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Introduction

In two fundamental papers [Mor79] and [Mor82] Mori studied smooth threefolds
with non numerically effective canonical bundle, i.e. threefolds on which there
exists a curve C such that KX .C < 0. We will call, for shortness, these curves
negative curves.

His main results were the so called cone theorem and contraction theorem; the
first asserts that in the cone of effective curves (more precisely the closure of
the cone generated by effective curves in the R vector space of 1-cycles modulo
numerical equivalence) the negative curves stay in a part of this cone which is
polyhedral, and whose rays are generated by rational curves. The second states
that each ray (or even a face) of this polyedral part of the cone can be contracted;
that is given a ray Ri there is a proper surjective map ϕi : X → Zi onto a normal
variety Zi, with connected fibers and such that the anticanonical divisor of X is
ϕi-ample and ϕi contracts all the curves in the ray. Such a map is often called a
Fano-Mori elementary contractions, or an extremal contraction.

In order to prove these results he used very much the theory of deformation of
curves on a projective variety; in particular he developed a technique, which is
now called “bend-and-break” technique, which produces rational negative curves
and which can be roughly summarized as follows. If a curve is “sufficiently” ne-
gative then it has non trivial deformations, even with a fixed point; then in the
degenerate part of such a deformation the curve ”breaks” with at least one ratio-
nal component. With this technique, in constructing the extremal contractions,
he also proved that the fibers of these contractions are covered by rational curves.

As a final output he gave a complete description of Fano-Mori contractions of
smooth threefolds (and of smooth surfaces, revising the classical theory in this
new language): this is considered as the first step of the so called Minimal Model
Program in dimension three.

The cone theorem and the contraction theorem were generalized in higher dimen-
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sion by Kawamata [Ka84a] [Ka84b], assuming also the existence of some mild
singularities. He used a different approach with cohomological methods which
overcomes the difficulty of generalizing deformation theory of curves to singular
varieties. In particular he proved that a manifold of any dimension, with mild
singularities, whose canonical bundle is not numerically effective, admits a Fano-
Mori contraction.
It is important to mention that, by Kawamata contraction theorem, a Fano-Mori
contraction of a smooth variety is given by the linear system associated to a mul-
tiple of a divisor KX + rL, with L a ϕ-ample line bundle on X and r a positive
integer; we will say that the contraction is supported by KX + rL.

A natural problem is then to describe these contractions in any dimension, and
it is reasonable to start assuming that the variety X, on which they are defined,
is smooth. The theory of deformation of curves can be again used, studying
families of rational curves on the fibers of these contractions; Ionescu [Io86] and
Wísniewski [Wís89] introduced the length of a ray, namely the natural number
l(Ri) = min{−KX .C | [C] ∈ Ri} which is directly related to the dimension of
the space of deformations of the curves in the ray, and proved a bound relating
the dimensions of the fibers and of the exceptional locus of the contraction of the
ray to the dimension of the ambient variety and the length.
In this thesis we will consider Fano-Mori contractions of higher dimensional va-
rieties supported by KX + rL for which the inequality of Ionescu and Wísniewski
is an equality or is “almost” an equality (for a precise definition see III.2.1) and
such that l(R) = r, i.e. such that the contracted curve generating the extremal
ray are lines with respect to L; contractions of this kind appear in the so called
adjunction theory [BS95]. Then we try to generalize the results to contractions
supported by KX + detE , with E ample vector bundle on X; contraction of this
kind arise naturally considering pairs (X, E) such that E has a section whose zero
locus is a variety with non nef canonical bundle, which are studied in the last
part of the thesis.

Going into details: in the first chapter the terminology and the fundamental
results of the theory of extremal rays and extremal contractions, and of the ad-
junction theory of polarized varieties are recalled, together with some basic facts
about ample vector bundles and Albanese varieties.
Chapter II is dedicated to the study of rational curves whose deformations can
not break, hence the name of unbreakable rational curves. A fundamental exam-
ple of an unbreakable rational curve is an extremal rational curve, i.e. a rational
curve whose numerical class generates an extremal ray of the ambient variety and
is minimal.
In the first section we recall the definitions of families of rational curves and we
show how to construct a family with good properties starting with an unbreakable
rational curve (see [Mor79], [BS95], [Wís89] and [Ko96]). The basic facts about
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”bend-and-break” techniques are summarized in Appendix A. Then unbreakable
families are used to give a criterion for a good contraction to be elementary, and to
study Fano manifolds of large pseudoindex, as a first step to extend Wísniewski’s
classification [Wís90a],[Wís91b].
In the third Chapter we use deformation arguments to prove the existence of
“transverse” rational curves in the fibers of Fano-Mori contractions, then we
show how, under assumptions which ensure that the family of rational curves in
a fiber is “large” enough, we can have a quite precise description of the fiber itself.
This description is then used to study small contractions supported by divisors
of the form KX + (n− 2d)L, generalizing some results of Zhang [Zh95].
The aim of Chapter IV is to generalize some results on contractions supported
by divisors of the form KX + rL to contractions supported by divisors of the
form KX + detE , with E ample vector bundle of rank r on X. In particular we
will consider contractions whose fibers are covered by “large” families of rational
curves, extending some results of the preceding chapter.
In general, we have to strengthen our hypothesis on the fibers, allowing only some
mild singularities, but, in some special cases, we are able to prove that the fibers
have to be smooth, generalizing a theorem of Andreatta, Ballico and Wísniewski
on small contractions [ABW93].
As a byproduct we obtain a characterization of projective spaces, quadrics and
P-bundles over curves by means of families of rational curves with bounded degree
with respect to the determinant bundle of an ample vector bundle: if X is a log
terminal variety with a sufficiently large family of this kind, then X is smooth
and is one of the above varieties.
Chapter V deals with Fano-Mori contractions on a smooth projective variety X
arising as extensions of Fano-Mori contractions defined on zero loci of sections of
an ample vector bundle. The existence of an ample section Z with non nef canon-
ical bundle carries the existence on X of negative curves whose deformations must
meet Z, providing a lifting property for the contraction. These results, contained
in [AO99], generalize classical ones by L. Bǎdescu [Bǎd82a], [Bǎd81], [Bǎd82b]
and A.J. Sommese ([Som76] and chapter 5 of [BS95], in particular Theorem 5.2.1
which should be compared with our results in section 3) and more recent ones
by A. Lanteri and H. Maeda [LM95],[LM96],[LM97], who were the first ones to
study the problem of special sections of ample vector bundles.
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Chapter I
Background material

I.1 Cone of curves

I.1.1 Preliminaries

Let X be a normal complex projective variety of dimension n. We will use the
following notations:

Zn−1(X) := the group of Weil divisors on X.

Z1(X) := the free abelian group generated by irreducible reduced curves on X.

Div(X) := the group of Cartier divisors on X.

Pic(X) := the group of line bundles on X.

Let C be a complete curve on X and ν : C̃ → C its normalization. For every
D ∈ Pic(X) we define an intersection number D.C := degC̃f ∗D; this intersection
product induces a bilinear form

(.) : Pic(X)× Z1(X) → Z

which induces on both groups an equivalence relation, which we will call numerical
equivalence and we will denote by ≡. We now define

N1(X) :=
Z1(X)

≡
⊗ R N1(X) :=

Pic(X)

≡
⊗ R.

This two groups are canonically dual via (.); by the Neron-Severi theorem we
have dim N1(X) = dim N1(X) < ∞; we will denote by ρ(X) the dimension of
these two groups, and call it the Picard number of X. Inside N1(X) we consider

NE(X) := the closed convex cone generated by irreducible and reduced curves.
NED(X) := {C ∈ NE(X) | D.C ≥ 0} with D ∈ N1(X).
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With these definitions we can state the Kleiman ampleness criterion:

Theorem I.1.1.1 H ∈ Pic(X) is ample if and only if its numerical class [H] ∈
N1(X) is positive on NE(X)\{0}.

I.1.2 Singularities

Let X be a normal variety and X0 ⊂ X its smooth locus. In X0 is possible to
define a notion of regular differential in a point p ∈ X0 and the sheaf Ωn

X0
; given

the immersion j : X0 ↪→ X we define ωX = j∗(Ω
n
X0

); it is possible to show that
ωX admits an immersion in K(X), the total quotient sheaf of OX ; fixing that
immersion it is possible to associate to ωX a Weil divisor that we will denote by
KX . This construction can be repeated for j∗(Ω

n
X0

)⊗m, for every m ∈ Z; in this
way for every m ∈ Z is possible to define a Weil divisor mKX .

Definition I.1.2.1 Let X be a normal variety; X is called Q-Gorenstein if there
exists an integer r ∈ N such that rKX ∈ Div(X); X is called Gorenstein if
KX ∈ Div(X).

Definition I.1.2.2 A normal variety X is said to have terminal singularities
(respectively canonical singularities, log terminal singularities), if the following
conditions are satisfied:

1. X is Q-Gorenstein.

2. There exists a resolution of singularities f : Y → X such that KY =
f ∗KX +

∑
aiEi, with ai ∈ Q and ai > 0 (respectively ai ≥ 0, ai > −1),

where the Ei are exceptional divisors for f .

I.1.3 Extremal rays and contractions

Let now X be a normal Q-Gorenstein variety; the following theorems will describe
the structure of the cone NE(X).

Theorem I.1.3.1 (Cone theorem): Let X be a log terminal variety; then

NE(X) = NEKX
(X) +

∑
Rj,

where Rj = R+[Cj] for some irreducible reduced rational curve Cj ∈ Z1(X) such
that KX .Cj < 0. Moreover, the Rj are discrete in the space {Z ∈ N1(X) |
KX .Z < ε} for every ε > 0.

Definition I.1.3.2 The Rj are called extremal rays of X.
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Theorem I.1.3.3 (Contraction theorem) Let X be a log terminal variety. Let
H ∈ Div(X) a nef divisor such that F := H⊥∩NE(X)\{0} is entirely contained
in {Z ∈ N1(X) | KX .Z < 0}. Then there exists a projective morphism ϕ :
X → Y onto a normal projective variety, which is characterized by the following
properties:

1. For any irreducible curve C on X, ϕ(C) is a point if and only if (H.C) = 0.

2. ϕ has only connected fibers.

3. H = ϕ∗A for some ample Cartier divisor A ∈ Div(Y ).

The divisor H is called a good supporting divisor for the contraction ϕ.

Theorem I.1.3.4 (Rationality theorem) Let X be a log terminal variety and
H ∈ Div(X) an ample divisor; if KX is not nef then

r := max{t ∈ R | H + tKX is nef }

is a rational number; moreover r ≥ 1/(n + 1).

I.2 Fano-Mori contractions

Definition I.2.1 A contraction is a proper map ϕ : X → Z of normal irreducible
varieties with connected fibers. The map ϕ is birational or otherwise dim Z <
dim X; in the latter case we say that ϕ is of fiber type. The exceptional locus
E(ϕ) of a birational contraction ϕ is equal to the smallest subset of X such that
ϕ is an isomorphism on X\E(ϕ).

Suppose from now on that X is smooth.

Definition I.2.2 A contraction ϕ of a manifold X is called a Fano-Mori con-
traction if the anticanonical divisor −KX is ϕ-ample; we say that ϕ is elementary
if Pic(X)/ϕ∗(PicZ) ' Z. An elementary contraction is called small if its excep-
tional locus has codimension ≥ 2.

Example-Definition I.2.3 If Z is a point, X is a Fano variety, i.e. a variety
s.t. −KX is ample. Suppose that X is smooth; we call index of X the largest
positive integer i =: i(X) s.t. −KX = i(X)L for some ample line bundle L on
X; A Fano manifold X is called a del Pezzo manifold if there exists an ample line
bundle L on X s.t. −KX = (dim X − 1)L.

Remark I.2.4 Let A be an ample divisor on Z and H =: ϕ∗A, i.e. H is a good
supporting divisor for ϕ; then H = KX + rL, where r is a positive integer and L
is a ϕ-ample line bundle.
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Definition I.2.5 Let ϕ be a Fano-Mori contraction of X and let E = E(ϕ)
be the exceptional locus of ϕ (if ϕ is of fiber type then E := X); let S be an
irreducible component of a (non trivial) fiber F . We define the positive integer l
as

l = min{−KX · C : C is a rational curve in S}.

If ϕ is the contraction of a ray R, then l(R) := l is called the length of the ray.

Remark I.2.6 We have ([Mor82]) that, if X has an extremal ray R then there
exists a rational curve C such that 0 < −KX .C ≤ n + 1, i.e. the length of R is
≤ n + 1. A curve C which realizes the length is called an extremal curve.

In [Wís89], the author studied manifolds having an extremal ray of length n, n+1.

Proposition I.2.7 Let X be a smooth n-dimensional complex projective variety
and R an extremal ray of X. Then

1. If R has length n + 1 then Pic(X) ' Z and −KX is ample on X.

2. If R has length n then, either Pic(X) ' Z and −KX is ample on X or
ρ(X) = 2 and there exists a morphism contrR : X → B onto a smooth
curve B whose general fiber is a smooth (n− 1)-dimensional variety which
satisfies conditions of (I.2.7.1).

Now we go back to the setup of definition (I.2.5); we have the following very
useful

Proposition I.2.8 [Wís91c] In the set-up of definition (I.2.5) the following for-
mula holds

dimS + dimE ≥ dim X + l − 1.

In particular this implies that if ϕ is of fiber type then l ≤ (dimZ − dimW + 1)
and if ϕ is birational then l ≤ (dimZ − dim(ϕ(E)).
If a manifold admits different Fano-Mori contractions, then the dimensions of
general fibers of different contractions are bounded by the following

Theorem I.2.9 ([Wís91c, Theorem 2.2]) Let a manifold X of dimension n admit
k different contractions (of different extremal rays). If by mi, i = 1, 2, . . . , k we
denote the dimensions of images of these contractions, then

k∑
i=1

(n−mi) ≤ n
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I.3 Adjunction theory and special varieties

Definition I.3.1 A complex polarized variety is a pair (X, L) where X is an
irreducible reduced projective scheme over C and L an ample line bundle on X.

Definition I.3.2 Let (X, L) be a polarized variety, and suppose that X has log
terminal singularities and that KX is not nef; then

τ(X, L) = min{t ∈ Q | (KX + τL) is nef }

is called nef value of the pair (X, L). This minimum exists by the Rationality
theorem (I.1.3.4).

It is possible to give a characterization of polarized varieties with high nef values;
the next two theorems describe the cases τ = n + 1, n.

Theorem I.3.3 [Fuj87], [Ma90] Let X be a normal irreducible projective variety
with log-terminal singularities. Let L be an ample line bundle on X. Then KX +
nL is nef unless (X,L) ' (Pn,OPn(1)).

Theorem I.3.4 [Fuj87], [BS95, (7.2.2)], [Me97, III 3.3]Let X be a normal ir-
reducible projective variety with log-terminal singularities. Let L be an am-
ple line bundle on X and suppose that KX + nL is nef but not ample. Then
(X,L) ' (Qn,OQn(1)) or (X, L) ' (P(E), ξE) for an ample rank n vector bundle
on a smooth curve.

Now we recall the definitions of some special varieties.

Definition I.3.5 Let L be an ample line bundle on X. The pair (X, L) is called a
scroll (respectively a quadric fibration, a del Pezzo fibration) over a normal variety
Y of dimension m < n if there exists a surjective morphism with connected fibers
φ : X → Y such that

KX + (n−m + 1)L ≈ p∗L

(respectively KX+(n−m)L ≈ p∗L, KX+(n−m−1)L ≈ p∗L) for some ample line
bundle L on Y . X is called a classical scroll or a P-bundle (respectively quadric
bundle) over a projective variety Y of dimension r if there exists a surjective
morphism φ : X → Y such that every fiber is isomorphic to Pn−r (respectively
to a quadric in Pn−r+1) and if there exists a vector bundle E of rank n − r + 1
(respectively of rank n− r + 2) on Y such that X ' P(E) (respectively exists an
embedding of X over Y as a divisor of P(E) of relative degree 2).

Remark I.3.6 A scroll is a Fano-Mori contraction of fiber type such that the
inequality in (I.2.8) is actually an equality, i.e. l = (dimX − dimY + 1) and
moreover if C is a rational curve such that −KX .C = l then it exists an ample
line bundle L such that L.C = 1, i.e. C is a line with the respect to L. The
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contrary is almost true in the sense that if ϕ is a Fano-Mori contraction with
the above properties then it factors through a scroll, that is the face which is
contracted by ϕ contains a sub-face whose contraction is a scroll.
Similarly a quadric (respectively a del Pezzo) fibration is a Fano-Mori contraction
of fiber type such that l = (dimX − dimY ) (resp. l = (dimX − dimY − 1)) and
moreover if C is a rational curve such that −KX .C = l then it exists an ample
line bundle L such that L.C = 1, i.e. C is a line with the respect to L.

The following theorem, which we are going to use very often, gives a sufficient
condition for a contraction to be a Pd-bundle.

