are self-adjoint, it is equivalent to prove that KerH, = {0}
and KerH = {0}. It is trivially true for the generator H (see the proof of proposition 2.1). Let
us prove that KerH, = {0} from cluster property, which is valid for w due to (a) of proposition
2.3. Dealing with as in (b) in the proof of proposition 2.1 one obtains

w (W) o (Ww))) = e Bt oty (W () w (W) - (26)

Since w (W (¢))) = e H@¥)/2 £ for every 1) € S(IT), (26) together with cluster property,
imply that e~ (Kwt Kut) — 1 a3 ¢t — +00. In other words for every € > 0 there is T, € R with

(Koh, Kutt) € | Be(2min), if t > T,
nez

where Bs(¢) := {z € C| |z — (| < §}. However, the map (T, +o0) > t — (K, i, K, ;) =
<szp, e tHo ) o) > is continuous with connected domain and thus it must have connected range.
Hence, if € is small enough, the range is contained in a single ball B¢ (2miny ). In turn, it implies

: 1 —itH,,
tlg—noo 5 (Ko, e "MK )y =nyw € Z, forall 9,9 € S(ST).
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Linearity in v implies that 14 4 = angy v € Z for every a € R. Since ny, 4 € Z, it it is possible
only if ny g = 0 for all ¥,9 € S(3F) and hence: (K, ¢, e e K ¢") — 0 for all ¢, € S(ST)
if t — 400. The result extends to the whole space H,,. Indeed, if ¢ € H,,,

(6, e "M Kp')| < |[(Kutp, e ™ Kby | 4 [((6 — Kut), e K i)

T =1,

now, using ||e

0 < [{¢, e K| < [(Kutp, e Koy))| + 116 — Kol Ko'|] -
As a consequence, for every sequence {t,} with ¢, — +00 as n — +o00 and for every ¥ € S(ST),

0 < liminf | (Kuth,e ™ Koo' | < limsup | (Ko, e " Ko!) | < 16— Kuwlll[Ko/|]
n—-+oo n—+400

As RanK,, = H,,, we can take K 1 — ¢ in order to conclude that, for every ¢ € H,, and every
P e S(ST) <gz5 e itHo ¢ ¢> — 0 as t — +o00. Making use of the identity <<;5 et |¢ 1/1’> =
< ”qub sz/f > and employing the same procedure, the result extends to the right entry of the
scalar product too. Summing up, cluster property yields

Jim (p,e”MMog/y =0, forall ¢,¢' € I, (27)

It is now obvious that, if there were ¢g € KerH,,\{0} one would find <¢0, e HtH ¢0> = (¢o, do) #
0 so that (27) and cluster property, valid by proposition 2.3, would be violated. Therefore

KerH, = {0}.
Finally, we pass to consider the case where J in the hypotheses is not a Bondi frame. Let ¥y be
a Bondi frame. There is g € G s such that, for every t € R, aig) = agag%)agq. The state

w' such that w'(a) := w(agy(a)) is invariant under a%0) by construction. By direct inspection
one sees that the GNS triple of w’ is (7, Ly, Tor) = (9w, Ly, 0 g, Ty,). As a consequence, if
{U; }+er implements o) for w leaving Y, invariant, it also implements (70 for w’ leaving fixed
Y., = Y. Since, by hypotheses {U; };er is strongly continuous with positive generator and F
is a Bondi frame, we can apply the result proved above for Bondi frames obtaining that w’ = A.
That is wo oy = A. Since A is BM .S invariant, we have that w = Ao a1 = A

(b). Let ($,I1,,Y,) be the GNS triple of a state w as in the hypotheses. A generic element
in the folium of w is a positive trace-class operator p :  — $ with trp = 1 and has spectral
decomposition p = >, pi|¥;)(¥;|, where p; > 0 and >, p; = 1. If p # X (ie. p# |T)(Y]) and
pis a'%) invariant, the operator Ps-pPs-/tr(pPg-) (Ps- denoting the orthogonal projector normal
to Ty is another well-defined o(¥)-invariant state in the folium of w. Therefore, without loss of
generality we assume that each W; in p = >, ; p;|¥;)(V;| satisfies (Y, ¥;) = 0 and we prove
that every p; must vanish whenever p is invariant under o¥). Take A = IT,(a) with a € W(3)
and let A; := Hw(aggj(a)). Since both w and p are a(?) invariant, one has:

_ W2 = i e 2
tr(p|ATw><ATw‘)_tr(p|At AtT ‘ sz \I’uAt ‘ —tl}_’moozsz\PuAtTwH

el el
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— I . . . 2 _ 3; . . 2 _
_tlzinoo;pz|<‘ljuP0AtTw>+<\Ijz>[At7P0]Tw>| = lim ;sz‘Ifu[AtaPO]TwH =0

In the last step we used (¥, [As, Py]Yw) — 0 as t — +oo due to weak asymptotic commuta-
tivity of the state w and we have interchanged the symbols of series and limit using Lebesgue
dominated convergence for the measure which counts the points of I, using the ¢-uniform bound
| pil (¥, [Ar, Po)Y)|? | < pi2||al| and noticing that Y, 2||a|lp; = 2||a|| < +oo0 by hypotheses.
Since {AY,,} is dense in § and 0 = tr (p| AY,)(AY,]) = > ;) pil (s, AYL)|?, using a procedure
based on Lebesgue’s theorem again, one finds that [(¥;, U;)| = 0 and thus ¥; = 0 for every i € I
as wanted. (b) has been proved. O

4 Algebraic interplay bulk - S in the presence of i™ and induc-
tion of preferred states.

Proposition 1.1 assures that the Weyl algebra of a linear QFT in the bulk is isometrically
mapped onto a sub algebra of W(3™) provided some hypotheses are fulfilled. We know that the
hypotheses of proposition 1.1 are fulfilled for Minkowski spacetime or, similarly, for a strongly
asymptotically predictable, asymptotically flat spacetime which coincides with Minkowski space-
time after a Cauchy surface arbitrarily far in the future. However the proof of the validity of
these hypotheses given in [DMPO05] exploited the fact that the causal (Lichnerowicz’) propaga-
tor of the massless Klein-Gordon operator is strictly supported on the surface of the lightcone.
It is known that, in general curved spacetimes the support includes a ”tail” supported inside
the lightcone (this is equivalent to the failure of Huygens principle barring for “plane-wave
spacetimes”) [Gii88, Fr75]. In the following we show that actually the relevant hypotheses of
proposition 1.1 and its thesis hold true also for another class of spacetimes which are flat at null
infinity but not necessarily at space infinity and admit future time completion it (Minkowski
spacetime is one of them). The existence of such spacetimes in the class of vacuum solutions of
Einstein equations was studied by Friedrich [Fri86-88] (actually his approach concerned space-
times with past time completion i~ but the re-adaptation to our case is immediate). Recasting
the definition in [Fri86-88] in a language more useful for our goals, we have:

Definition 4.1. A time-oriented four-dimensional smooth spacetime (M,g) which solves
vacuum FEinstein equations is called asymptotically flat spacetime with future time in-
finity i if there is a smooth spacetime (M,g) with a preferred point i™, a diffeomorphism
Y M — (M) C M and a map Q : (M) — [0,400) so that § = Q>*g and the following
facts hold. (We omit to write explicitly ¢ and ¥* in the following).