Theorem I.3.7 [Fuj87], [BS95, Proposition 3.2.1] Let p : X → Y be a surjective
equidimensional morphism onto a normal variety Y and let L be an ample line
bundle on X such that (F, LF ) ' (Pr,O(1)) for the general fiber F of p. Then
p : X → Y gives to (X,L) the structure of a Pd-bundle.

In particular, by the above theorem, an equidimensional scroll is a Pd-bundle; in
general, we have the following

Remark I.3.8 Let ϕ : X → Y be a scroll and let Σ ⊂ Y be the set of points y
such that dim(ϕ−1(y)) > k := dimX−dimY then codimΣ ≥ 3, thus if dimY ≤ 2
then the scroll is a Pk-bundle ([Som86, Theorem 3.3]).

The following theorem gives a condition for a quadric fibration to be a classical
quadric bundle

Theorem I.3.9 [ABW93, Theorem B] Let (X, L) be a quadric fibration ϕ : X →
Y , with L an ample line bundle on X; assume that ϕ is an elementary contraction
and that ϕ is equidimensional. Then E := p∗L is a locally free sheaf of rank dim
X− dim Y + 2 and L embeds X into P(E) as a divisor of relative degree 2, i.e.
X is a classical quadric bundle.

We conclude this section recalling the following

Theorem I.3.10 ([Laz83], [PS89]) Let X be a smooth variety of dimension n
and suppose there exists a finite-to-one morphism f : Pn → X. Then X ' Pn. If
there exists a finite-to-one morphism f : Qn → X then X ' Pn or X ' Qn.

I.4 ∆-genus and the Apollonius method

The results of this section are contained in [Fuj90]; let (X,L) be a polarized
variety.

Definition I.4.1 The ∆-genus of (X, L) is defined by the formula

∆(X, L) = n + d(X, L)− h0(X,L).
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where d(X,L) = Ln is called the degree of (X, L).

Definition I.4.2 Let χ(X, L) =
∑

χjt
[j] with t[j] = t(t + 1) . . . (t + j − 1) be

the Hilbert polynomial of (X, L); we set g(X, L) = 1 − χn−1(X, L) and we call
g(X, L) the sectional genus of (X, L).

In the case X is Gorenstein, we have the sectional genus formula:

2g(X,L)− 2 = (KX + (n− 1))L)Ln−1.

Let us recall some general properties of the ∆-genus ([Fuj90]).

Theorem I.4.3 Let (X, L) be a polarized variety. Then

1. ∆(X,L) > dim Bs | L |, assuming by convention that dim ∅ = −1. In
particular ∆(X,L) ≥ 0;

2. If ∆(X, L) = 0 then L is very ample.

Theorem I.4.4 Let (X, L) be an n-dimensional polarized variety. Assume that
∆(X,L) = 0. Then either:

1. (X,L) ' (Pn,OPn(1)) if d(X, L) = 1;

2. (X,L) ' (Qn,OQn(1)) if d(X, L) = 2;

3. (X, L) is a Pn−1-bundle over P1, X ' P(E) for a vector bundle E on P1

which is a direct sum of line bundles of positive degrees;

4. (X, L) ' (P2,OP2(2)); or

5. (X, L) is a generalized cone over a smooth submanifold V ⊂ X with
∆(V, LV ) = 0.

Definition I.4.5 Let (X, L) be a polarized variety of dimension n, and let D be
a member of | L |. Suppose that D is irreducible and reduced as a subscheme of
X; in such a case D is called a rung of (X, L). The pair (D, LD) is a polarized
variety of dimension n− 1.

If (D, LD) is a rung of (X, L), and r is the restriction map r : H0(X, L) →
H0(D, LD) we have ∆(X, L) −∆(D, LD) = dim Coker(r) ≤ h1(X,OX). In par-
ticular

∆(D, LD) ≤ ∆(X, L)

and the equality holds if and only if r is surjective. In this case D is said to be a
regular rung.



I.4 ∆-genus and the Apollonius method 8

Definition I.4.6 A sequence X = Xn ⊃ Xn−1 ⊃ . . . ⊃ X1 of subvarieties of X
is called a ladder of (X, L) if Xj is a rung of (Xj+1, Lj+1) for each j ≥ 1. It is
said to be regular if each rung Xj is regular.

An example of the use of a regular ladder is the following

Proposition I.4.7 Let (X, L) be a polarized variety with g(X,L) = 0; suppose
that (X,L) has a ladder such that each rung Xj is a normal variety. Then
∆(X,L) = 0.

Weakening the assumptions on L is possible to define a broader class of varieties.

Definition I.4.8 A complex quasi-polarized variety is a pair (X, L), with X an
irreducible reduced projective scheme over C and L a nef and big line bundle on
X.

Theorem I.4.9 ∆(X, L) ≥ 0 for any quasi-polarized variety (X, L). Moreover,
if ∆ = 0, there exists a variety W , a birational morphism f : X → W and a very
ample line bundle H on W such that L = f ∗H and ∆(W, H) = 0.

Theorem I.4.10 Let (X,L) be a normal quasi-polarized variety, π : M → X a
desingularization of X and suppose that hn(X,−π∗tL) = 0 for 1 ≤ t ≤ n. Then
there is a birational morphism f : X → Pn such that L = f ∗OPn(1).

Theorem I.4.11 Let (X,L) be a normal quasi-polarized variety, π : M → X a
desingularization of X and suppose that hn(M,−π∗tL) = 0 for 1 ≤ t ≤ n−1 and
hn(M,−π∗nL) = 1. Then either

1. Ln = g(X, L) = 1

2. There is a birational morphism f : X → Qn such that L = f ∗OPn(1) with
Qn a possibly singular quadric.

I.4.1 Slicing techniques

In the study of Fano-Mori contractions is often very useful to apply a kind of
inductive method, called Apollonius method, slicing the fibers.

I.4.1.1 Assume that ϕ : X → Z is a Fano-Mori contraction of a variety X with
at most log terminal singularities onto a normal affine variety Z, L is an ample
line bundle on X and ϕ is supported by KX + rL.

Lemma I.4.1.2 [AW93, Lemma] (Horizontal slicing) Suppose that ϕ : X → Z
is as in (I.4.1.1). Let X ′ be a general divisor from the linear system | L |. Then,
outside of the base point locus of | L |, the singularities of X ′ are not worst than
those of X and any section of L on X ′ extends to X.
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Moreover, if we set ϕ′ := ϕ|X′ and L′ = LX′ then KX′ + (r− 1)L′ is ϕ′-trivial. If
r ≥ 1 + ε(dim X − dim Z) then ϕ′ is a contraction, i.e. has connected fibers.

Lemma I.4.1.3 [AW93, Lemma] (Vertical slicing) Assume that ϕ : X → Z is
as in (I.4.1.1); Let X ′′ ⊂ X be a non trivial divisor defined by a global function
h ∈ H0(X, KX + rL) = H0(X,OX); then, for a general choice of h, X ′′ has
singularities not worst than those of X and any section of L on X ′ extends to X.

These slicing arguments were used for the first time in [AW93] to prove the
following

Theorem I.4.1.4 [AW93, ] (Relative base point freeness). Let ϕ : X → Z be
a Fano-Mori contraction as in (I.4.1.1). Let F be a fiber of ϕ. Assume that
dim F ≤ r + 1− ε(dim X − dim Z). Then Bs | L | does not meet F . Moreover
(after we restrict ϕ to a neighborhood of F , if necessary) there exists a closed
embedding X → PN × Z over Z such that L ' OPN (1) (we say that L is ϕ-very
ample).

An example of application of the relative base point freeness, together with slicing
is the following

Theorem I.4.1.5 ([AW97, Theorem 5.1]) Let ϕ : X → Z be a Fano-Mori con-
traction of a smooth variety and let F = ϕ−1(z) be a fiber. Assume that ϕ is
supported by KX + rL, with L a ϕ-ample line bundle on X.

1. If dim F ≤ r − 1 then Z is smooth at z and ϕ is a projective bundle in a
neighborhood of F .

2. If dim F = r then, after possible shrinking of Z and restricting ϕ to a
neighborhood of F , Z is smooth and

(a) if ϕ is birational then ϕ blows down a smooth divisor E ⊂ X to a
smooth codimension r − 1 subvariety S ⊂ Z.

(b) if ϕ is of fiber type and dim Z = dim X−r then ϕ is a quadric bundle.

(c) if ϕ is of fiber type and dim Z = dim X − r + 1 then r ≤ dim X/2,
F ' Pr and the general fiber is Pr−1.

I.5 Ample vector bundles

Let E be a rank r vector bundle on a variety X, and let St(E) denote the t-
th symmetric power of E for t ≥ 0, with the convention S0(E) = OX . Let
S =

⊕∞
t=0 St(E) be the symmetric algebra of E ; then P(E) := Proj(S) is a Pd-

bundle on X, π : P(E) → X.
There is an invertible line bundle ξE , which, over x ∈ P(E) is the quotient space
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of (πE)x corresponding to the one dimensional quotient of Eπ(x) defining x. On
P(E) we have ξF ' OPd(1) for any fiber F of π; the line bundle ξE is called the
tautological line bundle on P(E). We have π∗ξE ' E and π∗(tξE) = St(E), for any
integer t ≥ 0. The canonical bundle of P(E) is given by the formula

KP(E) ≡ π∗(KX + detE)− rξE

Definition I.5.1 We say that a vector bundle E is ample if the tautological line
bundle is ample on P(E).

Lemma I.5.2 Let E be an ample vector bundle of rank r on a complex variety
X. For any rational curve C ⊂ X we have

(detE).C ≥ r.

Moreover, if C is smooth and the equality holds, then EC = OP1(1)⊕r.

Lemma I.5.3 Let Y be a complex projective variety of dimension n, E an ample
vector bundle on Y , s a global section of E; denote with V (s) the zero set of s.
Then

dimV (s) ≥ n− r.

Proof. See [Ful84, Example 12.1.3].

Proposition I.5.4 Let X, E and Z be as before. Let Y be a subvariety of X of
dimension ≥ r. Then dim Z ∩ Y ≥ dim Y − r .

Proof. Consider EY , the restriction of E to Y and sY , the restriction of s to
Γ(Y, EY ). Applying lemma (I.5.3) to Y and sY we get

dim (Z ∩ Y ) = dim V (sY ) ≥ dim Y − r

Now we recall some results about special vector bundles on projective spaces and
quadrics.

Proposition I.5.5 ([OSS, Theorem 3.2.1]) If E is a rank r vector bundle on Pn
and x ∈ Pn is a point such that E|l = ⊕rOP1 for every line l through x then E is
the trivial bundle ⊕rOPn.

Proposition I.5.6 ([Wís89, Lemma 3.6.1]) If E is a rank r vector bundle on Qn

and the restriction of E to every line of Qn is ⊕rOP1 then the bundle E is the
trivial bundle ⊕rOQn.

Proposition I.5.7 ([Wís90b, Proposition 1.9]) If E is a uniform vector bundle
on Pn of rank r, with splitting type (a, . . . , a, a + 1) then E is either decomposable
into a sum of line bundles or (if r ≥ n) isomorphic to TPn ⊗ OPn(a − 1) ⊕
OPn(a)⊕(r−n).
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I.6 The Albanese variety

In this last section we recall the definition of the Albanese variety of a smooth
projective variety, together with some basic properties that we are going to use
in Chapter III.

Theorem I.6.1 Let X be a smooth complex projective variety. There exists an
abelian variety Alb(X) and a holomorphic map α : X → Alb(X) with the fol-
lowing universal property: for every complex torus T and every holomorphic map
F : X → T , there exists a unique holomorphic map f̃ : Alb(X) → T such that
f̃ ◦ α = f . This abelian variety is called the Albanese variety of X, and we have

Alb(X) ' H0(X, Ω1)∗

H1(X, Z)

Proposition I.6.2 [Uen75, Proposition 9.19] Assume that the image of the Al-
banese mapping α : X → Alb(X) is a curve C. Then C is a nonsingular curve
of genus g = dim Alb(X) and the fibers of α : X → C are connected.

The last proposition will be used in the study of varieties with large families of
rational curves, because of the following well-known

Proposition I.6.3 [LB92, Proposition 9.5] Every rational map f : Pn → A,
from a projective space to an abelian variety A is constant.



Chapter II
Families of rational curves

This chapter is dedicated to the study of rational curves whose deformations can
not break, hence the name of unbreakable rational curves.
A fundamental example of an unbreakable rational curve is an extremal rational
curve, i.e. a curve whose numerical class generates an extremal ray of the ambient
variety; we will study families arising in this way in chapter IV.
In the first section we recall the definitions of families of rational curves and we
show how to construct a family with good properties starting with an unbreakable
rational curve; in the second we use unbreakable families to give a criterion for a
good contraction to be elementary, while the last section is dedicated to the study
of Fano manifolds of large pseudoindex. The main references for this chapter are
[Mor79], [BS95], [Wís89] and [Ko96].

II.1 Families of unbreakable rational curves

Definition II.1.1 A family of rational curves on a quasi-projective variety X is a
quadruple V = (V, T, p, q), consisting of a reduced variety T , called the parameter
space, and a reduced variety V ⊂ T ×X, with the maps p : V → X, q : V → T
induced by the product projections, such that q is proper, algebraic, with all
fibers generically reduced with reduction being irreducible rational curves.

V T

X
?

p

-
q

Such a family is called irreducible (respectively compact, connected) if T is irre-
ducible (respectively compact, connected).
If any two distinct fibers of q are mapped to distinct curves of X by p, we say
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that the family is a Chow family of rational curves; a family V of rational curves
is maximal if there is no family V ′ containing V and not equal to it.

Given any family of rational curves, V = (V, T, p, q) it follows, since the fibers of
q are irreducible, generically reduced curves, that there is an holomorphic map
from T to the Chow variety of X. If T is compact, then the image in the Chow
variety of X will be a variety, and in this case we can replace our family by a
Chow family which contains all the curves in the family.

We define the locus of the family, E(V) to be p(V ), and we say that the family
is a covering family if E(V) is dense in X; the dimension, dim V − dim E(V), of
the generic fiber of p is denoted by δ and we refer to it as to the dimension of the
family.
Moreover we define Vx := p−1(x) and Tx := q(Vx); Tx is the subvariety of T
parametrizing curves of the family which contain x; we denote its dimension by δx.
Note that the fiber Fx := p−1(x) over a point x ∈ E(V) maps homeomorphically
under q to Tx; so, by upper semicontinuity of dimensions of the fibers of p we
have that

δx ≥ δ for all x ∈ E(V).

Definition II.1.2 An irreducible and reduced curve C ⊂ X is unbreakable if the
integer homology class [C] ∈ H2(X, Z) associated to C cannot be written as a
nontrivial sum of the integer homology classes of effective curves.

Example II.1.3 If L is an ample line bundle on X, and C is a curve such that
L.C = 1, then C is unbreakable.

Example II.1.4 If E is an ample vector bundle of rank r on X, and C is a curve
such that detE .C < 2r, then C is unbreakable.

Example II.1.5 If C is an extremal rational curve on X, then C is unbreakable.

Proof. Let R be the extremal ray to which C belongs; if we could write
[C] = a[C1] + b[C2], since C is extremal, both C1 and C2 would have to belong to
R, but, among curves belonging to R, C has the minimum intersection number
with the anticanonical bundle, and we would have a contradiction. �

II.1.6 We show how to construct a maximal compact Chow family of rational
curves, starting with an unbreakable rational curve (cfr. [BS95, 6.2.1] and [Wís89,
Appendix]).

Let C be an unbreakable rational curve on a variety X; let ν : P1 → X be the
normalization of C. Consider the graph G(ν) ⊂ P1×X. Using the Hilbert scheme
of P1 ×X we obtain a connected universal flat family of rational curves
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G ⊂M× P1 ×X M

P1 ×X G ′ ⊂M×X

X

H
HHH

HHHj?

-

HH
HHH

HHHj

��
���

���*

?

where M = HilbG(Φ)(P1 × X). Let G ′ be the image of the family G under the
projection on M× X. The fibers of G ′ → M are irreducible and generically
reduced because C is unbreakable and moreover we have the following

Lemma II.1.7 The morphism M→ ChowX has a closed image.

Proof. For a proof see [Wís89, Lemma A4]; we only stress that the unbreaka-
bility assumption is essential for this result.

By the lemma we can replace the family with the associated Chow family, com-
pleting the construction.

The following result is a key fact in the study of unbreakable families.

Lemma II.1.8 (Non breaking lemma) Let X be a smooth variety of dimen-
sion n and V = (V, T, p, q) an irreducible maximal compact Chow family of un-
breakable rational curves, and fix x ∈ E(V); given a connected variety B ⊂ T ,

consider B̃ := q−1(B) and let f : B̃ → Z be a morphism which takes B̃ ∩ p−1(x)

to a point. Either f is a constant map, or it is finite-to-one on B̃\B̃ ∩ p−1(x).

Proof. Suppose, by contradiction that exists an irreducible curve D′ ⊂ B̃
which is mapped to a point y 6= x by p. Let D → q(D′) be the normalization of
q(D′) ⊂ T , let S ′ → D be the morphism obtained by base change from q : V → T
and S → S ′ the normalization of S ′, with induced morphisms q′ : S → D,
p′ : S → X.