(1) J(i") is closed and M = J~(iT) \ 8J (i*) (topology and causal sets being referred to
(M, ). Thus M = I—(it), it is in the future and time-like related with all the points of M
and OM = ST U {it} where St :=9J_(i") \ {i*} is the future null infinity.

(2) M is strongly causal.

(3) Q can be extended to a smooth function on M.
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(4) Qay_i+)=0 but dzx) # 0 for x € ST and dQ(i™) = 0 but V.V, Q%) = —2G,,(iF).
(~5) For a strictly positive smooth function w defined in a neighborhood of S which satisfies
Vu(w‘ln”) =0 on ST, the integral curves of w™'n are complete on I U S™.

Remark 4.1. (1) In [Fri86-88|, interchanging i ™ with i~ the spacetimes defined above were
called vacuum spacetime with complete null cone at past infinity.

(2) As in the case of asymptotic flat spacetime at null and space infinity, the requirement that
(M, g) satisfies Einstein vacuum equations can be relaxed to the requirement that it does in a
neighborhood of 3 as far as one is interested in the geometric structure of 3.

(3) The conditions (4) and (5) were stated into a very different, but equivalent, form in [Fri86-88].
In particular the last condition in (3) is the non degenerateness of the Hessian V,V,Q(i*), which
implies V,V,Q(i*) = ¢g,,, (i7) for some ¢ < 0 (¢ > 0 in [Fri86-88] due to the use of signature
+ — ——.) We fixed the value of the constant ¢ in analogy with def.B.1, since global rescaling of
Q are irrelevant. With our choices the null vector VA is future directed along S.

In comparison with the analog definition B.1 for asymptotic flat spacetime at null and space

infinity we notice that, replacing i° with i, the property (5)(a) is now automatically fulfilled
since g, differently from %, is now smooth at 7. Therefore the topology of 37T is once again
R x S2. Thus dealing with as for the analogous analysis performed in [Wa84] for asymptotically
flat spacetime at null and space infinity, the parts in condition (4) and (5) referring to S,
together with the fact that (M, g) satisfies vacuum Einstein equations (in a neighborhood of 3
at least) assure that S is a smooth null 3-surface made of the union of complete null geodesics
with respect to the metric w§ and that these geodesics are the integral curves of w~'n. The
gauge transformations (1) and the BMS group have exactly the same meaning as in the case
of asymptotically flat spacetime at null and space infinity. One can introduce the preferred
gauge wp, Bondi frames and admissible frames once again. Therefore BMS-invariant Wayl QFT
based on (S(31),0) (with the preferred BMS invariant state ) can be recast as it stands for
asymptotically flat spacetime with future time infinity too.
We come to the main result of this section. Let (M, g) be a globally hyperbolic asymptotically
flat spacetime with future time infinity spacetime, Define 8 p(M) to be the real linear space of
real smooth solutions ¢ in M of Klein-Gordon equation (5) which have compact support on
Cauchy surfaces in M and define the Cauchy-surface invariant symplectic form defined as

o (b1, da) = /E (6100 b2 — G20 d1) Al for @1, do € Sp(M), (28)

3. C M being a smooth spacelike Cauchy surface with unit, future directed, normal vector ny
and measure ,ug ) induced by g. In this context Wp(M) denotes the Weyl algebra of the quan-

tum field ¢ in the bulk associated with the symplectic space (8(M), o) with Weyl generators
W (9), ¢ € $(M).

Theorem 4.1.  Let (M, g) be an asymptotically flat spacetime with future time infinity. Sup-

pose that in the associated unphysical spacetime (M, §) there is a open set V.C M with M C V
and (V,g) globally hyperbolic. Then the following facts hold.
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(a) (M, g) is globally hyperbolic.

(b) the projection map Tr @ Sp(M) 3 ¢ — ((wpQ)™'¢) Ig+ is well-defined and satisfies
Ta(8p(M)) C S(ST).

(c) The symplectic forms are preserved by T pr, that is, for all ¢1,pe € Sp(M),

oy (p1,92) = o(Cardr, Tmge) - (29)

(d) Wp(M) can be identified with a sub C*-algebra of W(S™) by means of a C*-algebra isomor-
phism v uniquely determined by the requirement

(W (o)) =W([Tnme), forall p€8p(M). (30)

and thus, in particular, the state A on W(S) induces a quasifree state Ay on the field algebra
of the bulk Wp(M) by means of

Au(a) == A(a)), for everya € Wp(M) . (31)

Proof. Without loss of generality we assume V = M. We need a preliminary result given by the
following lemma.

Lemma4.1.  Consider a set K C M. With obvious notations one has J~ (K; M) = J~(K; M)
and JY(K; M) = JH(K; M)N M.

Proof. To prove the identities, notice that every M-causal curve completely contained in M is a
M-causal curve by construction therefore J~ (K; M) C J~(K; M) and J*(K; M) c J*(K; M)N
M. To go on, in the former case suppose that there is s € J~(K; M) with s & J~(K;M). s
must belong to an (at least continuous) M-causal past-directed curve 7 : [0,1] — M from q € K
to s including points not contained in M. Since v(0) = ¢ € M, the point © = v(t,) such that
tp, = sup{t € [0,1] | y(u) € M ,for u € [0,t]} must belong to M = J~(i*; M)\ I~ (it; M). No-
tice also that, by construction (¢ € M = I~ (i*; M)) there must be a past-directed M-timelike
line o from it to q. If 2 € J=(iT; M)\ I~ (it; M) any (continuous) causal curves from it to z
must be a portion of a smooth null a geodesic (Corollary to Theorem 8.1.2 in [Wa84]). In the
considered case however, the continuous causal curve obtained by joining 7" and v up to z is a
continuous causal curve and it is not a portion of a null geodesic by construction. We conclude
that s cannot exist and J~ (K; M) = J (K; M) In the latter case, suppose that s € M satisfies
s € JH(K;M)buts ¢ J*(K; M). There must be at least one past-directed M-causal curve from
s to p € K containing points in M \ M. In particular as before there is a past-directed causal
curve 7y from s € I~ (i*; M) toxz € 0J (it M) and, in turn, there is a timelike past-directed
curve from it to s. By construction, the past-directed causal curve obtained by joining " and
~ fails to be a null geodesics so that s cannot exists and thus J*+(K; M) = J*(K; M)N M. O

Proof of (a). Since M is globally hyperbolic J*(p; M) N .J~(¢; M) is compact (Theorem 8.3.10

[Wag84]). But one also has by lemma 4.1 J*(p; M) N J (¢; M) = JT(p; M) N J (¢; M) =

(Jt(p; MYNM)NJT (¢;M)) = J*(p; M) N J~(g; M) which, in turn is compact as well. This is

16



enough to establish that M is globally hyperbolic, it being strongly causal (see Remark at the
end of Cap. 8 of [Wa84)).