S S ′ V X

D T

@
@

@@R

q′

- -

? ?

q

-
p

-

We recall a general well known fact:
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Lemma II.1.9 [Wís89, Lemma 1.14] Let S be a normal surface, with a mor-
phism π : S → C onto a smooth curve C. If every fiber of π is an irre-
ducible generically reduced variety of dimension 1 whose normalization is P1,
then π : S → C is a P1-bundle.

By the lemma q′ : S → D is a P1-bundle. The universal property of the
Chow scheme yields that p′(S) is two dimensional, otherwise the curve q(D′)
parametrizes only one 1-cycle p′(S).
On the surface S there are two contractible flat sections p′−1(x) and p′−1(y), and,
applying lemma (A.1.2) we get a contradiction. �

Corollary II.1.10 Let x be a point of E(V) and Tx the subvariety of T parametriz-
ing curves of the family containing x; then δx = dim Tx ≤ n− 1.

Proof. Apply lemma (II.1.8), taking B = Tx and f = p, recalling that q has
one dimensional fibers.

Corollary II.1.11 Let x be a point of E(V) and let Ex = p(q−1(Tx)) be the locus
of X covered by curves in the family passing through x; then every morphism
h : Ex → Z is either finite to one or takes Ex to a point.

Proof. Apply lemma (II.1.8), taking B = Tx and f = h ◦ p. �

II.1.1 Anticanonical degree of families of rational curves

Let C be a general member of a family of rational curves on a n-dimensional
variety X; we now recall how to give a lower bound to the anticanonical degree
of C, in terms of δ.

Let X be a normal complex projective variety. Fix a smooth point x ∈ X. Let
S be a connected component of Hom(P1, X, i)red, where i : {0} → {x}.
Let Φ : S × P1 → X be the evaluation map and let t = dim Im Φ. Let S0 be an
irreducible component of RegS such that t = dim Im (Φ|S0×P1).

Proposition II.1.1.1 [KS98, Proposition 3.1] For a general s ∈ S0

OP1(2)⊕OP1(1)⊕(t−1) ⊂ (ν∗sΩ
1
X)V .

Now take S ′ to be a connected component of Hom(P1, X)red, Φ′ : S ′ × P1 → X
the evaluation map and t′ = dim Im Φ′. Let S ′

0 be an irreducible component of
RegS ′ such that t′ = dim Im (Φ|S0×P1).

Proposition II.1.1.2 [KS98, Proposition 3.3] For a general s ∈ S ′
0

OP1(2)⊕OP1
⊕(t′−1) ⊂ (ν∗sΩ

1
X)V .
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Using these two propositions, in the case of a covering family of rational curves,
we have:

Corollary II.1.1.3 Let V = (V, T, p, q) be a family of rational curves on X,
such that E(V) is a dense subset of X and let δ be the dimension of the family
at a general point of X. Then, for a general curve C in the family, denoted by
ν : P1 → C the normalization of C, we have

(ν∗Ω1
X)∨ = ⊕n

i=1OP1(ai)

with a1 ≥ 2, ai ≥ 1 for i = 2, . . . , δ + 1 , ai ≥ 0 for i = δ + 2, . . . , n.

Proof. We can apply proposition (II.1.1.1) with t = δ + 1 and proposition
(II.1.1.2) with t′ = n. �

Lemma II.1.1.4 [KS98, Lemma 3.4] Let C ⊂ X be an irreducible curve on X,
and ν : C̃ → X the composite of the normalization of C and the closed immersion
C → X. Assume that C 6⊂ Sing X, and assume that X is Q-Gorenstein. Then

c1((ν
∗Ω1

X)∨) ≤ (−KX .C).

Corollary II.1.1.5 Let X be a Q-Gorenstein variety, such that exists a family
of rational curve which covers X and whose dimension at a general point is δ.
Then, if C is a general curve in the family, we have

−KX .C ≥ δ + 2.

Considering now a family of unbreakable rational curves on a smooth variety, we
can be more precise in relating the anticanonical degree of curves to the dimension
of the family.

Proposition II.1.1.6 Let X be a smooth variety of dimension n and let V =
(V, T, p, q) a maximal connected family of unbreakable rational curves. Then

dim V ≥ −KX .C + n− 2

Proof. Let C be a curve in the family and Φ : P1 → C its normalization.
Applying (A.1.8) to G(Φ), the graph of C we find that, for any component HΦ

of the Hilbert scheme containing G(Φ) we have

dim HΦ ≥ −KX .C + n.

Any two graphs G(Φ1), G(Φ2), for generically one-to-one maps Φi : P1 → X,
going to the same C, satisfy Φ1 = Φ2 ◦ g for some g ∈ Aut (P1); let TΦ be the
irreducible component of T corresponding to HΦ; we have

dim V ≥ dim TΦ + 1 ≥ dim HΦ − dim Aut (P1) + 1 ≥ −KX .C + n− 2

and the result is proved. �
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Corollary II.1.1.7 Let X be a smooth variety of dimension n and V = (V, T, p, q)
a maximal covering family of unbreakable rational curves. Then

dim V = −KX .C + n− 2

and
δ = −KX .C − 2

Proof. Combine proposition (II.1.1.6) with corollary (II.1.1.5), recalling that
dim V = δ + dim E(V). �

II.2 Unbreakable families and elementary con-

tractions

Definition II.2.1 We define the pseudoindex of a Fano manifold X as

min{−KX .C, where C is a rational curve on X}

Proposition II.2.2 [ABW91] Let π : X → W be a contraction of a face of a
smooth n-fold such that dimX > dimW = m. Suppose that for every rational
curve C in a general fiber of π we have −KX · C ≥ (n + 1)/2. Then π is an
elementary contraction except if

a) −KX · C = (n + 2)/2 for some rational curve C on X, W is a point, X is
a Fano manifold of pseudoindex (n + 2)/2 and ρ(X) = 2

b) −KX · C = (n + 1)/2 for some rational curve C, and dimW≤ 1

Proof. Suppose that −KX .C ≥ (n + 2)/2 for every rational curve in X. By
(A.1.10), through a general point of a general fiber there is a rational curve l such
that

−KX .l = −KF .l ≤ dim F + 1 = n−m + 1

By our assumption we also have that −KX .C > (n−m + 1)/2 for every rational
curve, so the curve l can not break. Let (V, T, p, q) be the non breaking family
of rational curves of X, obtained as deformations of l; the dimension of this
family at every point is greater or equal than −KX .l − 2. Suppose that π is
not an elementary contraction; therefore there is a contraction ϕ = contrR where
R = R+[l2] is an extremal ray contracted by π and not containing l. Let F be a
fiber of ϕ; then dim F ≥ l(R) − 1 (I.2.8); let Tp be the locus of curves from
the family T which pass through a given point p; we have dim Tp ≥ −KX .l − 1.
But, by the non-breaking lemma (II.1.8), we must have

dim F + dim Tp ≤ dim X
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if Tp ∩ F 6= ∅ and for p /∈ F , that is

−KX .l −KX .l2 ≤ n + 2

and so we have a contradiction if KX .C > (n + 2)/2 for every curve and equality
everywhere if KX .C = (n + 2)/2 in particular, in this last case we have that
dim F = −KX .l − 1 = n− dim T − 1.
Then, by [BSW90, Lemma 1.4.5] we have that NE(X) = NE(F ) + R+[l]. Since
F is a positive dimensional fiber of an elementary contraction, we conclude that
NE(F ) = R+ and thus that ρ(X) = 2. Thus ρ(Y ) = 0, i.e. Y is a point; therefore
X is a Fano manifold of pseudoindex (n + 2)/2.

If −KX .C = (n + 1)/2 then a general fiber of π, G, is a Fano manifold of pseu-
doindex ≥ (n+1)/2. If m ≥ 2 we have that the pseudoindex of G is greater than
(dim G)/2+1; therefore ρ(G) = 1 (see [Wís90a]). This implies in particular that,
if π is not an elementary contraction, then ϕ = contR, as above, is birational and
therefore that dim F ≥ −KX .l2 (I.2.8); since ρ(X) ≥ 3 it follows as above
that

−KX .l −KX .l2 > n,

and thus we arrive at the contradiction with −KX .C ≤ (n + 1)/2 using again
[BSW90, Lemma 1.4.5]. �

Corollary II.2.3 Let π : X → W a fiber type contraction supported by KX + rL
and suppose that r ≥ (n + 1)/2. Then π is an elementary contraction except if

a) r = (n + 2)/2, X ' Pr−1 × Pr−1.

b) r = (n + 1)/2, dimW = 1 and the general fiber of π is Pr−1 × Pr−1.

c) r = (n + 1)/2, X is Pr−1 ×Qr, PPr(O(2)⊕O(1)⊕(r−1)) or PPr(TPr).

Proof. In case a) X is a Fano manifold of Picard number two and index
(n + 2)/2 and so is Pr−1 × Pr−1 by a result of Wísniewski [Wís90a, Theorem B];
in case b) the same theorem leads to the same conclusion for the general fiber.
In case c) X is a Fano manifold with b2 ≥ 2 and index (n + 1)/2; these are
classified by Wísniewski [Wís91b]. �

II.3 Unbreakable families and Fano manifolds of

large pseudoindex

Wísniewski used families of unbreakable rational curves to classify Fano man-
ifolds of large index ([Wís90a], [Wís91b]); in this section we try to extend his
classification to the case of some Fano manifolds of large pseudoindex.
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Proposition II.3.1 Let X be a smooth projective variety of dimension n ≥ 4, E
an ample vector bundle of rank r on X such that KX+detE = OX and n = 2r−1.
Suppose that b2(X) ≥ 2. Then b2(X) = 2 and

i) X has a projective bundle structure on Pr or Qr.

ii) X has two Pr−1-bundle structures on two smooth Fano manifolds of Picard
number 1.

Proof. Consider the contraction of X to a point, which is supported by the
divisor KX + detE ; by proposition (II.2.2) either b2(X) = 1 or X is a Fano
manifold of pseudoindex r and Picard number 2.
The cone NE(X) is thus generated by two extremal rays R1 and R2, both of
length ≥ r; let ϕ1 : X → Y1 and ϕ2 : X → Y2 be the extremal contractions
associated to these rays, and let F1 and F2 be fibers of these contractions; by the
inequality (I.2.8)

n + 1 = 2r ≤ l(R1) + l(R2) ≤ (dim F1 + ε1) + (dim F2 + ε2) ≤ n + ε1 + ε2 (∗)

with εi = 1 if Ri is nef and εi = 0 if Ri is not nef; in particular we have l(R1) =
l(R2) = r and r − 1 ≤ dim Fi ≤ r.

Claim The contractions ϕi are equidimensional.

Proof. By the preceding remarks, if ϕi is not equidimensional, then its generic
fiber has dimension r − 1 (and so, having length r, ϕi is of fiber type and the
generic fiber, by adjunction is Pr−1), and the jumping fibers have dimension r;
since the contraction is elementary the image in Yi of the jumping fibers has
codimension ≥ 3.
Let m be this codimension, take r − m hyperplane sections Aj of Yi and let
X ′ = ϕ−1

i (∩Aj); the morphism ϕi|X′ : X ′ → ∩Aj is again a good contraction,
with general fiber Pr and some isolated jumping fibers of dimension r; we can
apply the following

Lemma II.3.2 [AM97, Lemma 3.3] Let X be a smooth complex variety and
(W, 0) an analytic germ such that W\{0} ' ∆m\{0}. Suppose that there exists
an holomorphic map π : X → W with −KX π-ample with F ' Ps for all fibers F
of π such that F 6= F0, and that codimF0 ≥ 2. Then there exists a π-ample line
bundle L on X such that LF ' O|F (1).

So we can suppose that the contraction ϕi is supported by a divisor of the form
KX+rL; by (I.4.1.5), ϕi is equidimensional; this implies that there are no jumping
fibers for ϕi and the claim is proved. �

Now we go back to (∗), which tells us that one of the two extremal contractions
of X, say ϕ1, is of fiber type, with fibers of dimension r − 1. This contraction is
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supported by KX + detE ′, with E ′ = E ⊗ ϕ∗1A1, with A1 ample on Y1. So we can
apply [AM97][Theorem 3.2] and obtain that Y1 is smooth and ϕ1 is a Pr−1-bundle
X = P(F) → Y1.

Case a) The contraction ϕ2 is birational.

In this case ϕ2 : X → Y2 is a birational, equidimensional contraction with r-
dimensional fibers and it is supported by KX + detE ′′, with E ′′ = E ⊗ ϕ∗2A2, with
A2 ample on Y2, and so, by [AM97, Theorem 3.1] Y2 is smooth and ϕ2 is the blow
up of a smooth subvariety of Y2. The morphism ϕ1 restricted to a fiber of ϕ2

(which is a Pr) is finite-to-one, and so, by (I.3.10) Y1 ' Pr.

Case b) The contraction ϕ2 is of fiber type with r-dimensional fibers.

In this case the general fiber of ϕ2 is, by adjunction a projective space Pr or a
smooth quadric Qr; the restriction of ϕ1 to one of these fibers is finite to one and
so Y1 is Pr or Qr by (I.3.10).

Case c) The contraction ϕ2 is of fiber type with (r − 1)-dimensional fibers.

In this case the contraction ϕ2 is supported by KX + detE ′′, with E ′′ = E ⊗ϕ∗2A2,
with A2 ample on Y2, so we can apply [AM97][Theorem 3.2] and obtain that Y2

is smooth and ϕ2 is a Pr−1-bundle X = P(F) → Y2. �

If X is as in case i) of the preceding proposition, then we can give a detailed
description of all possible cases:

Proposition II.3.3 Let X, E be as in proposition (II.3.1,i)); Then (X, E) is one
of the following:

1. (P(OPr(1)⊕OPr
⊕(r−1)),O(1, 1)⊕r)

2. (P(TPr(−1)),O(1, 1)⊕r)

3. (Pr−1 ×Qr,O(1, 1)⊕r)

4. (Pr−1 × Pr,O(1, 2)⊕O(1, 1)⊕r−1)

Proof. Up to twist F with a power of O(1) we can assume that 0 < c1(F) ≤ r.

Claim: The line bundle ξF is nef.

Proof. Consider the vector bundle F(1); we have

rξF(1) = −KX + ϕ∗1(KY1 + c1(F(1))).

Since c1(F(1)) ≥ r+1 the line bundle rξF(1) is ample, being the sum of an ample
line bundle and a nef one. In particular F(1) is an ample vector bundle, and so,
for every line in Y1

F(1)|l ' ⊕r
1OP1(ai)
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with all the ai positive; so, on every line F splits as a sum of line bundles of
nonnegative degree; in particular the restriction of ξF to Z =: Pl(F) is nef.
Observe that Z is a section of the rank r − 1 vector bundle ϕ∗i (⊕r−1O(1)) and
apply theorem (V.1.3) to get the nefness of ξF .

Case a) 0 < c1(F) < r.

Take a line l in Y = Pr, Qr and consider the restriction of F to it. We have

F|l ' OP1 ⊕OP1(a2)⊕ . . .⊕OP1(ar)

with a2, . . . , ar ≥ 0; take a section C, corresponding to the surjection F|l −→
OP1 −→ 0; we have ξF .C = 0, and so

r ≤ −KX .C = rξF .C − ϕ∗(KY + detF).C = r + ε− c1(F )

with ε = 1 if Y ' Pr and ε = 0 if Y ' Qr. The only possibility is ε = 1 (Y ' Pr)
and c1(F) = 1, that is, F is a uniform rank r vector bundle on Pr with splitting
type (1, 0, . . . , 0); by (I.5.7) F is OPr(1)⊕OPr

⊕(r−1) or TPr(−1).

Case b) c1(F) = r.

In this case either F is uniform of splitting type (1, 1, . . . , 1) or there is a line l
such that

F|l ' OP1 ⊕OP1(a2)⊕ . . .⊕OP1(ar).

In the first case, by (I.5.5) and (I.5.6) we have F ' ⊕rO(1), while, in the second,
arguing as in case a) we find a contradiction. �

Corollary II.3.4 Let π : X → W a fiber type contraction supported by KX+detE
with E ample vector bundle of rank r on X and suppose that r ≥ (n+1)/2. Then
π is an elementary contraction except if

a) r = (n + 2)/2, (X, E) ' (Pr−1 × Pr−1,OPr−1×Pr−1(1, 1)).

b) r = (n + 1)/2, dimW = 1 and the general fiber of π is Pr−1 × Pr−1.

c) r = (n + 1)/2

i) (X, E) ' (Pr−1 ×Qr,O(1, 1)⊕r).

ii) (X, E) ' (Pr−1 × Pr,O(1, 2)⊕O(1, 1)⊕r−1).

iii) (X, E) ' (PPr(O(2)⊕O(1)⊕(r−1)),O(1, 1)⊕r).

iv) X has two Pr−1-bundle structures on two smooth Fano manifolds of
Picard number 1.
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Proof. Case a) follows from [AM97, Lemma 5.3], in case b) the same result
leads to the same conclusion for the general fiber, while case c) follows from
(II.3.1).

In case ii) of proposition (II.3.1) it is possible to show, using again unbreakable
families of rational curves, that Y1 and Y2 have an extremal ray of length r + 1.
This fact motivates the following

Conjecture II.3.5 Let X be a smooth projective variety of dimension n, E an
ample vector bundle of rank r on X such that KX + detE = OX and n = 2r − 1.
Suppose that b2(X) ≥ 2. Then (X, E) is one of the following:

1. (Pr−1 ×Qr,O(1, 1)⊕r).

2. (Pr−1 × Pr,O(1, 2)⊕O(1, 1)⊕r−1).

3. (PPr(O(2)⊕O(1)⊕(r−1)),O(1, 1)⊕r).

4. (PPr(TPr),O(1, 1)⊕r).

II.3.1 Addendum

Conjecture (II.3.5) has been proved; a complete proof will soon appear elsewhere;
we give here only a quick sketch:

Step 1 The image under ϕ1 of a line in the fiber of ϕ2 is unbreakable.

Step 2 Call C one of this curves and consider the family of its deformations;
we deduce that −KY1 .C ≥ r + 1 ⇒ −KY1 .C = r + 1.

Step 3 Let ν : P1 → C be the normalization of C and consider the restriction
of F to C and the pull back of F to P1; using the unbreakability of the fibers of
ϕ2 we get that ν∗F ' O(a)r−1 ⊕O(a + 1).

Step 4 The map PP1(ν∗F) → Y2 is the blow down of a smooth divisor to a
smooth codimension 2 subvariety of Y2 ⇒ Y2 ' Pr.



Chapter III
Rational curves and elementary
contractions

A fundamental feature of a Fano-Mori contraction is the existence of rational
curves in its fibers. In this chapter we show how, under assumptions which
ensure that the family of rational curves in a fiber is “large” enough, we can have
a quite precise description of the fiber itself.
The description obtained in this way is then used to study small contractions
supported by KX + (n− 2d)L.

III.1 Deformations of curves and fibers of good

contractions

III.1.1 Let X be a smooth complex projective variety, L an ample line bundle
on X and let ϕ : X → Z be a Fano-Mori contraction supported by KX + rL.

The idea of the next proposition is taken from [KMM92, Theorem 2.1], in view
of the following

Remark III.1.2 Let X, L and ϕ be as in (III.1.1); let F be a fiber of ϕ; then
the pointed deformations inside X of the curves lying in F must remain inside
F .

Proposition III.1.3 Let X, L and ϕ be as in (III.1.1), let F be a fiber of ϕ.
Then, if π : F → Y is a non constant morphism to a projective variety Y , there
exists, for any point y ∈ π(F ), a rational curve on F which meets π−1(y), but is
not contracted by π.

Proof. Since π is not constant, there exists a curve i : B → F not contracted
by π which meets π−1(y). Let b be a point on B such that π(i(b)) = y; we may
assume that B is irrational.
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Assume that the ground field has positive characteristic; fix an ample divisor H
on Y ; since −KX |F is ample on F there exists a positive rational number α such
that −KX |F − απ∗H is ample on F ; since π ◦ i is not constant, we may assume,
by composing i with sufficiently many Frobenius morphisms, that

αHπ∗(i∗B) ≥ dim X .g(B). (III.1.4)

and, in particular
−KX .i∗B > dim X .g(B)

This implies ((A.1.6) and (A.1.4)) that there exist a curve i′ : B → X and a
connected non-zero effective rational 1-cycle Z on X, passing through i(b) such
that

i∗B ≡ i′∗B + Z.

Note that, by remark (III.1.2), i′(B) and Z are contained in F . If Z is not
contained in a fiber of π, then we are done; otherwise the inequality (III.1.4) is
still valid for i′ and moreover, since Z is non-zero

0 < −KX .i′∗B < −KX .i∗B.

Now we can repeat the same construction; at a certain point we have to stop,
otherwise the −KX degrees of the curves would form an infinite decreasing se-
quence of positive integers. The characteristic zero case is treated by reduction
to positive characteristic (see Appendix A). �

Corollary III.1.5 Let X, L and ϕ be as in (III.1.1) and let F be a fiber of ϕ.
Then F can not be a P-bundle on a curve of positive genus.

III.2 Family of rational curves and fibers of good

contractions

III.2.1 Let X, L and ϕ : X → Z be as in (III.1.1) and suppose moreover that
ϕ is elementary.

In this situation, if R is the extremal ray contracted by ϕ we have l(R) ≥ r, and,
by proposition (I.2.8) we have

(∗) dim F + dim E ≥ n + l(R)− 1 ≥ n + r − 1.

In [ABW93] the authors investigated the case in which this two inequalities are
equalities, and proved the following result:

Proposition III.2.2 ([ABW93, 1.1]) Let X, L and ϕ be as in (III.1.1), and
assume that the inequalities in (*) are equalities for an irreducible component F ′

of a fiber of ϕ. Let F denote the normalization of F ′ and denote again by L the
pullback of L to F ; let s = dim F ′. Then (F, L) ' (Ps,OPs(1)).
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Our aim is to go one step further in this direction, studying the situation in which
(*) is nearly an equality. To be more precise we are interested in the case in which

(∗∗) dim F + dim E = n + l(R) = n + r.

First of all we show that, with these assumptions, there exists on the fibers of
ϕ : X → Z a “large” family of unbreakable rational curves.

Remark III.2.3 The assumption l(R) = r is crucial; assuming only dim F +
dim E = n + r we still obtain a family of unbreakable rational curves on the
fibers, but we have no way to prove the existence of a line, which is essential for
the description of F .

Lemma III.2.4 (cfr. proof of Theorem (1.1),[Wís91c]) Let X, L and ϕ be as
in (III.1.1); let F be an irreducible component of a fiber of ϕ such that (∗∗) is
satisfied and let s = dim F . Then there exists a family V ′ = (V ′, T ′, p′, q′) of
unbreakable rational curves which covers E, such that, for a general x ∈ F we
have δx ≥ s− 2.

Proof. Let x ∈ F be a general point of F and let C0 ⊂ F be an extremal
rational curve containing x; in particular we have −KX .C0 = l(R) = r. As in
(II.1.6), deforming the curve C0, we obtain an unbreakable (see example (II.1.5))
covering family of rational curves V ′ = (V ′, T ′, p′, q′). We have

dim T ′ ≥ dim X −KX .C0 − 3 = n + r − 3

and, as the fibers of q are one dimensional

dim V ′ ≥ n + r − 2

The image of p is contained in E, and so, recalling that δx = dim p−1(x)

dim E ≥ dim V ′ − δx ≥ n + r − 2− δx

By (∗∗) we have dim E = n + r − s, and so

δx ≥ s− 2. �

In the following proposition we show how the existence of this family of rational
curves leads us to the description of the fibers of ϕ.
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Proposition III.2.5 Let X, L and ϕ be as in (III.2.1), and assume that (∗∗)
is satisfied for an irreducible component F ′ of a fiber of ϕ. Let F be the nor-
malization of F ′ and denote again by L the pullback of L to F ; let s = dim F .
Then (F, L) ' (Ps,OPs(1)) or (F, L) ' (Qs,OQs(1)), possibly singular, or F has
a desingularization which is a Ps−1-bundle over a smooth curve B.

Proof. Consider the family V ′ = (V ′, T ′, p′, q′) constructed in lemma (III.2.4);
and observe that the curves in this family are lines with respect to L.
Next we take F to be the normalization of F ′; normalizing also the family and its
graph we obtain a new unbreakable family V = (V, T, p, q) on F . Let Φ : M → F
be a desingularization of F , and LM = Φ∗L, and let m the inverse image of e,
a smooth point of F . The curves in the family Te, since they are not entirely
contained in the singular locus of F , can be lifted to curves on M passing through
the point m.
We claim that there is a family of these lifts-up of degree one with respect to LM

which covers a dense subset of M .
Indeed we know that a neighborhood of m is covered by these curves, so, if it were
not such a family, the neighborhood would be contained in a countable sum of
nowhere dense subsets of M , obtained by deforming each of the lifted-up curves,
obtaining a contradiction.
By lemma (III.2.4) the dimension of the family at a general point is greater or
equal than s − 2 and the family covers a dense subset of M , so, by (II.1.1.3), if
ν : P1 → C ⊂ M is the normalization of a general curve in the family we have

ν∗(TM) ' ⊕OP1(ai)

with a1 ≥ 2, ai ≥ 1 fori = 2, . . . s− 1, as ≥ 0 and so

(KM + tLM).C < 0 if t < s.

So, since the family cover a dense subset of M , we have

hs(M,−tLM) = h0(M, KM + tLM) = 0 for t < s

and
hi(M,OM) ' h0(M,∧iTM∗) = 0 for i ≥ 2

Case I: h1(M,OM) = 0

By the Kawamata-Viehweg vanishing theorem we have

hi(M,−tLM) = 0 for i < s , t > 0

Combining all these vanishings, we see that, for χ(t) = χ(M, tLM), the Hilbert
polynomial of LM , we have χ(M, tLM) = 0 for t = −1,−2, . . . ,−s + 1 and
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χ(M,OM) = 1, so the polynomial is of the form

χ(M, tLM) =
d

s!

(
s−1∏
k=1

(t + k)

)(
t +

s

d

)
This implies that h0(M, LM) = χ(1) = s + d and then, computing the ∆-genus
of the quasi-polarized variety (M, LM)

∆(M, LM) = dim M + deg LM − h0(M, LM) = s + d− (s + d) = 0

Using [Fuj89, Theorem 1.1] we get a commutative diagram

M̃

M F

@
@

@@R

Φ̃6
h

-
Φ

where M̃ is a smooth variety, LM̃ is a very ample line bundle on M̃ such that

(M̃, LM̃) has ∆-genus zero, and so M̃ ' Ps, Qs or M̃ is a Ps−1-bundle on a rational
curve. In the first two cases we can apply (I.4.10) or (I.4.11), respectively and,
since LM̃ is very ample, obtain (F, L) ' (Ps,OPs(1)) or (F, L) ' (Qs,OQs(1))
(possibly singular), respectively.

Case II: h1(M,OM) 6= 0

In this case we consider the Albanese map of M , α : M → Alb(M); since rational
curves in the family cover a dense subset of M and the dimension of the family
at a general point is s−1, the image of the Albanese map of M , α(M) ⊂ Alb(M)
must be a curve B (see I.6.3 and I.6.2).

Claim Let f be the generic fiber of α. Then the normalization of Φ(f) is Ps−1.
Using as in the preceding case vanishing theorems and Hilbert polynomials we

can show that, if f is a generic fiber of α then f is a quasi polarized varieties of ∆-
genus 0; by [Fuj89, Theorem 1.1] the restriction of L to f is spanned and defines
a birational map h to a polarized variety of ∆-genus 0; by [Fuj89, Theorem 2.2]
this variety is Ps−1 and Lf = h∗(OPs−1(1)). This implies that the normalization
of Φ(f) is Ps−1.

Consider the map Φ̃ : M → F ×B induced by Φ and the image of M , Φ̃(M)
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M F ×B ⊃ Φ̃(M)

B
?

α

-Φ̃

�
�

�
�

�
�+

p2

Let M̃ be the normalization of Φ̃(M) and α̃ : M̃ → B the composite of the
normalization morphism and the projection on B.
We have a commutative diagram

M̃

M F

@
@

@@R

p̃16˜̃
Φ

-
Φ

.

The generic fiber of α̃ is a normal variety, and, by the claim is Ps−1; the line
bundle LM̃ = p̃∗1L is ample on the fibers of α̃, so, up to tensor it with α̃∗H, with
H ample on B, we can assume that it is ample. So we can apply (I.3.7) and

obtain that (M̃, LM̃) is a Ps−1-bundle over B. �

In the rest of the section we show how the result of the proposition can be
improved under some additional assumptions (on the dimension of the fibers, on
their singularities, etc.). Then, in the following sections we apply these results to
the description of the global structure of some Fano Mori contractions.

Remark III.2.6 In the set up of the previous proposition, if we assume that F
has dimension ≤ r + 1 then case II of the proof does not occur, i.e. ∆(F, L) = 0

Proof. Let Xk = ∩k1Hi, with Hi ∈| L | generic divisors and k = dim F ′ − 1.
Let F ′

k = F ′ ∩Xk. By (I.4.1.2) and (I.4.1.4), Xk is smooth and the restriction of
ϕ to Xk is a contraction supported by KXk

. Being a one dimensional fiber of a
crepant birational contraction of a smooth variety, F ′

k ' P1 ([AW98, Proposition
5.6.1]). Let Φ : M → F ′ be a resolution of F ; since L|F is spanned, we also have
embedded resolutions Φk : Mk → F ′

k Suppose that (M, LM) is a Ps−1-bundle over
a curve B; the curve Mk ' P1 is given by the intersection of r generic members
of | LM |, and so dominates the base curve, which has to be rational. �

Remark III.2.7 Actually, it can be shown ([AW97, Theorem 1.10, iii)]) that,
in the hypothesis of remark (III.2.6) the fiber is normal, so that the result of
proposition (III.2.5) holds for the fiber itself.

Remark III.2.8 If we assume that F has rational singularities, we can prove
that ∆(F, LF ) = 0.
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In fact we can consider the Albanese mapping of F , which is defined in this case.
(see [BS95, 2.4]) and obtain that, in case II of the proof, (F, L) is a Ps−1-bundle
over a smooth curve B, but, by corollary (III.1.5), B must be rational.

Proposition III.2.9 Let X, L and ϕ be as in (III.1.1), and assume that (∗∗)
is satisfied for an irreducible component F of a fiber of ϕ which has at worst log
terminal singularities. Let s = dim F . Then (F, L) ' (Ps,OPs(1)) or (F, L) '
(Qs,OQs(1)), possibly singular or (F, L) is a Ps−1-bundle on a rational curve.

Proof. Let x ∈ F be a general point of F and C0 ⊂ F be an extremal
rational curve containing x and consider the deformations of the curve C0. By
the minimality of the intersection −KX .C0 the family V = (V, T, p, q) obtained
in this way is unbreakable, and the curves in this family are lines with respect to
the ample line bundle L.
By lemma (III.2.4) the dimension of the family at a general point is greater or
equal than s− 2, and by lemma (II.1.1.5)

−KF .C ≥ s.

By theorem (I.3.3) either (F, LF ) ' (Ps,OPs(1)) or KF + sL is nef.
In the second case by (I.3.4) F is a possibly singular quadric or a Ps−1-bundle on
a smooth curve B.
In the last case the curve B is rational, by (III.1.5). �

Proposition III.2.10 Let X, L and ϕ be as in (III.2.1); let F be a fiber of ϕ
and suppose that either r ≥ 3 or F is an isolated fiber (i.e., if E is the irreducible
component of the exceptional locus of ϕ containing F then E = F ) which verifies
(**). Then F can not be a rational scroll.

Proof. Let s be the dimension of F and suppose that F is Ps−1-bundle on a
rational curve. Take a section C ⊂ F such that the intersection number with L is
minimal and let d = L.C; in N1(X); since the contraction is elementary we have
C ≡ dC0.
Let c be a point of C and consider the pointed deformations of C inside X; by
remark (III.1.3) these deformations are contained in F . We claim that these
deformations of C cannot be reducible; by contradiction suppose that, for a de-
formation of C, C̃, we have

C̃ =
k∑
1

Ci.

Let f be a fiber of π, the bundle projection; since C̃.f = 1 exactly one of the Ci

must be horizontal, and the others contained in the fibers, but, by the minimality
of L.C̃ among horizontal sections, this is impossible.
Suppose now that r ≥ 3; denoting by Dc the locus of deformations of C passing
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through c, we have, by (II.1.1.7)

dim Dc = −KX .C − 1 ≥ rd− 1,

and, by lemma (II.1.8) we have

s + 1 ≤ rd− 1 + s− 1 ≤ dim Dc + dim f ≤ s

a contradiction.

If F is an isolated fiber of ϕ we can consider the (not necessarily) pointed defor-
mations of C in X, which have to stay inside F , and prove as above that they
cannot be reducible. So we construct an unbreakable family F = (VF , TF , pF , qF)
of deformations of C. By (II.1.8) we have δF = 0 and

s ≥ dim E(F) = dim V (F) ≥ rd + n− 2 ≥ 2s− 2

The only possibility is that s = 2, d = 1, n = 3, r = 1 and ϕ is a divisorial
contraction contracting a two-dimensional quadric to a point. �

III.3 Small contractions

Using the description of the fibers obtained in the previous section we now study
some special cases of good contractions.

Theorem III.3.1 Let KX+(n−2d)L , with d ≥ 2 be a good supporting divisor of
an elementary small contraction ϕ : X → W . Let E ′ be an irreducible component
of the exceptional locus of ϕ of dimension n− d and E the normalization of E ′.
Then either ϕ(E ′) is a point and E is isomorphic to Pn−d, Qn−d, possibly singular,
or has a desingularization which is a Pn−d−1-bundle on a smooth curve or ϕ(E ′)
is a curve and E ′ is a Pn−d-bundle on that curve.