Proof of (b). Now we pass to consider causal (Lichnerowicz) propagators E := D_ — D, [Di96],
A and R being respectively the advanced and retarded fundamental solutions associated with
Klein-Gordon operator P in a globally hyperbolic spacetime N. Dy : C§°(N) — C*°(N) are
uniquely defined by the requirements that (i) they have the indicated domain and range, (ii)
for every f € C§°(N), one has P(Dyf) = f with (ili) Dy f, D_f respectively supported in
Jt (suppf) and J~ (suppf). Now exploit the fact that (see Appendix D of [Wa84]) in M — where
Q > 0 is smooth — the following identity is fulfilled

1 -~ o~ 1 -
Q—3(_gﬂllvuvu + 6R)¢ — (_gﬂl’vuvy 4 ER)Q_I(b

and that, by lemma 4.1, J~ (suppf; M) = J~ (suppf; M) and J* (suppf; M) = J+ (suppf; M) N
M. In this way one easily gets that, if f € C§°(M) and with obvious notation,

Qz) "N (Ef) (z) = EQ73f)(z), forevery z € M. (32)

|

The proof of item (b) is obtained by collecting together the following three lemmata and taking
into account that the standard measure of S? used in the definition of §(37) is finite.

Lemma 4.2. Tys¢ is well defined and is a smooth function on ST for every ¢ € Sp(M).

Proof. Consider a smooth solution ¢ in M of the equation P¢ = 0 (5) with compactly sup-
ported Cauchy data, i.e. ¢ € Sp(M). Then As (M, g) is globally hyperbolic [Wa94], there is
CS°(M) with ¢ = Ef. Since Q7 3f € C(M) C C$(M) we may also consider the solution
b = E(Q3f) which is smooth and well defined in the whole globally hyperbolic spacetime
(M, ) and in particular on S U {i*}. Due to (32) one has o(x) = QY (z)p(x) if 2 € M. This

proves Q7 '¢ extends to a smooth function on M and in particular to . Since wp is smooth
and strictly positive in a neighborhood of &, the analog holds considering (wp)~t¢. O

Lemma 4.3. Referring to a Bondi frame (u,(,¢) on St and representing supp(T pr¢) in
those coordinates, if ¢ € Sp(M) there is Qg € R with supp(Tar¢) C [Qgp, +00) x S?.

Proof. Consider a Bondi frame (u,(,{) on ST, with u future oriented, and ¢ and f as above.
wlyo = (EQ73f) Id= (D_Q73f) 1§ —(D+Q73f [ However (D_Q73f) [§{= 0 because
I~ (supp(Q3f); M) = J~ (supp(Q3f); M) € M =T~ (i*; M).

Hence supp(Ta¢) = supp(w™'D_Q73f) N St = supp(D_f) N ST (in fact Q~3f and f have
equal support and w > 0 on §). Since suppf is compact, there is a Cauchy surface ¥ for M
in the past of suppf and in the past of i T and supp(T'ar¢) = supp(D_f) NS by consequence.
Since ¥ and St U {it} = 9 (it; M) are closed, S = dJ~(it; M)NYE = I+ N'Y is such. The
coordinate function v : S — R is smooth and in particular continuous so that it is bounded
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below on S by some real ). The same uniform bound holds for the u coordinate of the points
in supp(Tpré) = supp(D—_f) NS, since u is future oriented and those points are in the future
of 5. O

Lemma 4.4.  Referring to a Bondi frame (u,(,() on ST, if ¢ € Sp(M), for p=0,1, there is
ug € R sufficiently large and Cy,, My, > 0, such that, if u > ug and for every (¢,() € S?

- M
‘85(FM¢)(%C’O‘ < WILH .

Proof. Since M is globally hyperbolic, it is strongly causal. Consider a sufficiently small
open neighborhood U of i™ which is the image of exponential map centered at i+ and con-
sider (U, §) as a spacetime. Strongly causality for M implies that I~ (iT;U) = I~ (i*; M) N U.
Therefore UN(STU{it}) = UNAI—(it; M) =W (I~ (it; M)NU) = 0T~ (it;U) (the topo-
logical boundary dV) being referred to the topology of U). The structure of 91~ (it;U)
is well known (Theorem 8.1.12 in [Wa84]): it is made by the past-directed null geodesics
through i*. Now consider Riemannian normal coordinates centered at iT: z = (2%,x) with
x := (2!, 2%, 23) and defined in U above. From now on ||x|| := /(21)2 + (22)2 + (2?)2 and || :=
V(29)2 + (21)2 + (22)2 + (23)2. In these coordinates St U {i*} is the conical set —2% = ||x||
and any geodesic through i is a straight line z#(t) = ¢/t for t € (—¢,€) and ¢** € R constants.
From now on we describe the portion of 3t U{i*} in U by means of coordinates (z', 22, 23) € V
where V' C R? is open and bounded. We are explicitly assuming that V > (0,0,0) corresponding
to the tip of the cone i™ where a conical singularity arises (37 U {i*} is not a submanifold of
M whereas 3t is). By direct inspection one sees that:
if f @ M — R is smooth, its restriction to ST represented in function of x, flq+ (x) =
F(=lIx|],x), and O, f g+ (x) are smooth and bounded on V '\ {(0,0,0)} fori=1,2,3. Bound-
edness generally fails for higher derivatives due to singularity of ||x|| a the origin.

Now consider an integral curve of VX, that is a solution of

(0%
% = §*P950(x(\)) = —82* + 0% () .

where we have used the conditions dQ(i™) = 0 and 9,95Q(i") = —2ga3(i") and the functions
0% satisty O%(x)/|z| — 0 as |z] — 0. As a consequence of standard theorems on dynamical
systems, z = (0,0,0,0) is a stable stationary point (the map z +— |x|? being a Liapunov function
for i) and thus, for every ¢ > 0 there is § > 0 such that such that the integral lines satisfy
|x(N)] < € if |x(0)| < . Multiplying both members of the differential equation for ¢, summing
over a, and dividing for |z()\)|? the result, one finally gets:

dlnja(V]* Oz(z(N))
oo e [z(A)]

with Oy(x) enjoying the same behaviour as O§ about x = (0,0,0,0). Thus |Oa(z(N))|/|z(A)| can
be bounded from above by any arbitrarily small real 27 by taking the above-mentioned § = 24,
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small enough. With this estimation one gets, taking initial conditions with |2(0)| < d,,:
lz(\)| < 26, EA (33)

VHQ) is a null vector tangent to I (it can be seen by eq.(36) by multiplying both sides by Q
and considering the limit as Q = 0 i.e on ). Therefore integral lines with initial condition on
3T belong to I entirely. In this case (33) produces, taking initial conditions with ||x(0)|| < 4,

x| < [Ix(0)[Je= B> = g, e~ B (34)

We come to the main issue. Let us consider a smooth function ¢ : M — R, in particular the
solution of Klein-Gordon equation in (]\Zf ,§) (which extend Q7 1¢, ¢ being an associated solution
in (M,g)) considered. We want to evaluate the behaviour of wglw [g in a neighborhood of 7™
To this end we consider one of the above integral lines and the function (to be evaluated as
A — +00)
wr(x(\) " lar (x(V)

Barring re-arrangements in the cross section of 3T, wp is defined, along the considered integral
lines, by the equation (1.1.18) of [Wa84]

dop(x(})  1§"V,QV,Q r
a2 Q x()
So that we have to study the behaviour at A — o0 of

A G*VLQvLQ

wp(x(N) = wp(x(0))e 3o T o dY (35)

The integrand is only apparently singular (2 = 0 on 3*!) and it must be evaluated using
vacuum Einstein equations for g R, = 0 valid at least in a neighborhood of 3 and employing

the conformal relation between Ricci tensor of g and that of g

QR = QR + 2V, V, Q2 + 3,05 (Vo VQ — 3Q71V,QV50) (36)
Eq. (11.1.16) of [Wag84]. For Q =0 (i.e. on 3T) one finds
[gr= "'V, V. Q13 (37)
The right hand side tends to —8 as the argument approach i because of the condition on i,

?“@VQ(Z'JF) = —2¢,,(i1). Using this result in (35) and (33) we conclude that, for every ¢ > 0 we
can choose a sufficiently small ball Bs, about x = (0,0,0) containing all integral curves starting

at ¢t = 0 inside this ball and such that, on these curves, for A > 0, |8 + m| < e so that
wp(x(0)M) < wx() < wp(x(0)NF (38)
(4= wp(x(0)eX ) < BED < (44 wp(x(0)eX ) (39)
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Let ¢ : M — R the solution of Klein-Gordon equation in (M, §) (which extend Q~1¢, ¢ being
an associated solution in (M, g)), if [¢ |4 (x)], |09 [ (x)] < My < +oo in the considered

ball Bs, about x = (0,0,0) (and such a M does exist as discussed at the beginning) and
1§%050(x(N))| < N < +oc in By, (38) and (39) entail, for every A > 0:

() OIS (k)| € e, (10)
o)L X My(4+€+3N) o~ M4-30)
o (W) IS (x(V)) ) . (41)

To conclude we extend similar estimations to the case where the parameter of the integral
curves is the coordinate u of a Bondi frame. In this case the vector field to integrate is
wi'(x(\)§*?95Q(x(N)) so that, along every curve du/d\ = wp(x(\)). As a consequence, inte-
grating that equation making use of the estimation (38), one has in particular

o A(E+0) wp(x(0))
S A rou—wsx(0)B 1o (42)

AS a consequence

PIE () M,

‘ w(x(u)) ‘ : (4+ e)u — wp(x0)(3+¢€) (43)
Moreover
i w(x(w) 1T (x(u :# i w(x Lt (x Mw(4+€+3N)e_)\(4_3E)
(ol )| = ks [ et (e < MO

so that, by (38)

d 1ot My(44+€e+3N) s My(d+e+3N) _\utq
- ¥ < < ,
du (W(x(u)) ¢r\y (X(u)))‘ — WB(XO)z € - WB(XO)2 c
Using (42) one finally achieves
d Y1 (x(u)) My(4 + €+ 3N)

(44)

du  w(x(u)) ' ~ wp(x0)[(4 + €)u —wp(x0)(3+€)]

Consider a ball B, centered in x = (0,0,0) with radius r < d,, so that all the estimation above
are valid for the considered integral curves provided x(A = 0) € 0B,. Using a the Bondi frame
(u, ¢, C), the coordinates (¢, ) simply parametrize a class of the integral curves x = x(u, ¢, ().
%0(¢, ¢) is the point along the curve which belongs to dB,.. In global coordinates (u,(,() on I
the sphere 0B, is represented as some compact surface with equation u = b(¢, (). For u > b(¢, ()
the integral line x = x(u, (,() is completely contained in B, and thus (43) and (44) are valid.

Since wp is smooth and strictly positive, it attains minimum A > 0 and maximum B > 0 on
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the compact smooth manifold B,. As a consequence, inside B, i.e. for v > B and uniformly in
¢, es*

vIg (6,0 My

wp(u,¢,¢) ‘ = (4+€)u— BB +e) (45)
0 Y1 (w.¢,Q) My(4+ €+ 3N)

ou wp(u,(,C) ‘ = Al(4+ e)u — B(3 + €)] (46)

These relations leads immediately to the thesis. O

Collecting together lemmata 4.2, 4.3 and 4.4, one sees immediately that, if ¢ € Sp(M), T'p¢
is smooth and belongs to L?(R x S2, du A es2((, ¢)) together with its u-derivative because they
have support included in a set {(u,(, ) € R x S? |u > Q} for some Q < 400, decay sufficiently
fast as u — +o00 and, finally, S? has finite (factor) measure. In other words I'j;¢ € S(ST). This
ends the proof of (b). O

Proof of (c). Consider ¢1,¢2 € Sp(M) and a smooth spacelike Cauchy surface ¥ C M. If
K C S is compact and includes Cauchy data of ¢; and P2, consider an open neighborhood
OCYO0DK,V :=J+(; M)N M(che closure being referred to M) includes the support of ¢,
and @5 in the region between ¥ and ST U{i*}. One can arrange in order that the portion of 9V
which does not intesect ¥ and 3 U {i*} is smooth. Notice that ¢; and ¢;/Q vanish smoothly
on that portion of the boundary. By direct inspection one finds that, if o/ is defined as in (11)

om(¢1,d2) = /2 (105 — Y20an1) A

where, now, everything is referred to the unphysical metric g = 02g and v¥; := Q1¢;. These
fields are well defined solution of Klein-Gordon equation on M and the right-hand side of the
identity above coincides with the integral over X of the 3-form locally represented by

1 — oo )
Xo1.62 =~ |313° (1105102 — 20591 €apudz® A dz' A da”

(€apuv is the sign of the permutation aBuv of 1234 or €,3,,, = 0 if there are repeated numbers
in afur.) We can use the divergence theorem for the form w with respect to the region V. As
is well-known the fact that ; satisfies Klein-Gordon equation implies immedediately that the
divergence of w vanishes. Since the boundary terms which are not evaluated on ¥ and ST U{it}
do not give contribution, the theorem of divergence reduces to the statement

om (o1, d2) 2[\

S

Xo¢1,02 (47)
+

we have omitted i since it has negligible measure (as is known an isolated conical singularity at
the tip of a cone is too weak to create troubles with integration of smooth forms) and we assume
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orientation on S compatible with time orientation. It is known [Wa84] that ST, Q, u, 0, ¢ form
a coordinate system in a full neighborhood of 37, 6, ¢ being standard coordinated on S? and
that coordinate frame reduces to a Bondi frame on 3% for Q = 0 with ¢ = €* cot(6/2). In these
coordinates ((11.1.22) in [Wa84], noticing that the metric therein is our w%g)

e —dQ @ du — du ® dQ) + df ® df + sin? 0 dp ® do
S 2 :
wp

As coordinates u, 8, ¢ being adapted to 3:

/+ Xo1,62 = —/R . V0digr | G54 (¥10utbs — 1h20,31) du A df A dg .
& X

Expliciting computations one has

/ Xo1,¢2 = — / ‘*%2 (1010uth2 — Y2031 ) du AN dO N dg .
S+ RxS2

That is, since wp” (Y19utPs — Y20uth1) = wp'v10u(wp'h2) — wp'P2du(wp ), and passing to
Bondi coordinates,

d¢ NdC
oulon,02) = [ g (') — wphvadu(et o] dun L =0 (

By the very definition of I'5;, that is just the result we wanted to establish. O

wp’ wpg

Proof of (d). If W(S1)ys is the C*-algebra of W(S™) generated by generators W (I'y;¢) for
every ¢ € 8p(M), preservation of symplectic forms by the linear map I'j; implies immediately
(theorem 5.2.8 in [BR022]) that there is a unique (isometric) *-algebra isomorphism ¢ from
Wp(M) to W(ST) satisfying (30). The statement concerning the induction of the state Ay
is straightforward. In particular, the fact that the state is quasifree follows immediately from
the expression (16) for A. It implies that A/ is the quasifree state associated with the scalar
product par(é, @) := ur(TCard, Tard’). Preservation of symplectic forms assures that pys fulfills
(48) with respect to opy. O

The proof of the theorem is concluded. O

Remark 4.2.  To conclude, we notice that Minkowski spacetime (M*, 7) fulfills both the
definitions of asymptotic flat at null and space infinity and asymptotically flat spacetime with
future time infinity if (M, §) is Einstein closed universe (see [Wa84, DMPO05]) in particular 3+
is the same submanifold of (M ,§) in both cases. Since Einstein closed universe is globally
hyperbolic theorem 4.1 is valid in this case. However the thesis of the theorem is true anyway
because of the independent proof given in that case in (a) of Theorem 4.1 [DMP05]. We also
know by (b) of Theorem 4.1 in [DMPO05] that, in the considered case, the state Ay induced by
A is nothing but Minkowski vacuum.
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5 Discussion and open issues.

A crucial role in proving the uniqueness theorem in played by the fact that the C'* algebra of
observables is a Weyl algebra: this fact is essential in obtaining both cluster property for every
state which is invariant under u-displacements and asymptotic commutativity, used in estab-
lishing the uniqueness theorem. The use of a Weyl algebra to describe quantum observables
in standard QFT in a globally hyperbolic spacetime is appropriate as far as the theory deals
with linear — i.e. “free” — fields. This is because nonlinear field equations — i.e. the presence of
“interaction” — do not preserve the standard symplectic form of field solutions if varying Cauchy
surface. However dealing with QFT on 37T the extend is different since there is no time evolu-
tion — one stays “at the end of time” when interactions of the bulk, if any, have been switched
off — and a Weyl algebra may be still appropriate especially if one try to use some “S matrix”
formalism (involving QFT on 37) in order to describe bulk phenomena in terms of features of
QFT on the boundary of the spacetime. We remark that if adopting this point of view the out
coming S-matrix theory enjoys a larger symmetry group than the usual Poincaré group provided
by BMS group.

Concerning the last statement of theorem 4.1 an important issue deserving further investigation
is the validity of Hadamard property [KW91, Ra96] for the state Ajps. In case this property is
fulfilled, it make sense to implement a perturbative procedure to stady the back reaction on the
metric using the stress-energy tensor operator [Mo03] averaged on Ajs. If Hadamard property
fails the gravitational stability of the state is dubious. A first scrutiny seems to shows that, at
least near 3 the singular support of the two-point function associated to wjs is included in the
set of couple of points connected by means of a null geodesic tis is a first clue for the validity of
Hadamard behaviour. Another property of Aj; which is, most probably fulfilled, is its simmetry
with respect every proper isometry group of M if any. This is because A is invariant under
BMS group which includes (asymptotic) symmtries. A general open problem, which seems to
be quite difficult for several technical reasons, is the extension of the results presented here an
in [DMPO5] to the case of a massive field. Al these issues will be investigated elsewhere.

Acknowledgments. The author is very grateful to C.Dappiaggi and N.Pinamonti for fruitful
discussions.
A Proof of proposition 2.2

In the following Wy is the *-algebra of finite linear combinations of all W (v), 1 € S(ST).
(a) First assume that F is a Bondi frame and the coordinates of that Bondi frame to describe
wavefunctions on 1. Using Weyl commutation relations one has, if ¥} (u, ¢, () := ¥'(u+1t,¢,¢)

™ (W @) , W@ < | sino(wh )| [[W (W + )| = |sin(@Im(K e, K| |IW (@ + D),

where K : S(S1) — K is that associated with the state A. The left-hand side vanishes as
t — +o0 because ||[W(¢)|| = 1 for every ¢ € S(31) and moreover, we have seen in the proof of
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proposition 2.1 that (K1, K1) — 0 as t — +o0. If F is not a Bondi frame, there is g € Gpus
such that, for every t € R, of = agafoagfl where F( is a Bondi frame. Using the fact that oy
is a isometric *-automorphism which transforms a Wayl generators into a Wayl generator and
the result above, one gets H[agst) (W@")),W(@)]|| — 0 as t — 400 again. The result extends
to Wo by linearity. To conclude it is sufficient to extend the result to Wy = W(S1). For every
e > 0 and fixed a,b € W(S™T) there are a,b. € Wy with ||a — ac|| < €, ||b — be|| < e. Consider
any sequence t, — +oo. Since a(?) is isometric 0 < liminf,, |[a£?(a) , b]| <limsup,, |[a£?(a) , b
and

limsup, |[af{a) , b]] < 2lja—ac|[[|be]|+2lla—ac|| [~ be| | +2l|al| [~ be || + lim sup, |[a Xac) , be]].
The last term on the right-hand side converges to 0 whereas the remaining terms are arbitrarily
small. Therefore |[ozg)(a) , b]| — 0 for any sequence t,, — 400, i.e. (22) is valid.