Proof. Let F ′ be an irreducible component of a fiber of ϕ. The inequality
(I.2.8), combined with our hypothesis gives

2n− 2d ≥ dim E ′ + dim F ′ ≥ n + (n− 2d)− 1.

If dim F ′ = n−d then E ′ = F ′ and we have two possible cases: if l(R) = n−2d−1
we have n = 5 and d = 2 and this is the case studied in ([Zh95, Theorem 1]),
while if l(R) = n− 2d we are in the hypothesis of proposition (III.2.5).
If dim F ′ = n− d− 1 the image of E ′ is a curve, B. By vertical slicing (I.4.1.3)
we obtain a smooth variety X ′′ ⊂ X with a good contraction ϕ|X′′ supported by
KX′′ +rLX′′ such that the irreducible components of the exceptional locus of ϕ|X′′

are the intersection of X ′′ with the irreducible components of the exceptional
locus of ϕ. In particular (E ′ ∩ X ′′, LE′∩X′′) is (Pn−d−1,O(1)), by (III.2.2). So
we have (F, LF ) ' (Pn−d−1,O(1)) for a general fiber of ϕ; the contraction ϕ is
equidimensional, and so, by (I.3.7), E ′ is a Pn−d−1-bundle over B. �
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Corollary III.3.2 Let KX + (n− 2d)L, with d ≥ 2 be a good supporting divisor
of an elementary small contraction ϕ : X → Z. Let E be an irreducible log
terminal components of the exceptional locus of ϕ of dimension n− d. Then E is
isomorphic to Pn−d, Qn−d and ϕ contracts E to a point or or ϕ(E) is a smooth
curve B and E is a smooth Pn−d−1-bundle over B.

Proof. The result follows reasoning as in the proof of theorem (III.3.1), taking
into account proposition (III.2.9) and proposition (III.2.10). �

All the cases listed in the corollary do happen.

Construction III.3.3 Let (F, E) be a pair consisting of a smooth variety F
and a numerically effective vector bundle E such that −KF − detE is ample.
Let X := P(E ⊕ O), let ξ denote the tautological line bundle on X, consider
the section of the projective bundle π : X → F determined by the surjection
E ⊕O −→ O −→ 0, and call it again F ; it is easy to check that N∗

F\X = E . Since
ξ is nef and ξ−KP(E⊕O) is ample, by the Contraction theorem it follows that mξ
is base point free for m >> 0 and defines a Fano-Mori contraction ϕ : X → Z
with Z = P(⊕m≥0H

0(Sm(E ⊕O))). If E is ample the map ϕ is the contraction of
F to a point.

Example III.3.4 To construct examples for the contractions described in the
corollary consider as (F, E) the pairs (Pn−dOP(1)⊕d) and (Qn−d,OQ(1)⊕d) for the
first two possibilities, while for the last consider the pair (Pn−d−1,OP(1)

⊕d); the
same construction gives us a good contraction of a (n − 1)-dimensional variety
Y = P(E ⊕ O) which contracts a Pn−d−1 to a point. Taking X = Y × B, with
B a smooth curve, we have an example of a small contraction which contracts a
Pn−d−1-bundle on B to B.

Remark III.3.5 In all this examples the flip of ϕ exists.

Proof. Consider X̂, the blow up of X along E; by [AW98, Proposition 5.4] the
bundle −F̂ is generated by global sections and defines a Fano-Mori contraction
ϕ̂ : X̂ → Ẑ. �



Chapter IV
Ample vector bundles, low degree
rational curves and good contractions

The aim of this chapter is to generalize some results on good contractions sup-
ported by divisors of the form KX + rL to Fano-Mori contractions supported
by divisors of the form KX + detE . In particular we will consider contractions
whose fibers are covered by “large” families of rational curves, extending propo-
sitions (III.2.2) and (III.2.5). Unfortunately, in this case, it is not possible to
use vanishing theorems and Hilbert polynomials as in the line bundle case, so, in
general, we have to strengthen our hypothesis on the fibers, allowing only some
mild singularities.
However, in some special cases, without assumptions on singularities, we are able
to prove that the fibers have to be smooth, generalizing a theorem of Andreatta,
Ballico and Wísniewski on small contractions.
As a byproduct we obtain a characterization of projective spaces, quadrics and
P-bundles over curves by means of families of rational curves with bounded degree
with respect to the determinant bundle of an ample vector bundle: if X is a log
terminal variety with a sufficiently large family of this kind, then X is smooth
and is one of the above varieties.

IV.1 Generalized adjunction and rational curves

of low degree

IV.1.1 Let X be a smooth complex projective variety, E an ample vector bundle
of rank r on X and let ϕ : X → Z be an elementary contraction supported by
KX + detE .

By inequality (I.2.8) and (I.5.2) we have

dim E + dim F ≥ n + l(R)− 1 ≥ n + r − 1
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We want to study the border cases for this inequality:

(∗) dim E + dim F = n + r − 1

(∗∗) dim E + dim F = n + r.

First of all we show how these hypothesis ensure the existence of a “large” family
of rational curves in the fibers of ϕ. Let X, E and ϕ be as in (IV.1.1); let F be
an irreducible component of a fiber of ϕ and let s = dim F .

Lemma IV.1.2 Suppose that (∗) is satisfied. Then there exists a covering family
V = (V, T, p, q) of unbreakable rational curves on F , such that, for a general x ∈ F
we have δx ≥ s− 1.

Lemma IV.1.3 Suppose that (∗∗) is satisfied. Then there exists a covering fam-
ily V = (V, T, p, q) of unbreakable rational curves on F , such that, for a general
x ∈ F we have δx ≥ s− 2 + ε, with ε = l(R)− r.

Proof. Same as lemma (III.2.4). �

Next we show how the existence of a “large” family of rational curves of low
degree with respect to detE allows us to classify X.

Theorem IV.1.4 Let X be a log terminal complex projective variety of dimen-
sion n and E an ample vector bundle of rank r on X, such that there exists a
covering family V = (V, T, p, q) of rational curves on X of dimension δ and degree
d with respect to detE.

1. If d = r ≤ n + 1 and δ = n− 1 then (X, E) ' (Pn,OPn(1)⊕r).

2. If d = r+1 ≤ n+1 and δ = n−1 then (X, E) ' (Pn,OPn(1)⊕(r−1)⊕OPn(2))
or (X, E) ' (Pn, TPn).

3. If d = r ≤ n and δ = n− 2 then (X, E) ' (Qn,OQn(1)⊕r) or X is a Pn−1-
bundle on a smooth curve and E|f ' O(1)⊕r for every fiber f of the bundle
projection.

In the proof we will need the following

Lemma IV.1.5 Let (X, E) be as in (IV.1.4) and suppose that there exists a
covering family V = (V, T, p, q) of rational curves on X, of dimension δ and
degree d < 2r with respect to detE. Then there exists a rational curve C̄ ⊂
P(E) = ProjX(E) such that ξE .C̄ = 1 and −KP(E).C̄ ≥ δ + 2− d + r.
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Proof. The canonical bundle of P(E) is given by the formula

KP(E) = p∗(KX + detE)− rξE

Let C ⊂ X be a curve of the family V , and ν : P1 → X the normalization of C,
and consider the fiber product

W P(E)

P1 X

-ν̄

? ?

p

-ν

We have ν∗E = OP1(1)⊕OP1(a2)⊕ . . .⊕OP1(ar), with ai ≥ 1 ∀i. Let C̃ be the

section corresponding to the surjection ν∗E → OP1(1) → 0 and C = ν̄(C̃). We
have ξE .C = 1 and, recalling that KX .C ≥ δ + 2 (II.1.1.5)

−KP(E).C = ν∗(−KP(E)).C̃ = ν̄∗(p∗(−KX − detE) + rξE).C̃ =

= (π ◦ ν)∗(−KX).C̃ − (π ◦ ν)∗(detE).C̃ + rν̄∗(ξE).C̃ =

= δ + 2− d + r.

�

Proof of theorem (IV.1.4).

Step 1: Assume that X is smooth.

Proof of 1) Consider in P(E) the maximal Chow family V = (V, T, p, q) of

deformations of the unbreakable rational curve C̄ = ν̄(C̃), where C̄ and C̃ are as
in lemma (IV.1.5).

Claim V is a covering family for P(E).

Proof of the claim Let x be a point of C̄, Px the fiber of p containing x, Tx
be the subvariety of T parametrizing curves in the family containing x, and δx
be the dimension of Tx. If δx ≥ n, then dimDx ≥ n + 1 and

dim(Dx ∩ Px) ≥ 1

and so p(Dx) is a point (cfr. II.1.8), and this is impossible. So δx ≤ n − 1. The
dimension of V is ≥ 2n + r − 2 by corollary (II.1.1.6) and so we have, for the
dimension of the exceptional locus of V

dimE(V) ≥ dimV − δx ≥ n + r − 1

and the claim is proven. �
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By [BSW90, Lemma 1.4.5] we have

NE(P(E)) = NE(P ) + R+[C̄]

and this implies that P(E) is a Fano variety and C̄ is an extremal rational curve
generating an extremal ray R2.
By lemma (IV.1.5) the contraction ϕ = contrR2 , has length

l(R2) ≥ n + 1.

So, if F is a fiber of the contraction ϕ

dimF ≥ n.

On the other hand, by the proof of the claim

dimF ≤ n + r − 1− (r − 2)− 1 = n

and the two inequalities together imply dimF = n, l(R2) = n + 1. Using the
inequality (I.2.8)

dim E(R2) ≥ −dim F + dim P(E) + l(R2)− 1 = n + r − 1

we see that the contraction of R2 is of fiber type. The general fiber is a smooth
Fano variety such that

−KF = (−KP(E))|F = (n + 1)(ξE)|F

and so the general fiber is Pn. By (I.3.7) we conclude that ϕ : P(E) → Y is a
Pn−bundle. The map p restricted to a fiber of ϕ is finite-to-one and we can apply
theorem (I.3.10) and conclude X ' Pn. Using (I.5.5) we have that E splits into
the direct sum of r copies of OPn(1).

Proof of 2) By corollary (II.1.1.7) X has an extremal ray of length n+1, and
so, by (I.2.7) is a Fano variety of Picard number 1.
If r = n then KX +detE = OX , and, by [YZ90], recalling that X has an extremal
ray of length n + 1, we have (X, E) ' (Pn,OPn(2) ⊕ OPn(1)⊕(n−1)) or (X, E) '
(Pn, TPn), so we can suppose that r < n.
Let L be the ample generator of Pic(X); we have KX + detE = aL with a < 0,
because, if C is a general curve in the family aL.C ≤ (r + 1)− (n + 1) < 0. This
implies that P(E) is a Fano variety of Picard number two and there is an extremal
ray contraction ϕ : X → Y , different from p.
Let τ be the nef value of ξE and C̄ the curve on P(E) given by lemma (IV.1.5);
since KP(E) + τξE .C̄ ≥ 0 we must have τ ≥ n; this implies that

l(R2) ≥ n



IV.1 Generalized adjunction and rational curves of low degree 36

Case a) The contraction ϕ is birational.

In this case, for a fiber of ϕ, we have

dimF ≥ l(R2) ≥ n

and again, by [BSW90, Lemma 1.4.5] we find that

dimF ≤ n + r − 1− (r − 2)− 1 = n

and the two inequalities together imply dim F = n, l(R2) = n and R2 = R+[C̄].
The general fiber of this contraction is Pn by [ABW93, Lemma 1.1]. The re-
striction of p to the general fiber is finite to one and surjective, and by (I.3.10)
X ' Pn.

Case b) The contraction ϕ is of fiber type.

In this case, for a fiber of ϕ, we have

dimF ≥ l(R2)− 1 ≥ n− 1,

and, as in case a) we have dim F ≤ n, so the fibers of ϕ can have dimension
= n, n− 1.

If the dimension of the general fiber is n−1, then l(R2) = n, τ = n and dim Y = r;
so we can apply (I.4.1.5) to conclude that ϕ is equidimensional. In fact, if ϕ had
a fiber of dimension n, then we would be in case (2c) of (I.4.1.5) and we would
have n ≤ n+r−1

2
, a contradiction with our hypothesis r ≤ n. For the generic fiber

of ϕ we have
KF = (KP(E))|F = −n(ξE)|F

and so (F, (ξE)|F ) ' (Pn−1,OPn−1(1)), and, by (I.3.7) P(E) = P(F) is a Pn−1-
bundle over Y . This implies that Y is smooth, P(E) being so, and in particu-
lar C̄, being an extremal rational curve, hence a line in Pn−1, is smooth, and
so C is smooth, too. This implies that, in the construction of lemma (IV.1.5)
W = p−1(C) = PP1(OP1(2)⊕OP1(1)⊕(r−1)) is the blow up of Pr along a codimen-
sion 2 linear space. The restriction of ϕ to W is a morphism which contracts
the exceptional divisor of the blow up, and such that KW is ϕ| ample. So the
connected part of the Stein factorization of ϕ| is a contraction on Pr, and Y ' Pr
by (I.3.10). An easy computation shows that ξF = ξE is ample, and c1(F) = n+1
so that F is uniform of splitting type (1, . . . , 1, 2), and so, by proposition (I.5.7)
F = OPr(2)⊕OPr(1)⊕(n−1) or F = TPr⊕OPr(1)⊕(n−r).The first case is impossible,
since the second contraction of P(F) would be birational, while, in the second
case the second contraction is onto Pn.
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If the dimension of the general fiber is n, then ϕ is a quadric bundle, by (I.4.1.5).
The restriction of p to the general fiber, a smooth n-dimensional quadric, is finite-
to-one and we can use theorem (I.3.10) to get X ' Pn or X ' Qn, but the second
case is impossible, since X has an extremal ray of length n + 1.
It remains to prove that E = OPn(2)⊕OPn(1)⊕(r−1), but this follows from (I.5.7)
since r < n.

Proof of 3) By corollary (II.1.1.7) X has an extremal ray of length n, and so,
by (I.2.7) there are two possibilities for X:

i. X is a Fano variety and Pic(X) ' Z.

ii. There exists an extremal contraction contrR : X → B onto a smooth curve
B, whose general fiber is a smooth n− 1 manifold with an extremal ray of
length n.

In case i), reasoning as in lemma (IV.1.5) and in proof of theorem 2), we can
prove that P(E) is a Fano variety, and the “other contraction”, ϕ : P(E) → Y has
length l(R2) ≥ n.

Case a) The contraction ϕ is birational.

In this case, as in proof of 2), we have that the general fiber of ϕ is Pn. The
restriction of p to the general fiber is finite to one and surjective, and by (I.3.10)
X ' Pn, but this is absurd, since X has an extremal ray of length n.

Case b) The contraction ϕ is of fiber type.

As in proof of 2) we find that ϕ is equidimensional and either is a Pn−1-bundle
contraction on Pr, or a quadric bundle.
In the first case P(E) = P(F), where F is F = OPr(2)⊕OPr(1)⊕(n−1) or F = TPr⊕
OPr(1)⊕(n−r) and this is impossible, since in the first case the second contraction
of P(F) would be birational, while, in the second case the second contraction is
onto Pn, but X has an extremal ray of length n.
If ϕ is a quadric bundle contraction, the restriction of p to the general fiber, a
smooth n-dimensional quadric, is finite-to-one and we can use theorem (I.3.10) to
get X ' Pn or X ' Qn, but the first case is impossible, since X has an extremal
ray of length n.
It remains to prove that E = OPn(1)⊕(r), but this follows from (I.5.5).
In case ii), the general fiber of contrR : X → B is a smooth n− 1 manifold which

satisfies the assumptions of 1) and so is a smooth projective space. By [Me97,
proof of 4.1.2, claim], X is a Pn−1-bundle on B.

Step 2: X is singular.
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The idea is to show that, under the assumptions we made, P(E) and hence X has
to be smooth. This idea, as well as the techniques, are borrowed from [Zh95b]
and [Me98].

Proof of 1) In case r = n + 1 we have that KX + detE is nef but not ample
and so X ' Pn by [Zh95b, Theorem 2], so we can suppose that r ≤ n.
We consider P(E), which now is a log terminal variety of dimension n + r − 1,
such that Sing(P(E)) = p−1Sing(X).
Take on X a curve in the family which is contained in the smooth locus of
X; the construction of lemma (IV.1.5) gives us a curve C̄ ⊂ P(E) such that
−KP(E).C̄ ≥ n + 1 and ξE .C̄ = 1.
Let τ be the nef value of ξE , and ϕ : P(E) → Y the associated extremal con-
traction; Since KP(E) + τξE is nef on P(E) we have (KP(E) + τξE).C̄ ≥ 0, and so
τ ≥ n + 1; since r ≤ n, ϕ does not contract curves in the fibers of p; since no
curve can be contracted by two different extremal contractions, if F is a fiber of
ϕ, we have dim F ≤ n.

Claim The contraction ϕ is of fiber type.