(b) For the sake of simplicity we indicate by II and $) respectively the GNS representation I,
and GNS Hilbert space §),,. Since w is pure, II(W(3™1)) is irreducible. As a consequence, its
commutant II(W(ST))’ contains only the elements ¢I with ¢ € C. Thus the double commutant
(TI(W(ST))) coincides with 2B($). Finally applying double commutant von Neumann’s theo-
rem, for that I(W(S+)) * = (IW(ST))'), we conclude that I(W(SF))* = B($), X * denoting
the closure in the strong topology on B($)) of any X C B(£). To go on, fix a € W(IT),
B € B(9) and take U1, ¥y € . By H(W(ST))" = B(8), for each € > 0 there is b, € W(ST)
with ||[(B — II(be))¥1|| < € and ||[(B — II(b.))¥2|| < e. With those choices, also using the fact

that [[TI(a{{a))]| < [|ala)|| = ||a]|, one has

(wr [ (0fN0)) . B wa| < (0,10 ([ofta) b)) W)+ ellall (s ]|+ (12

Now, using asymptotic commutativity and continuity of II, one concludes that the first term
on the right-hand side vanishes as ¢ — +oo. Since € > 0 is arbitrarily small, adapting the
procedure, based on standard properties of lim sup and lim inf, employed in the proof of 2.2, one
obtains that the limit of the left-hand side of the inequality above vanishes as t — +o0. O

B Spacetime infinities

From [Wa84] we have the following definition (due to Ashtekar).

Definition B.1. A time-oriented four-dimensional smooth spacetime (M, g) satisfying vac-
uum FEinstein equations is called vacuum spacetime asymptotically flat at null and spa-
tial infinity, if there exists a spacetime (M ,§) with g smooth everywhere except possibly a
point i® (called spatial infinity) where it is C>0 (see p.227 of [Wa84]), a diffeomorphism
Y M — (M) C M and a map Q : (M) — [0,400) so that § = Q>*g and the following
facts hold. (We omit to write explicitly b and ¥* in the following)

(1) JH(@O)UJ—(i9) = M\M the closure and causal sets being referred to (M, §). Thusi® is space-
like related with all the points of M and the boundary OM consists of the union of {i'}, the fu-
ture null infinity 3t = (0J7(i))\{i°} and and the past null infinity S~ = (07~ (i°))\ {i°}.
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(2) There is a open neighborhood V' of OM such that (V,§) is strongly causal (see [Wa84]).

(3) Q can be extended to a function on M which C? at least at i° and smooth elsewhere.

(4) (a) Qgrug—=0 but dQ(z) #0 for x € ITUI™. (b) Q%) = 0 and the limits toward i® of
dQ) and @“@VQ are respectively 0 and 2§,,,,(i%).

(5) (a) The map of null directions at i® into the space of integral curves of n# := VFQ on IF
and I~ is a diffeomorphism. (b) For a strictly positive smooth function w defined in a neigh-
borhood of St U S~ which satisfies @u(w‘ln“) =0 on ST US the integral curves of w™'n are
complete on ST USJ™.

C Weyl algebras and Quasifree states.

C.1. GNS theorem, Weyl algebras, reqular states, field operators. Quantum theories can be
formulated in a more advanced version within the algebraic approach where the fundamental
object consist of a C* algebra A whose Hermitian elements are interpreted as (bounded) observ-
ables characterizing the given physical system. States are introduced as follows. An (algebraic)
state [KW91, Ha92] w on a C*-algebra A with unit I is a linear map w : A — C which is positive
(w(a*a) > 0 for a € A) and normalized (w(I) = 1). It results that a state on a C*-algebra
is always continuous [BR021]|. The celebrated GNS theorem [KW91, Ha92] proves that, for a
pair (A,w) where, A is a C*-algebra with unit, there is a triple ($),,,I1,, Y,) such that: (i) 9,
is a non zero Hilbert space, (ii) I, is a representation (a * homomorphism) of A in terms of
bounded operators on $), the involution * corresponding to the Hermitean conjugation T, (ii)
T, € 9, is cyclic (ie. II,(A)Y, = $H,) and (iv) the expectation values w(a), for every a € A,
satisfy w(a) = (Y,IL,(a)Y,). Finally a GNS triple ($),,IL,,T,) for an assigned pair (w,.A)
is unique up to the unitary equivalences which preserve the corresponding cyclic vectors. As
further useful results one also has I, (I) = I (the identity operator on $),,) and ||IL,(a)|| < ||a]|
for a € A [Ha92, BR021]. Therefore, GNS representations are always continuous but, generally
speaking, a GNS representation of a C* algebra is not isometric. It is possible to show that a
GNS representation of a C*-algebra is isometric if and only if it is faithful (i.e. injective). A
pure (algebraic) state w is defined as the extremal state in the convex set of the algebraic states.
The state which are not pure are said to be mixed. It is possible to show [Ha92] that a state
w is extremal if and only if its GNS representation is irreducible.

In QFT (also in curved spacetime) for bosonic fields with linear field equations (see [KW91] for
details), elementary observables are encoded by a certain C* algebra called the Weyl algebra
associated with the fields. This is built upon a real space of solutions of field equations equipped
with a nondegenerate symplectic form dynamically invariant. From a general point of view,
consider a generic real vector space S equipped with a nondegenerate symplectic form o. A C*-
algebra W (s ;) is called Weyl algebra associated with (S, 0) if it contains a class of nonvanishing
elements W (1)) for all ¢ € S, called Weyl generators, satisfying Weyl relations?:

(W1)  W(-v)=W@®)", (W2) W)W ) = eV W (g + ') ;

%Notice that in [KW91] a different convention for the sign of o in (W2) is employed.
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and W(s ) coincides with the closure of the x-algebra (finitely) generated by Weyl generators.
W(s,») is uniquely determined by (S, o) (theorem 5.2.8 in [BR022|): two different realizations
admit a unique * isomorphism which transform the former into the latter preserving Weyl gen-
erators and the norm on Ws ;) is unique since * isomorphisms of C* algebras are isometric.
W(s,s) can always be realized in terms of bounded operators on 02(S), viewing S as a Abelian
group and defining the generators as (W (¢)F)(¢') := e @¥)/2 F (4 4 4)') for every F € £2(S).
In this realization (and thus in every realization) it turns out evident that generators W (v))
are linearly independent. As a consequence of (W1) and (W2), one gets: W (0) = I (the unit
element), W (¢)* = W ()L, ||[W(x)|| = 1 and, using non degenerateness of o, W (1)) = W (¢')
iff o = o

Concerning GN S representations of a Weyl algebra Ws , we have that operators II, (W (z)))
verify (W1) and (W2) and cannot vanish because II, (W (¢))IL, (W (—)) = I and so they
generate an operatorial realization of Ws,. Such a realization is made of unitary operators.
By uniqueness of the norm of a Weyl algebra, [|Il,(a)|| = [[a|| for all @ € Ws ). We con-
clude that every GNS representation of a Weyl algebra is always faithful and isometric. Strong
continuity of the unitary group implementing a x-automorphism representation (3 of a topo-
logical group G > g +— f, for a [(-invariant state w on a Weyl algebra W(S,0), is equiv-
alent to limg_yw(W(—=¢)B,W(¢))) = 1 for all ¢ € S. The proof follows immediately from
HHw (Bg’W(T/})) Tw _Hw (5gW(1/1)) Tw|‘2 =2-w (W(_w)ﬁg’*lgw(w)) —w (W(_w)ﬁgflg’w(w))
and II,(W(S,0))Y, = Ho.

A state w on Ws ), with GNS triple ($,,Il,,Yy), is called regular if the maps R > t
I1,(W(ty)) are strongly continuous. Then, in accordance with Stone theorem, one can write
IL,(W () = W) 5(4,,) being the (self-adjoint) field operator symplectically-
smeared with ¢. In this way field operators enters the theory in Weyl algebra scenario. Working
formally, by Stone theorem (W2) implies R-linearity and standard CCR:

(L) o(ap+by', Uy) = ao(yh, o) +bo (¢, W), (CCR) [o(4h, V), 0(¥, Uy)] = —io(¢,9")],

for a,b € R and 9,9’ € S. Actually (L) and (CCR) hold rigorously in an invariant dense set of
analytic vectors by Lemma 5.2.12 in [BR022] (it holds if w is quasifree by proposition C.2).
A useful result on the assignment of states on Ws , is the following.

Proposition C.1.  Consider a Weyl algebra Ws , and let Wy be the finitely-generated linear
span of Weyl generators W (1), 1 € S. The following holds.

(a) Two states w,w’ on Ws , coincide if w(W(¢)) = w'(W(3)) for all ¢ € S.

(b) The complex numbers w(W (¢)) € C with ¢ € S determine a state on Ws , iff w(W(0)) =1
and the linear functional on Wy uniquely associated to the values w(W (1)) is positive.

(c) A state w on Ws , is reqular iff R 3 t — w(W (ty)) is continuous at t =0 for all ¢ € S.
Proof. (a) Wy is closed with respect to both the involution * and the algebra product due to
(W1) and (W2) and Wy = Ws . Since states on C* algebras are continuous, states with the
same values w(W (¢)) coincide. (b) Assignation of values w(W(¢)) determines a well-defined
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linear functional wg : Wy — C because generators W (1)) are linearly independent. Assume that
wp is normalized and positive: wp(a*a) > 0 for all a € Wy. If J,, is the Gelfand (left x-) ideal
{a € Ws, |w(a*a) = 0}, dealing with as in the proof of GNS theorem, the completion H of the
quotient Hy := Ws ,/J,, acquires the structure of a Hilbert space with (strictly positive defined!)
scalar product ([al, [b]) := wo(a*b). (H # {0} because I & N since 1 = w(l) = w(Il) = w(I*T).)
The operators II (W (y)) : Hog — Hp with v € S and II(W(y)) [a] := [W(¢)a] for every
a € Wy are bounded (|[IT(W (1)) [a]||* = wo (a*W (&)*W (1)a) = wo (a*a) = ||[a]]|?) and thus
uniquely extendible to bounded operators on H and satisfy Weyl relations (W1) and (W2)
where * is the Hermitean conjugation of bounded operators on H. They cannot vanish because
II(W () I (W (=)) [a] = [W ()W (—)a] = I[a]. Hence they generate an operator realization
ITI(Ws ) of the Weyl algebra associated with (S,c). Therefore there is a unique isometric *-
algebra isomorphism x : II (Ws ,) — Ws , such that x (IT (W (v))) = W (4) for every ¢ € S and
thus IT = x ! is isometric. The identity wo(W (v)) = w(I*W (¥)I) = {([I], T(W ())[1]) yields, by
linearity, wo(a) = ([I],II(a)[I]) for every a € Wy, which in turn implies continuity of wq it result-
ing to be a composition of continuous functions. Hence there is a unique, positive by continuity,
linear bounded extension of wg, w : Wy = Ws , — C. It defines a state on Ws , and coincides
with the unique linear continuous extension of wg. (¢) Let R 3 ¢ +— U, be a one-parameter group
of unitary operators on a Hilbert space H and D C H a subset whose (finitely generated) span
is dense in H. In these hypotheses U; is strongly continuous if and only if (¢, Upp) — (1), 9)
as t — 0 for every vector ¢ € D. In our case: H = 9, D := {® :=II,(W(¢))Ys, | ¢ € S}
and U; = II,(W(t))). One has the identity relying on Weyl relations and GNS theorem:
(@, TL (W (400))B) = (T, Tl (W (— ) T (W ()L (W (6)) T = wio (W ()€ 9) . Tt s movw
obvious that t — wo(W (t)) is continuous at t = 0 iff (¢, U;®) — (, P) for t — 0. O

C.2. Quasifree states. In the standard approach of QFT, based on bosonic real scalar field
operators V¥ a, either vector or density matriz, state is quasifree if the associated n-point functions
(expectation values of a product of n fields) satisfy (i) (o(y,¥)) = 0 for all ¢ € S and (ii) the
n-point functions (o (¢, ¥)---o(¢,, ¥)) are determined from the functions (o (s, ¥)o (15, ¥)),
with 7,7 =1,2,--- ,n, using standard Wick’s expansion. A technically different but substantially
equivalent definition, completely based on the Weyl algebra was presented in [KW91]. It relies
on the following three observations. (a)Working formally with (i) and (ii), one finds that it
holds <ei"(w7‘1’)> = ¢ @@V 9))/2  Tn turn, at least formally, that identity determines the
n-point functions (reproducing Wick’s rule) by Stone theorem and (W2). (b) From (CCR)
it holds (o(v, ¥)o (', V) = p(, ") — (i/2)o(1p,9"), where p(i,v’) is the symmetrized two-
point function (1/2)({(o (¢, ¥)o (¢, ¥)) + (o (', ¥)o (¢, ¥))) which defines a symmetric positive-
semidefined bilinear form on S. (c) (ATA) > 0 for elements A := [e(¥Y) — [] 4 i[e??¥) — ]
entails:

lo(h,))? < 4p(,)u@’ @),  for every 1,9 €S, (48)

which, in turn, implies that u is strictly positive defined because o is nondegenerated. Reversing
the procedure, the general definition of quasifree states on Weyl algebras is the following.
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Definition C.1.  Let Ws , be a Weyl algebra and v a real scalar product on S satisfying (48).
A state w, on Ws , is called quasifree state associated with p if

wu(W(2)) = e P2 for all € S. (49)

Lemma C.1. Let (S,0) be a real symplectic space with o nondegenerated and p a real scalar
product on S satisfying (48). There is a complex Hilbert space 3, and a map K, : S — 3,
with:

(1) K, is R-linear with dense complezified range, i.e. K,(S) +iK,(S) = 3,

(ii) for all p, ' € S, (Kb, K,y = p(th, o) — (i/2)0 (b, 0.
Conversely, if the pair (K, K) satisfies (i) and o(¢,¢") = —2Im(Kv, K¢')g¢, with ¢,y € S,
the unique real scalar product p on S satisfying (ii) verifies (48).