Proof of the claim. See [Zh95b, Claim II].

The bundle KF + (n + 1)(ξE)|F = KP(E) + τξE is nef but not ample, implying
F ' Pn. The contraction ϕ is thus equidimensional, the general fiber is Pn and
the ample line bundle ξE restricts to OPn(1) on the fibers. By (I.3.7) P(E) is a
Pn-bundle on Y . Take a smooth Zariski open subset U ⊂ Y ; ϕ−1(U) must be
smooth, and this implies that Sing(X) = ∅.

Proof of 2) and 3) If r = n we have that KX + detE is nef but not ample,
and the results follow from [Me98, Theorem 2], so we can suppose r < n.

Take a curve in the family contained in the smooth locus of X. As in lemma
(IV.1.5) we find a curve C̄ on P(E) such that −KP(E).C̄ ≥ n and ξE .C = 1.
Let τ be the nef value of ξE ; since (KP(E) + τξE).C̄ ≥ 0 we have τ ≥ n, so the
contraction ϕ associated to KP(E) +τξE does not contract curves in the fibers of p,
and this implies, for a fiber of p, that dim F ≤ n, but we also have dim F ≥ n−1,
since KP(E) + τξE is trivial on F . Proof of [Me97, Theorem 3.2] works in our case
to give the smoothness of X. �

Now we apply theorem (IV.1.4) to the study of Fano-Mori contractions.

Theorem IV.1.6 Let X , E and ϕ be as in (IV.1.1), with r ≥ 2, and suppose
that (∗) is satisfied for a log terminal irreducible component F of a fiber of ϕ; let
s = dim F . Then (F, E|F ) ' (Ps,OPs(1)⊕r).
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Proof. By lemma (IV.1.2) we are in the hypothesis of theorem (IV.1.4.1), which
gives us the result. �

Theorem IV.1.7 Let X , E and ϕ be as in (IV.1.1), with r ≥ 2, let F be a
log terminal irreducible component of a fiber of ϕ such that (∗∗) is satisfied; let
s = dim F . Then (F, E|F ) ' (Ps,OPs(1)⊕r) or (F, E|F ) ' (Qs,OQs(1)⊕r) or F is
a Ps−1-bundle over a smooth curve B and E|f = OPs−1(1)⊕r for every fiber of the
P-bundle contraction.

Proof. Let R be the extremal ray contracted by ϕ; our assumptions give us
two possibilities for the length of R.
If l(R) = r, by lemma (IV.1.3) we are in the hypothesis of (IV.1.4.2)); if l(R) =
r + 1, by the same lemma, we are in the hypothesis of (IV.1.4.3)). �

IV.2 A theorem on small contractions

In [ABW93] the authors proved the following

Theorem IV.2.1 Let X be a smooth complex projective variety, f : X → W be
an elementary small contraction whose good supporting divisor is KX +(n− 3)L.
Then the exceptional locus E of f is a disjoint union of its irreducible components
Ei such that Ei ' Pn−2 and NEi/X ' OPn−2(−1)⊕2. Moreover there exists a flip
f+ : X+ → W of f from a smooth projective variety X+.

The aim of this section is to generalize this result to small contractions supported
by divisors of the form KX +detE , with E ample vector bundle of rank n−3. We
prove the following

Theorem IV.2.2 Let X be a smooth complex projective variety, E an ample
vector bundle of rank n−3 on X, f : X → W be an elementary small contraction
whose good supporting divisor is KX +detE. Then the exceptional locus E of f is
a disjoint union of its irreducible components Ei such that Ei ' Pn−2. Moreover
there exists a flip f+ : X+ → W of f from a smooth projective variety X+.

Proof. Let Fi be an irreducible component of a fiber of f , contained in Ei; we
have, by (I.2.8)

2n− 4 ≥ dim Ei + dim Fi ≥ n + (n− 3)− 1

which implies Ei = Fi; moreover, by (IV.1.6), if Ei is smooth, then Ei ' Pn−2.
So the theorem will follow once we prove that Ei is smooth.
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Let P(E) = ProjX(E), p : P(E) → X the natural projection, ξE the tautolog-
ical bundle of E ; p is an elementary contraction and

KP(E) = p∗(KX + detE)− rξE

Our construction yields that ρ(P(E)/W ) = 2, and that −KP(E) is (f ◦ p)-ample;
hence there exists an extremal ray R2 ∈ NE(P(E)/W ) not contracted by p, with
l(R2) ≥ n− 3, and an elementary contraction ϕ : P(E) → Z, with a commutative
diagram

P(E) Z

X W

-
ϕ

?

p

?

ψ

-
f

Lemma IV.2.3 Every fiber of ϕ, F (ϕ), is contained in the inverse image of a
fiber of f , F (f). In particular the exceptional locus of ϕ, E(ϕ), is contained in
the inverse image of the exceptional locus of f , E(f).

Proof. The first part of the lemma is trivial, because of the commutativity
of the diagram, while the second part follows since the image via p of a positive
dimensional fiber of ϕ has positive dimensional image. �

This lemma, in particular, gives us

dim E(ϕ) ≤ dim E(f) + n− 4

dim F (ϕ) ≤ dim F (f).

Our assumptions imply, for the contraction f

2(n− 2) ≥ dim E(f) + dim F (f) ≥ n + l(R)− 1 ≥ 2n− 4

hence dim E(f) = dim F (f) = n− 2. Using inequality (I.2.8) for ϕ we have

2n− 8 = dim E(f) + dim F (f) + n− 4 ≥ dim E(ϕ) + dim F (ϕ) ≥

≥ dim P(E) + l(R2)− 1 ≥ (2n− 4) + (n− 3)− 1 = 2n− 8

so that all the inequalities are equalities; in particular we have dim E(ϕ) = 2n−6
and dim F (ϕ) = n− 2.
The contraction ϕ verifies the assumptions of (III.2.2) for every irreducible com-
ponent of a fiber; so the normalization of every irreducible component of a fiber
is Pn−2. By theorem ([AW97, Theorem 1.11]) the line bundle L is ϕ-very ample,
and so every irreducible component of a fiber is Pn−2.
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Claim For each component Ei of the exceptional locus there exists a fiber of
ϕ, F̄ with normal bundle NF̄ /P(E) = O⊕(n−4) ⊕O(−1)⊕2.

Proof. Same as first part of the proof of [ABW90, theorem 1.3], which doesn’t
use the bound on r.

Now we consider the Hilbert scheme (over Z) of n−2-planes in X (over Z); since
h1(NF̄ /P(E)) = 0 the Hilbert scheme is smooth at the point t̄ corresponding to F̄ ;
let T be the unique irreducible component containing t̄; since h0(NF̄ /P(E)) = n−4,
the dimension of T is n− 4.
For a general t ∈ T , since a small deformation of a decomposable bundle is trivial,
we have NFt/P(E) = O⊕(n−4)⊕O(−1)⊕2. Let U ⊂ T be a Zariski open subset such
that for every t ∈ U we have NFt/P(E) = O⊕(n−4) ⊕O(−1)⊕2.
By the property of the Hilbert scheme, U is smooth and, if Π is the universal
(n− 2)-plane over U , we have that Π is a Pn−2-bundle over U . There is moreover
a natural “evaluation” map h : Π → X; this map is one to one and it is an
immersion at every point (see [ABW90, proof of theorem 1.1]).
Therefore h(U) ⊂ Ei(ϕ) is smooth, and, since Sing(Ei(ϕ)) = p−1Sing(Ei(f)) we
have that Ei(ϕ) and Ei(f) are smooth, too. �



Chapter V
Ample vector bundles with sections
vanishing on special varieties

A very classical and natural way of classifying complex projective manifolds X
consists in slicing X with a number of general hyperplane sections obtaining in
this way a complex manifold of smaller dimension which is likely classifiable.
Then one should ascend the geometrical properties of this new manifold and
obtain a complete description of X. To stress the classical flavor of this approach
it is sometime called Apollonius method [Fuj90]. The hard part of the Apollonius
method are the ascending properties; in this chapter we will consider this problem
in a slightly more general set up.

Let E be an ample vector bundle of rank r on X such that there exists a section
s ∈ Γ(E) whose zero locus Z = (s = 0) is a smooth submanifold of the expected
dimension dimX − r := n− r.
Assume that Z is not minimal in the sense of Mori’s theory, that is −KZ is
not nef; thus Z has at least one extremal ray (I.1.3.1) and an associated ex-
tremal contraction (I.1.3.3). Our question will then be, under which condition
this contraction can be lifted to the ambient variety, determining its structure;
this general situation is studied in section 1; suppose that FZ is an extremal face
in NE(Z) with supporting divisor KZ + τHZ ; a lifting property is proved under
the assumption that

HZ is the restriction of an ample line bundle H on X. (V.0.1)

Next we discuss some special situations in which the assumption (V.0.1) can be
avoided. In the rest of the chapter we consider some special cases, namely if Z
is a scroll, a quadric bundle or a del Pezzo fibration; the results are described in
theorems (V.2.1), (V.3.1), (V.4.1) and corollaries.
These results generalize classical ones by L. Bǎdescu (see [Bǎd82a], [Bǎd81],
[Bǎd82b]) and A.J. Sommese (see [Som76] and chapter 5 of [BS95], in partic-
ular Theorem 5.2.1 which should be compared with our results in section 1) and
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more recent ones by A. Lanteri and H. Maeda ([LM95], [LM96], [LM97]), who
were the first ones to study the problem of special sections of ample vector bun-
dles.

V.1 Lifting of contractions

V.1.1 Let E be an ample vector bundle of rank r on X such that there exists
a section s ∈ Γ(E) whose zero locus Z = (s = 0) is a smooth submanifold of the
expected dimension dimX − r := n − r. Note that, with this assumptions, the
restriction of E to Z is the normal bundle NXZ [Ful84, Example 6.3.4].

The idea of this section is to investigate the relation between NE(X) and NE(Z);
one basic result in this direction is the following Lefschetz type theorem proved
by Sommese in [Som78] and with slightly weaker assumptions in [LM95].

Theorem V.1.2 Let X, E and Z be as in V.1.1 and let i : Z ↪→ X be the
embedding. Then

(V.1.2.1) H i(i) : H i(X, Z) → H i(Z, Z) is an isomorphism for i ≤ dim Z − 1
(V.1.2.2) H i(i) is injective and its cokernel is torsion free for i = dim Z
(V.1.2.3) Pic(i) : Pic(X) → Pic(Z) is an isomorphism for dimZ ≥ 3.
(V.1.2.4) Pic(i) is injective and its cokernel is torsion free for dimZ = 2.
(V.1.2.5) ρ(X) = ρ(Z) for dimZ ≥ 3.

Note that, although the Picard groups are isomorphic, in general the ample cone
of X is properly contained in the ample cone of Z. However, in special cases,
something can be said; the following proposition generalizes a result of J. A.
Wísniewski on divisors.

Proposition V.1.3 Let X be a Fano manifold of dimension n, E an ample vector
bundle of rank r on X and Z the zero locus of a section of E, smooth and of the
expected dimension. If Pic(X) ∼= Pic(Z) and X has no elementary extremal
contractions with all fiber of dimension ≤ r then a line bundle on X is ample
(nef) if and only if its restriction to Z is ample (nef). The assumption is satisfied
for instance if all the extremal rays of X have length l(R) ≥ r +2 or l(R) ≥ r +1
if R is not nef.

Proof. Observe that, since X is Fano, a line bundle L on X is ample (nef) if
and only if it has positive (nonnegative) intersection with any extremal ray of X.
So take a line bundle LZ ample on Z; if we prove that every extremal ray of X
contains the class of a curve lying on Z we can conclude that L is ample (nef) on
X.
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By our assumption for every extremal ray of X its associated contraction has a
fiber F of dimension ≥ r + 1; thus

dimF + dim Z ≥ n + 1

and therefore, by proposition (I.5.4) the intersection of Z and F contains a curve,
which belongs to the ray R. Using (I.2.8) one shows immediately that the as-
sumption on the length implies the lower bound on the fiber. �

The same idea allows us to prove the following

Theorem V.1.4 (Lifting of contractions) Let X, E and Z be as in (V.1.1) and
assume that Z is not minimal and that dimZ ≥ 2. Let FZ be an extremal face
of Z and DZ = m(KZ + τHZ) a good supporting divisor of FZ, where m is a
positive integer. Assume that there exists an ample line bundle H on X which
is the extension of HZ. Then D = KX + detE + τH is nef, but not ample; thus
it defines an extremal face FX of X. Moreover, if τ ≥ 2 and dimZ ≥ 3, under
the identification of N1(X) with N1(Z) we have FX = FZ and the contraction of
every ray spanning FZ lifts.

Proof. Suppose by contradiction that D is not nef. There exists a curve on X
on which D is negative; therefore there exists an extremal ray R = R[C] on X
such that D.C < 0 and l(R) > r + τ .
Let F be a component of a non trivial fiber of the contraction of R, ρ : X → W ;
if dimF ≥ (r + 1) we would have that dimF + dimZ ≥ n + 1 so, in view of
proposition (I.5.4), a curve of the ray R lays on Z and this is absurd, since D|Z
is nef. On the other hand if dimF ≤ r, using the inequality (I.2.8), we have
that ρ is of fiber type and that dimF = r; in particular ρ is equidimensional.
Since D.C < 0 it follows also that −KX .C = r +1, that detE .C = r and that the
general fiber is Pr; in particular −(KX+detE).C = 1. By (I.3.7) X is a Pr-bundle
over W ; moreover dim(Z ∩ F ) = 0, since otherwise we will have a contradiction
as in the previous paragraph. Thus, since E|F = ⊕rOPs(1), Z is isomorphic to W
and this is a contradiction with the Lefschetz theorem (V.1.2).
To prove the last claim, observe that every extremal ray R in the face FX has
length l(R) ≥ τ + r, so the general non trivial fiber of the contraction of R has
dimension dim F ≥ τ + r − 1 ≥ r + 1, so, in view of proposition (I.5.4) a curve
of the ray R lays on Z. �

Proposition V.1.5 The hypothesis on the ampleness of H is not necessary if
dimZ ≥ 2 and Pic(Z) ∼= Z or, more generally, if Pic(i) : Pic(X) → Pic(Z) is
an isomorphism and NE(Z) = NE(Z)KZ≥0 + R, i.e. if Z has only one extremal
ray. Example (V.2.10) shows that the hypothesis is necessary if Z has at least
two extremal rays.



V.1 Lifting of contractions 45

Proof. There exists a line bundle L which is ample on X; the restriction of
this line bundle to Z, LZ is ample on Z, so, if KZ is not nef there exist a rational
number σ > 0 such that KZ+σLZ is nef but not ample and it defines an extremal
face GZ (I.3.2). But we are supposing that on Z there is only one extremal ray,
thus FZ = GZ .

Remark V.1.6 Note that the proof of (V.1.5) actually shows there is always an
extremal contraction on Z which can be lifted to X.

Lemma V.1.7 If ϕ : Z → W is a P-bundle contraction on a smooth minimal
variety W then Z has only one extremal ray.

Proof. Suppose that Z has another extremal ray, R1; there exists a rational
curve C0 such that −KZ .C0 > 0 and ϕ(C0) is not a point. Let C = ϕ(C0), let
ν : P1 → C be the normalization of C and consider the fiber product

Z ×W P1 Z

P1 W

-ν̄

?

ϕ̄

?

ϕ

-ν

(V.1.8)

ϕ̄ : ZC := Z ×W P1 → P1 is a P-bundle on P1 and so ρ(ZC) = 2; the morphism
ν̄ induces a map of spaces of cycles N1(ZC) → N1(Z) which is an embedding.
The Mori cone NE(ZC) is contained in the intersection N1(ZC)∩NE(Z) and so,
since N1(ZC) is a plane in N1(Z) and passes through two different extremal rays
of Z, NE(ZC) is contained in the negative part of NE(Z).
By [KMM92, Corollary 2.8] −KZC/P1 is not ample, so there exist an horizontal
curve C1 on ZC such that −KZC/P1 .C1 ≤ 0; noting that

−KZC/P1 = ν̄∗ϕ∗KW − ν̄∗KZ

we get
ν̄∗ϕ∗KW .C1 = −KZC/P1 .C1 + ν̄∗KZ .C1 ≤ KZ .ν̄(C1) < 0

and therefore KW .ϕ(ν̄(C1)) < 0, which contradicts the minimality of W .

Remark V.1.9 We found the idea of the proof of (V.1.7) in [SW90a] and [KMM92].

For the rest of this section we will be in the hypothesis of theorem (V.1.4) and
we will denote by ϕ : Z → W the contraction of the face FZ and by φ : X → Y
the contraction of FX . Let also m = dimW .
By the adjunction formula −KZ = −(KX + detE)Z , so −KZ is φ-ample.
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On Z we have thus two contractions, ϕ and φZ . Now we are going to investigate
the relation between them. Clearly we have a commutative diagram

X Z

Y W
?

φ

� i

�
�

��	

φZ

?

ϕ

� π

(V.1.10)

Lemma V.1.11 φZ(Z) ⊇ φ(E(φ)).