The last statement arises by Cauchy-Schwarz inequality, the remaining part being in Proposi-
tion 3.1 in [KW91]. Notice that K, is always injective due to (ii) and non degenerateness of
o. Now existence of quasifree states can be proved using the lemma above with the following
proposition. Therein, uniqueness and regularity of the state follows from proposition C.1 in this
paper, the remaining part is contained in Lemma A.2 and Proposition 3.1 in [KW91].

Proposition C.2.  For every p as in definition C.1 the following hold.

(a) there is a unique quasifree state w,, associated with p and it is reqular.

(b) The GNS triple (9,11, Yw,) is determined as follows with respect to (3, K,,) in lemma
(C.1). (i) H, is the symmetric Fock space with one-particle space H,,. (ii) The cyclic vector
Yo, is the vacuum vector of 9. (iii) Il,, is determined by Il,, (W (¥)) = oY) the bar
denoting the closure, where®*

o, 0) == ia(K,) —iad (K,), forally €S (50)

a(¢) and a'(®), ¢ € H,, being the usual annihilation (antilinear in ¢) and creation operators
defined in the dense linear manifold spanned by the states with finite number of particles.

(c) A pair (H,K) # (H,, K,,) satisfies (i) and (i) in lemma C.1 for u, determining the same
quasifree state w,,, if and only if there is a unitary operator U : H,, — H such that UK, = K.

(d) wy, is pure (i.e. its GNS representation is irreducible) if and only if K, (S) = H,°.

D Fourier-Plancherel transform on R x S2.

Define §(S1;C) := §(31) +48(3™) (i.e. the complex linear space of the complex-valued smooth
functions 1 : 37 — R such that, in that Bondi frame, v with all derivatives vanish as |u| — +o0,

“The field operator ®(f), with f in the complex Hilbert space b, used in [BR022] in propositions 5.2.3 and
5.2.4 is related to o (v, ¥) by means of o (), ¥) = V28 (iK 1) assuming H := b.
°In turn this is equivalent (see p.77 in [KW91]) to 4u(¥’,¢') = supyes\ g0y |0(4, ¥')|/ (e, ¥) for every ¢ € S.
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uniformly in ¢, ¢, faster than |u| =, ¥k € N). The space $(37T;C) generalizes straightforwardly
Schwartz’ space on R™. It can be equipped with the Hausdorff topology induced from the count-
able class seminorms — they depend on the Bondi frame but the topology does not—p,q, m,n € N,

[llpgmn = sup |ulPO207 0% (u, ¢, 0)]
(u,¢,0)eST

§(SF;C) is dense in both LY'(R x S%,du A eg2(¢,¢)) and L*(R x S% du A es2(¢,¢)) (with the
topology of these spaces which are weaker than that of §(3;C)), because it includes the dense
space C°(R x S%;C) of smooth compactly supported complex-valued functions. We also define
the space of distributions 8'(3T; C) containing all the linear functionals from R x S? to C which
are weakly continuous with respect to the topology of §(3; C). Obviously §(3*;C) c 8§'(ST;C)
and LP(R x S? du A es2(¢,¢)) € 8 (3T;C) for p = 1,2. We introduce the Fourier transforms
Fo () of f € 8(37;C)

. Fiku _ _ .
?i(w)(k7€.ag) = /]R 52 e\/ﬂ f(U,C,C)dU N 632(C7g) ’ (k7<7C) € R x S2 .

F4+ the properties listed in the theorem below whose proof is a straightforward extensions of
the analog for standard Fourier transform in R™ (theorems IX.1, IX.2, IX.6, IX.7 in [1]). In (4)
Coo(ST) denotes the Banch space, with respect to the supremum norm || - ||, of the continuous
complex valued functions on R x S? vanishing at infinity, i.e. f € Coo(R x S?) iff f is continuous
and, for every ¢ > 0 there is a compact set K. C R x S? with |f(x)| < € for v & K.

Theorem D.1. The maps Fy satisfy the following properties.
(1) for all p,m,n € N and every ¢ € §(3T;C) it holds

T (007020 ) (k,C,C) = (i) KPP 2V T () (R, €, C)
(2) F+ are continuous bijections onto $(I+;C) and F_ = (F,) L.

(3) If ¢, € 8(ST;C) one has

/R Fr@)(k, ¢, O)F(6)(k, ¢, D)k = /]R D, ¢, O, ¢, O)du , for all (¢,T) € S,

/R o ?i(T,ZJ)(k’,C,Z)?ﬂ;(ﬁb)(k’,(,?)dk’ N €2 (C7Z) = 1/’(%(’5)?1’(%(76)61“/\ 682(472) :

RxS2

(4) If T € 8'(3T;C) the definition FLT(f) :== T (FL(f)) ,for all f € 8'(ST;C) is well-posed,
gives rise to the unique weakly continuous linear extension of F1 to 8'(S;C) and one has, with
the usual definition of derivative of a distribution,

T (agagnag:r) = ()R OTO2FL(T) . for all p,m,n €N,

(5) Plancherel theorem. From (3) and reminding that §(37; C) is dense in the Hilbert space
L2(R x S% duNes2(¢,()), Fx eatend uniquely to unitary transformations from the Hilbert space
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L2(R x S?,du A es2(¢,C)) to L?(R x S%,du A es2(¢,C)) and the extension of F_ is the inverse of
that of F.

These extensions coincide respectively with the restrictions to L?(R x S?, dueg(C, () of the ac-
tion of T+ on distributions as in (4) when reminding that L*(R x S, du A eg2(¢,C)) C 8'(SH;C).
(6) Riemann-Lebesgue lemma. Reminding that $(3T;C) is dense in Ll(]R x S%, du A

€2(¢,C)), T+ uniquely extend to a bounded operator from L*(RxS?, dunes2(¢,C)) to (RXSQ).
In particular one has, for f € LY(R x S?, du A es2(¢,C))

155 (H)lloe < 2m) 7 2I1f Iy

These extensions coincide respectively with the restrictions to L'(R x S2, du A es2(C, Q) of the
action of Ty on distributions as in (4) when reminding that L' (RxS?, duieg:(¢,¢)) C 8'(3;C).

From now on F : §/(37;C) — 8/(3";C) denotes the extension to distributions of F, as stated
in (4) in theorem D.1 whose inverse, ¥, is the analogous extension of ¥_. We call ¥ Fourier-
Plancherel transformation, also if, properly speaking this name should be reserved to its
restriction to L2(R x S?,du A eg2((,()) defined in (5) in theorem D.1. We also use the formal
distributional notation for F (and the analog for 1)

iku
TR = [ O (D)

regardless if f is a function or a distribution. We have the following final proposition whose
proof is immediate from (4) and (5) in theorem D.1.

Proposition D.1. Let m € N. The Fourier-Plancherel transform F(T) of a distribution
T € 8'(S;C) is a measurable function satisfying

/ (1 + kD™ F(T)|?dk A es2(¢,C) < +o0
RxS2

if and only if the u-derivatives of T' in the sense of distributions, are measurable functions and

satisfy
oNT € L*(R x S%,du N eg2), for N>n <m.
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