Proof. We reason as in the proof of (V.1.4): since φ is the contraction of a ray
of length l(R) ≥ r + τ , a non trivial fiber of φ has dimension ≥ τ + r − 1 and
thus it has nonempty intersection with Z.

Proposition V.1.12 If the contraction ϕ is of fiber type then also φ is of fiber
type.

Proof. If ϕ is of fiber type the commutativity of the diagram (V.1.10) implies
that also φZ is of fiber type, so Z is contained in the exceptional locus of φ, E(φ),
and by lemma (V.1.11) φZ(Z) = φ(E(φ)).
Suppose that φ is birational; in this case E(φ) ( X and

dim φ(E(φ)) = dim φZ(Z) < dim Z = n− r.

Y has dimension n, so it is possible to find a subvariety Y ′ ⊂ Y of dimension
r which has empty intersection with φ((E(φ)); away from E(φ), φ is an isomor-
phism, so X ′ = φ−1(Y ′) ⊂ X is a subvariety of X of dimension r which has empty
intersection with E(φ) and therefore with Z, but this is absurd by proposition
(I.5.4). �

Proposition V.1.13 If ϕ is of fiber type or if τ ≥ 2, φZ has connected fibers.
Moreover φZ factors as φZ = σ ◦ ϕ where σ : W → φZ(Z) is the normalization
morphism. In particular, if ϕ is of fiber type then φZ = ϕ.

Proof. The fibers of φZ are of the form Z ∩ F with F fiber of φ. If ϕ is of
fiber type, then the same is for φ (see V.1.12) whose fibers have thus dimension
≥ dimX − dimY = n−m; so dim Z ∩ F ≥ n− r −m ≥ 1. If τ ≥ 2, reasoning
as in the proof of theorem (V.1.4) we again have dim Z ∩ F ≥ 1. So theorem
(V.1.2.1) applies to F and EF and gives H0(Z ∩ F, Z) ∼= H0(F, Z) ∼= Z. Using
the Universal Coefficient Theorem we get H0(Z ∩ F ) ∼= Z.
Let σ : W ′ → φZ(Z) be the normalization of φZ(Z); by the universal property

φZ factors through φ̃Z : Z → W ′ and σ; note also that, since φZ has connected
fibers, the same is true for φ̃Z .
Let C ⊂ Z be any curve contracted by φZ (and hence by φ̃Z); thus (KX +detE +
τH)Z .C = 0 which is equivalent to (KZ + τHZ).C = 0, i.e. C is contracted by ϕ.
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By the commutativity of the diagram every curve contracted by ϕ is contracted
by φZ (and hence by φ̃Z). Therefore ϕ and φ̃Z are two Fano Mori contractions
which contract the same extremal face, so they are the same morphism.
To prove the last claim recall that, by lemma (V.1.11) and proposition (V.1.12)
if ϕ is of fiber type then φZ(Z) = Y and hence φZ(Z) is normal.

Proposition V.1.14 If the contraction ϕ is birational and τ ≥ 2, then also φ is
birational.

Proof. Suppose φ is of fiber type; reasoning again as in the proof of (V.1.4)
we can prove that dim Z ∩ F ≥ 1 for the generic fiber of φ, so φZ = ϕ is of fiber
type, a contradiction in view of proposition (V.1.13).

Remark V.1.15 If ϕ is birational and τ = 1 then φ can be of fiber type (see
case 3. of proposition (V.2.12).

V.2 Scrolls and Pd-bundles

Theorem V.2.1 Let X, E and Z be as in (V.1.1) with dimZ ≥ 2. We assume
that Z has a scroll contraction ϕ : Z → W with respect to an ample line bundle
on Z, HZ, which is the restriction of an ample line bundle H on X.
Then X has a Fano-Mori contraction φ : X → W which is of fiber type and with
supporting divisor D = KX + detE + (n−m− r + 1)H. The general fiber of φ is
isomorphic to Pn−m and E restricted to it is ⊕rOP(1).
If ϕ is elementary or dimX = n ≥ 2m − 1 = 2dimW − 1 (this is always the
case if dimW ≤ 3) then φ is elementary and it is a scroll contraction (i.e. it is
supported by the divisor KX + (n −m + 1)H) and moreover in the second case
even ϕ had to be elementary.

Proof. The morphism ϕ is a contraction supported by KZ +(n−r−m+1)HZ ,
so, applying theorem (V.1.4), we get a contraction φ : X → Y , defined by an high
multiple of D = KX+detE+(n−m−r+1)H; this contraction is of fiber type and
Y = W by proposition (V.1.13). Let F be a general fiber of φ; then F is a smooth
Fano manifold of dimension n−m such that −KF = (detE+(n−m− r +1)H)F .
Thus F = Pn−m and E restricted to it is ⊕rOP(1)(see[Pet90,]). Moreover, for any
line in a general fiber (detE − rH).l = 0.
Assume now that dim X ≥ 2 dim W − 1; note that dim X ≥ dim Z + 1 ≥
dim W + 2, so the inequality holds for dimW ≤ 3.
By the proposition (II.2.2) the contraction φ : X → W is an elementary contrac-
tion and so

detE = rH + φ∗B

that is φ is supported by KX + (n−m + 1)H; note that also ϕ : Z → W had to
be elementary, by the last claim of theorem (V.1.4) if dim Z ≥ 3 and by (II.2.2)
if dim Z = 2. �
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Corollary V.2.2 Assume now that Z = P(F) for some vector bundle F on W ,
and its tautological bundle is the restriction of an ample line bundle on X; then
X = P(G) for some vector bundle G on W which admits F as a quotient; in this
case E = ξG ⊗ φ∗Iˇ where I fits into the exact sequence

0 −→ I −→ G −→ F −→ 0

and φ : X → W is the P-bundle contraction.

Proof. The theorem gives us a contraction φ : X → W ; we claim that φ
is equidimensional; in fact if it has any fiber of dimension > n − m then, by
proposition (I.5.4), even Z → W should have a fiber of dimension > (n−m− r).
Since ϕ : Z → W is elementary φ is a scroll with the respect to H. The first part
of the corollary is proven by (I.3.7). The second part is a well known fact about
vector bundles (see [Ful84, B.5.6.]).

Example V.2.3 Let F be an ample vector bundle on a smooth curve C of genus
g > 0. If F is decomposable into a sum of r bundles Fi, by [Fuj80, Corollary
4.20] each Fi fits into an exact sequence

0 −→ OC −→ Gi −→ Fi −→ 0

with Gi ample; so we can construct an exact sequence

0 −→ ⊕rOC −→ G =
r
⊕
i=1
Gi −→ F =

r
⊕
i=1
Fi −→ 0.

On X = P(G) the vector bundle E = ξG ⊗ p∗(⊕rOC) = ⊕rξG is ample and has a
section vanishing on P(F).

Corollary V.2.4 Let X, E and Z be as in (V.1.1) with dimZ ≥ 2. We assume
that Z is a P-bundle over a smooth variety W and also that W is minimal. Then
X is a P-bundle over W and E|F = ⊕rOP(1) for every fiber F of φ : X → W .

Proof. The assumption on the tautological bundle is not necessary in this case
as noted in (V.1.7).

Remark V.2.5 In case r = 1 the last corollary shows that [BS92, Conjecture
5.5.1] is true if b ≥ 3, X is smooth and B is minimal.

Corollary V.2.6 Let X, E and Z be as in (V.1.1) with dim Z ≥ 2. We assume
that Z has a scroll contraction ϕ : Z → W with dim W ≤ 1 (or equivalently that Z
is a P-bundle over a smooth variety W of dimension ≤ 1). Then X is a P-bundle
over W and E|F = ⊕rOP(1) for every fiber F of φ : X → W except possibly for
W = P1 and Z = P(⊕(n−r)OP1) = P1×P(n−r−1) or Z = P(⊕(n−r−1)OP1⊕OP1(1)).
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Proof. The corollary will follow if we prove that under the assumptions Z has
only one extremal ray.
If dim W = 0 then Z = P(n−r) and thus Z has only one extremal ray. If dim W = 1
then ρ(Z) = 2, thus Z has one extremal ray or it is Fano. But if Z is a Fano
manifold then 0 = h1(OZ) = g(W ), thus W = P1. Therefore we can assume
that Z = P(E) for a vector bundle E on P1 with rank(E) = s = n − r and
0 ≤ c1(E) ≤ s− 1. But since −KZ = sξ + (2− c1(E))H, with ξ the tautological
bundle and H the pull back of a point in P1, if c1(E) ≥ 2 then ξ and thus E would
be ample. This is in contradiction with c1(E) ≤ s− 1. Thus 0 ≤ c1(E) ≤ 1 which
gives our claim.

Remark V.2.7 Even if W is not minimal the P-bundle contraction can be some-
time lifted to X. For instance if Z is not Fano and Pic(W ) = Z the same proof
of the above corollary gives the lifting. In particular if W = Pm and F is a vector
bundle with 0 ≤ c1F ≤ (m − 1) which is not spanned by global section then by
[SW90b], Z is not Fano and the P-bundle contraction Z = P(F) → W can be
lifted.

Remark V.2.8 The above theorem and corollaries extend the results of Lanteri
and Maeda; their papers inspired and motivated ours. Summarizing we have a
precise description of X when Z is a scroll or a P-bundle satisfying assumptions
(1.1) in the introduction (Theorem (V.2.1) and corollary (V.2.2)). We have a good
result also if we drop the assumption but W is minimal. If W is not minimal the
situation is much more complicated; cases that occur if dim W ≤ 1 are described
in the rest of this section; other simple cases are described in remark (V.2.7).

Proposition V.2.9 Suppose that Z = P(⊕(n−r)OP1) = P1 × Pn−r−1 is the zero
set of a section of an ample vector bundle E of rank r on a smooth X of dimension
n, then

1. X is a Pn−1-bundle over P1 and EF = ⊕rOF (1) for any fiber.

2. X is a Pr+1-bundle over Pn−r−1 and EF = ⊕rOF (1), for any fiber.

3. (X, E) is (Pn,⊕n−3OP(1) ⊕OP(2)) or (Qn,⊕n−2OQ(1)) and Z is a smooth
quadric surface.

Proof. Let Z = P1 × P(n−r−1) and p1, p2 the projections on the two factors;
Pic(Z) ' Z < p∗1OP1(1) > ⊕ Z < p∗2OPn−r−1(1) >=: Z < L1 > ⊕ Z < L2 >;
p1 and p2 are two Fano-Mori contractions with supporting divisors (aL1, 0) and
(0, bL2) respectively (a, b > 0); on Z there is a third Fano-Mori contraction, p,
which is the contraction of Z to a point.
Suppose that Z is the zero locus of a section of an ample vector bundle E on X;
by remark (V.1.6) at least one of the extremal contractions of Z lifts to X.



V.2 Scrolls and Pd-bundles 50

Suppose that p1 lifts; as in the proofs of theorem (V.2.1) and corollary (V.2.2)
we obtain that X is a Pn−1-bundle over P1 and EF = ⊕rOF (1).

Suppose now that p2 lifts; as above we get that X is a Pr+1-bundle over Pn−r−1

and EF = ⊕rOF (1).

Finally, suppose that p lifts. We start with the case in which Pic(i) : Pic(X) →
Pic(Z) is an isomorphism and ρ(X) = ρ(Z). We want to show that in this case
both p1 and p2 would lift, but this is not possible, in view of theorem (I.2.9).
X is a Fano variety and −KX = detE+H; this implies that the two extremal rays
R1, R2 of X have length ≥ r + 1; If Ri (i = 1, 2) is not nef, then the fibers of
the associated contraction have dimension ≥ r+1, and so, by proposition (I.5.4),
there exists a curve in the ray belonging to Z. If Ri (i = 1, 2) is nef, then the
fibers of the associated contraction Pi have dimension ≥ r by (I.2.8); if a fiber
has dimension ≥ r + 1 then its intersection with Z contains at least a curve and
we are done, so we can suppose that Pi is equidimensional and all the fibers have
dimension r. Recalling that, for the general fiber

KF = (KX)F = −(detE)F −HF

we have that (F, HF ) ' (Pr,OPr)(1)), so, by theorem (I.3.7), X is a Pr-bundle
on a normal variety W . This fact and the previous expression of KF yield
(F, EF ) ' (Pr,⊕rOPr(1)) for every fiber; this implies that Z ∩ F is a point or
contains a curve; in the second case we are done, while the first is impossible,
since Z would be isomorphic to W , which has different Picard number.

So suppose that Pic(i) : Pic(X) → Pic(Z) is not an isomorphism or ρ(X) 6=
ρ(Z); by (V.1.2) this is possible only for dimZ = 2 and in this case we have
Pic(X) ' Z. By the proof of theorem (V.1.4) KX + detE + 2H = OX for some
ample line bundle H such that 2HZ = −KZ . Note that there are curves C on
Z such that H.C = 1, so H is the ample generator of Pic(X); write detE = sH;
since the index of a Fano manifold is at most n + 1 we must have s = r, r + 1. So
(X, E) is either (Pn,⊕n−3OP(1)⊕OP(2)) or (Qn,⊕n−2OQ(1)) and Z is a smooth
quadric surface. �

Example V.2.10 The effectiveness of case 3. is clear; to see the effectiveness of
case 1. consider the sequence

0 −→ ⊕nOP1 −→ ⊕n(OP1(a)⊕OP1(s− a)) −→ ⊕nOP1(s) −→ 0

which is exact in view of [Bǎd81, Remark 1, p.170] and choose a, s in such a way
that 0 < a− s < a; the construction in [Ful84, B.5.6] applies and gives P1×Pn−1

as a section of the ample vector bundle E = ⊕nξG on X = P(G). By the discussion
above, it is clear that in this example, the contraction p2 cannot be lifted; p2 is



V.2 Scrolls and Pd-bundles 51

supported by KZ +HZ = bL2 (b > 0); recalling that KZ = −2L1− (n− r)L2 we
have that HZ = 2L1 + (n− r + b)L2 is an ample line bundle on Z which cannot
be the restriction on an ample line bundle on X.

Remark V.2.11 The effectiveness of case 2. looks uncertain; we note that for
r = 1, i.e. in the case of ample divisors this is not possible by a result of Sommese
[BS92, Theorem 5.2.1].

Proposition V.2.12 Suppose that Z = P(⊕(n−r−1)OP1 ⊕OP1(1)) is the zero set
of a section of an ample vector bundle E of rank r on a smooth X of dimension
n, then

1. X is a Pn−1-bundle over P1 and EF = ⊕n−1OF (1) for any fiber.

2. X is a scroll over Pn−r and EF = ⊕rOF (1) for the general fiber.

3. X is both as in 1 and in 2 and it is P1 × Pn−1, r = 1 and E = O(1, 1).

Proof. Let Z = P(⊕(n−r−1)OP1 ⊕ OP1(1)) = blow-up of P(n−r) along a linear
subspace of codimension 2. The Mori cone of Z is two dimensional, and it is
spanned by two extremal rays, R1 and R2; let pi i = 1, 2 be the extremal
contraction associated to Ri; p1 is the Pn−r−1-bundle map on P1, while p2 is the
blow down to Pn−r; moreover, let p be the contraction of Z to a point, associated
to the extremal face generated by R1 and R2. By (V.1.6), there is an extremal
contraction that lifts to X.

Suppose that p1 lifts; as in the proof of (V.2.1) and corollary (V.2.2) we obtain
that X is a Pn−1-bundle over P1 and EF = ⊕rOPn−1(1).

Suppose now that p2 lifts to an extremal contraction P2 on X.

Lemma V.2.13 The contraction P2 is of fiber type.

Proof. Assume by contradiction that P2 is birational.
Claim. P2 is divisorial and it is the blow up of a smooth X ′ along a subvariety
of codimension r + 2.
The contraction P2 is supported by a divisor of the form KX + detE + H, and
this implies dim F ≥ l(R) ≥ r + 1, so, reasoning as in the proof of (V.1.13), we
can prove that P2Z has connected fibers. The fact that P2Z factors through p2

and the normalization of P2Z(Z) yields that all the nontrivial fibers of P2Z have
dimension 1; this implies that all the nontrivial fibers of P2 have dimension at
most r + 1 by proposition (I.5.4); so we can conclude that the contraction P2 is
equidimensional and all the nontrivial fibers have dimension r + 1; by (I.2.8) we
have

dimE(P2) ≥ l(R)− dimF + n− 1 ≥ n− 1
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so P2 is divisorial and dim P2(E(P2)) = (n− 1)− (r + 1) = n− r− 2. In view of
(V.1.2) the contraction P2 is elementary, and so we can apply [AW93, Theorem
4.1 and Corollary 4.11], proving the claim.
The Picard group of Z is generated by the tautological line bundle ξ and f , a
fiber of the projection on P1, but also by E(p2) and p∗2O(1); we have p∗2O(1) = ξ
and E(p2) = ξ − f . Using the isomorphism Pic(i) : Pic(X) → Pic(Z) and
the fact that p2 and P2 are elementary contractions, we get that the restriction
homomorphism Pic(j) : Pic(X ′) → Pic(Pn−r) is an isomorphism. So there exists
an ample generator of Pic(X ′), H ′ whose restriction to Pn−r is OP(1). Pic(X) is
thus generated by P ∗

2 H and E(P2). Write KX′ = kH ′ for some k ∈ Z. Let l be a
line in f ; we obtain

−(n− r) = KZ .l = (KX + detE)Z .l =

= (P ∗
2 KX′ + (r + 1)E(P2) + detE)Z .l =

= (kP ∗
2 H ′ + (r + 1)E(P2) + detE)Z .l =

= ((k + r + 1)ξ − (r + 1)f + detEZ).l =

k + r + 1 + detEZ .l ≥ k + 2r + 1

and so
k ≤ −n− r − 1

which is absurd, since the index of a Fano variety is not greater than n + 1, and
the lemma is proven.

On X we thus have a fiber type elementary contraction, supported by an high
multiple of KX + detE + H on a variety of dimension n− r by (V.1.11). For the
general fiber of P2 we have

KF + detEF + HF = OF

and so (F, EF ) = (Pr,⊕rOP(1)); therefore Z∩F is a point for the generic fiber, and
thus P2Z is generically one-to-one and therefore coincides with p2 (see (V.1.13)).
So the conclusion is that, if p2 lifts, X is a scroll over Pn−r.

As a final case suppose that p lifts; if Pic(i) : Pic(X) → Pic(Z) is an isomorphism
and ρ(X) = ρ(Z); as in the proof of proposition (V.2.9) we can prove that also
p1 and p2 lift, so X is a Fano variety which has a Pn−1-bundle contraction on
P1 and a scroll contraction on Pn−r. The only possibility is that r = 1 and
X = PP1(⊕rO) = P1 × Pn−1.
If Pic(i) is not an isomorphism or ρ(X) 6= ρ(Z), by theorem (V.1.2) Pic(X) ' Z
and dimZ = 2, so Z = F1 and X is a Fano variety; this case is ruled out in
[LM97, Section 2]. �
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Example V.2.14 Cases 1. and 3. are effective; examples for the first case can
be constructed as in example (V.2.10) starting with the exact sequence

0 −→ ⊕nOP1 −→ ⊕n−1(OP1(a)⊕OP1(s− a))⊕OP1(a)⊕OP1(s + 1− a) −→ . . .

. . . −→ ⊕n−1OP1(s)⊕OP1(s + 1) −→ 0

while in case 3. easy computations show that a smooth Z in the linear sys-
tem |O(1, 1)| must be a Fano variety with a P-bundle contraction on P1 and a
birational contraction on Pn−1.

Remark V.2.15 The example of case 3. shows that the assumption τ ≥ 2 in
(V.1.14) is necessary.

Remark V.2.16 As in the case Z = P1×Pn−r−1 the effectiveness of case 2. looks
uncertain; we note that for r = 1, i.e. in the case of ample divisors this is not
possible except for the trivial case X = Pn−1 × P1, E = OX=Pn−1×P1(1, 1). This
is a very well known fact that descends by a result of Sommese [BS92, Theorem
5.2.1] and classical results of Bǎdescu, [Bǎd81], [Bǎd82b].

V.3 Quadric fibrations and quadric bundles

Theorem V.3.1 Let X, E and Z be as in (V.1.1) with dimZ ≥ 3. We assume
that Z has a quadric fibration contraction ϕ : Z → W with respect to an ample
line bundle on Z, HZ, which is the restriction of an ample line bundle H on X.
Then X has a Fano-Mori contraction φ : X → W which is of fiber type and with
supporting divisor D = KX + detE + (n −m − r)H with n = dim X and m =
dim W . For the general fiber of φ, F we have either (F, EF ) ' (Pn−m,⊕r−1OP(1)⊕
OP(2)) or (F, EF ) ' (Qn−m,⊕rOQ(1)).
If ϕ is elementary then also φ is elementary and it is either a scroll contraction
or a quadric fibration contraction (i.e. it is supported by the divisor KX + (n −
m + 1)H or by the divisor KX + (n−m)H). The last result holds replacing the
assumption on ϕ with the strongest assumption dim X ≥ 2m + 1 = 2dimW + 1
(this is always the case if dimW ≥ 1).

Proof. The morphism ϕ is a contraction supported by KZ + (n− r −m)HZ ,
so, applying theorem (V.1.4), we get a contraction φ : X → Y , defined by an high
multiple of D = KX + detE + (n−m− r)H; this contraction is of fiber type and
Y = W by proposition (V.1.13). Let F be a general fiber of φ; then F is a smooth
Fano manifold of dimension n−m such that−KF = (detE+(n−m−r)H)F . Thus,
by [PSW92, Theorem 0.1] applied to the ample vector bundle E1 = (E⊕n−m−rH)F
either F = Pn−m and E restricted to it is ⊕r−1OP(1) ⊕OP(2) or F = Qn−m and
E restricted to it is ⊕rOQ(1). Moreover, for any line in a general fiber

(detE − (r + ε)H).l = 0 (V.3.2)
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with ε = 1, 0. By theorem (V.1.2) ρ(X/W ) = ρ(Z/W ) and so, if ϕ is elementary,
also φ is so and, by (V.3.2) detE = (r + ε)H + φ∗B, that is φ is supported by
KX + (n −m + ε)H. Assume now that dim X ≥ 2 dim W + 1; by proposition
(II.2.2) the contraction φ : X → W is an elementary contraction and so, again
by (V.1.2) also ϕ : Z → W had to be elementary. �

Corollary V.3.3 Assume now that there exists a vector bundle F on W and
an embedding of Z into P(F) as a divisor of relative degree 2; assume moreover
that KZ + (n − r − m)(ξF)Z is a good supporting divisor of a quadric bundle
elementary contraction and (ξF)Z is the restriction of an ample line bundle on
X. Then either there exists an ample vector bundle G of rank n−m+1 such that
X = P(G) or there exists a vector bundle G of rank n−m + 2 and an embedding
of X into P(G) as a divisor of relative degree two.

Proof. If Z is a quadric bundle then φ is equidimensional; in fact if it has any
fiber of dimension > n−m then, by proposition (I.5.4), even Z → W should have
a fiber of dimension > (n−m− r). Since ϕ : Z → W is elementary φ is a scroll
or a quadric fibration with the respect to H. We conclude by (I.3.7) and (I.3.9).

V.4 Del Pezzo fibrations

Theorem V.4.1 Let X, E and Z be as in (V.1.1) with dimZ ≥ 3. We assume
that Z has a del Pezzo fibration contraction ϕ : Z → W with respect to an ample
line bundle on Z, HZ, which is the restriction of an ample line bundle H on X.
Then X has a Fano-Mori contraction φ : X → W which is of fiber type and
with supporting divisor D = KX + detE + (n −m − r − 1)H, with n = dim X
and m = dim W . If n − m ≥ 5, for the general fiber of φ, F , we have either
(F, EF ) ' (Pn−m,⊕r−1OP(1)⊕OP(3)), (F, EF ) ' (Pn−m,⊕r−2OP(1)⊕2OP(2)), or
(F, EF ) ' (Qn−m,⊕r−1OQ(1)⊕OQ(2)) or F is a del Pezzo manifold with b2 = 1
and EF ' ⊕rOF (1), where OF (1) is the ample generator of Pic(F ).
If ϕ is elementary then φ is elementary and it is either a scroll contraction or
a quadric fibration contraction or a del Pezzo fibration contraction (i.e. it is
supported by the divisor KX + (n−m + ε)H with ε = 1, 0 or −1). The last result
holds replacing the assumption on ϕ with the strongest assumption dimX = n ≥
2m + 3 = 2dimW + 3.

Proof The morphism ϕ is a contraction supported by KZ +(n−r−m−1)HZ ,
so, applying theorem (V.1.4), we get a contraction φ : X → Y , defined by an
high multiple of D = KX + detE + (n−m− r − 1)H; this contraction is of fiber
type and Y = W by proposition (V.1.13). Let F be a general fiber of φ; then F
is a smooth Fano manifold of dimension n −m such that −KF = (detE + (n −
m− r)H)F . Thus, applying [PSW92, Main theorem] to the ample vector bundle
E1 = (E ⊕n−m−r−1 H)F we get the description of F and EF . Moreover, for any
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line in a general fiber
(detE − (r + ε)H).l = 0 (V.4.2)

with ε = 1, 0 or −1.
By theorem (V.1.2) ρ(X/W ) = ρ(Z/W ) and so, if ϕ is elementary, also φ is so, by
(V.4.2) detE = (r+ε)H+φ∗B, that is φ is supported either by KX+(n−m+ε)H.
Assume now that dim X ≥ 2 dim W + 3; by proposition (II.2.2) the contraction
φ : X → W is an elementary contraction and so, again by (V.1.2) also ϕ : Z → W
had to be elementary. �

Remark V.4.3 If n − m = 4 the rank of E can be 1 or 2 and, according to
[PSW92, proposition 7.4] the possibilities for the general fiber are those listed in
the theorem plus

1. (F, EF ) ' (P2 × P2,⊕2O(1, 1)).

2. (F, EF ) ' (P2 × P2,O(1, 1)).

3. (F, EF ) ' (Q4, S(2)).

4. F is a Fano 4-fold with b2 = 1 and index 1.

Remark V.4.4 If n−m = 3 the rank of E must be 1 and, according to [PSW92,
Theorem 0.4] the possibilities for the general fiber are those listed in the theorem
plus

1. (F, EF ) ' (P2 × P1,O(2, 1)).

2. (F, EF ) ' (P1 × P1 × P1,O(1, 1, 1)).

3. F is a del Pezzo manifold with b2 ≥ 2 and E = OF (1).

Corollary V.4.5 Let X, E and Z be as in (V.1.1) with dim Z ≥ 3 and let
(Z,HZ) be a del Pezzo manifold with b2 = 1. then one of the following occurs

1. X ' Pn and E is either ⊕2OPn(2)⊕r−2 OPn(1) or OPn(3)⊕r−1 OPn(1).

2. X ' Qn and E is OQn(2)⊕r−1 OQn(1).

3. X is a del Pezzo manifold with b2 = 1 and E ' ⊕rOX(1) where OX(1) is
the ample generator of Pic(X).

4. X ' Pn, E is ⊕rOPn(1) and (Z,HZ) ' (P3,OP3(2)).

Proof. The hypothesis on H is not necessary in this case as noted in (V.1.5)
and the cases in (V.4.3) and (V.4.4) are ruled out, because of the isomorphism
Pic(Z) ' Pic(X) ' Z so, if HZ is the generator of Pic(Z) we are in the first
three cases. The only case in which HZ is not the generator of Pic(Z) is when
(Z,HZ) ' (P3,OP3(2)), and the description of X follows from (V.2.4).
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V.5 Some final considerations

Using the same arguments we can consider the case in which Z has an extremal
contraction on W whose general fiber F is a Fano variety of index ≤ dimF − 2.
However, in these cases it is very difficult to provide a good description of the
vector bundle E and to construct non trivial examples. These difficulties already
show up in the case in which W is a point and Pic(Z) ' Z; we recall that a line
on Z in this case is a rational curve which is a line with respect to a the generator
of Pic(Z). The existence of a line on Z is proved if the index of Z is ≥ (n− 2),
by recent results of M. Mella. A line exists also if 2 index (Z) > dim Z + 1. The
following proposition summarize the simplest cases.

Proposition V.5.1 Let X, E and Z be as in (V.1.1); we assume that Z is a
Fano variety of dimension ≥ 2 with Pic(Z) ' Z and that Z has a line. Then X
is a Fano variety with Pic(X) ' Z and coindex(Z) ≥ coindex (X).

Proof. Let H be a generator of Pic(X) = Pic(Z) and let s and τ be positive
integers such that detE = sH and −KZ = τHZ . Therefore, by adjunction formula
and (V.1.13), we have that

KX + detE + τH = KX + (s + τ)H = OX ,

thus X is a Fano manifold. If C is a line of Z then detE .C = sH .C = s; thus, by
(I.5.2), s ≥ r. In particular this gives n + 1 ≥ index(X) = s + τ ≥ r + τ .



Appendix A
Bend and break

The basic idea of “bend-and break” techniques, due to Mori ([Mor79]) is very
simple: if a curve deforms on a smooth variety while passing through a fixed
point, it must at some point break up, with at least one rational component.
The two main references for the appendix are [Ko96, Chapter II] and [CKM88,
Lecture 1].

A.1 Finding rational curves

In this section we recall the main steps of Mori’s construction and his fundamental
results.

Definition A.1.1 Let S be a proper surface and B ⊂ S a proper curve. We
say that B is contractible in S if there is a surface S ′ and a dominant morphism
g : S → S ′ such that g(B) is zero dimensional.

Lemma A.1.2 (Bend and break) [Mor79] let B be a smooth proper and irre-
ducible curve over a field and S an irreducible, proper and normal surface. Let
p : S → B be a morphism. Assume that there is an open subset B0 ⊂ B, a
smooth projective curve C and an isomorphism

f : [p−1(B0)
p−→B0] ' [C ×B0 π−→B0],

where π is the second projection.
A section s : B → S is called flat if s(B0) = {c} × B0 under the above isomor-
phism.

1. If g(C) ≥ 1 and there is a contractible flat section s : B → S then, for some
b ∈ B −B0, the fiber p−1(b) contains a rational curve intersecting s(B).

2. If g(C) = 0 and there are two contractible flat sections s1, s2 : B → S then,
for some b ∈ B −B0 the fiber p−1(b) is either reducible or nonreduced.
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Corollary A.1.3 Let C be an irreducible, proper and smooth curve and X a
proper variety. Let p1, . . . , pk ∈ C be k distinct points and g : {p1, . . . , pk} → X a
morphism. Assume that there is a smooth irreducible curve B0 and a morphism

h0 : C ×B0 → X ×B0 ∈ Hom(C, X, g)(B0)

such that h0(C × b) is one dimensional for some b ∈ B0.
Let B ⊃ B0 be a smooth compactification of B0. There is a unique normal
compactification S ⊃ C × B0 such that h0 extends to a finite morphism h : S →
X ×B. Let p : S → B and pX : X ×B → X be the natural projections.

1. If g(C) ≥ 1 and k ≥ 1 then, for some b ∈ B − B0 the 1-cycle h∗(p
−1(b))

contains a rational curve D which passes through g(p1).

2. If g(C) = 0, dim Im [C × B0 h0

−→ X × B0 −→ X] = 2 and k ≥ 2 then, for
some b ∈ B −B0, the 1-cycle h∗(p

−1(b)) is either reducible or nonreduced.

Corollary A.1.4 Let X be a projective variety, let f : C → X be a rational
curve. If dim [f ]Hom(C, X, f|c) ≥ 1 then there exists a morphism f ′ : C → X and
an connected non-zero effective rational 1-cycle Z on X through f(c) such that

f∗(C) ≡ f ′∗(C) + Z.

Corollary A.1.5 Let X be a projective variety, let f : P1 → X be a smooth
curve, and let c be a point of C. If dim [f ]Hom(C, X, f|0,∞) ≥ 2 the 1-cycle f∗P1

is numerically equivalent to a connected non-integral effective rational 1-cycle
passing through f(0) and f(∞).

It is possible to bound from below the dimension of the spaces of morphisms of
curves in terms of the genus of the deformed curve and of its intersection number
with the anticanonical bundle:

Theorem A.1.6 [Ko96, Theorem II.1.2] Let C be a proper algebraic curve with-
out embedded points and f : C → X a morphism to a smooth variety X of
dimension n. Then

dim [f ]Hom(C, X) ≥ −KX .C + nχ(OC),

and equality holds if H1(C, f∗TX) = 0.

An analogous result bounds the dimension of the space of “pointed” morphisms
of curves:

Theorem A.1.7 [Ko96, Theorem II.1.7] Let C be a projective curve without
embedded points and X a smooth variety. Let B ⊂ C be a finite closed subscheme.
Assume that C is smooth along B; let g : B → Y and f ∈ Hom(C,X,g) be
morphisms. Then

dim Hom[f ](C, X, g) ≥ χ(C, f∗TX ⊗ IB).
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The first result about spaces of morphism can be used to get information about
the Hilbert scheme of curves:

Theorem A.1.8 [Ko96, Theorem II.1.14] Let C a proper algebraic curve without
embedded points and h : C → X a closed immersion to a smooth variety X of
dimension n; suppose moreover that C is smoothable. Then

dim [C]Hilb(X) ≥ −KX .C + (n− 3)χ(OC).

Using these results Mori proved the following theorems:

Theorem A.1.9 Let X be a smooth projective variety such that −KX is ample.
Then, through every point x ∈ X there is a rational curve Dx such that

−KX .Dx ≤ dim X + 1.

Theorem A.1.10 Let X be a smooth projective variety, and let H be an ample
divisor on X. Assume that there is a curve C ⊂ X such that −KX .C ≥ ε(C.H)
for some ε > 0. The there is a rational curve E ⊂ X such that

dim X + 1 ≥ −KX .E ≥ ε(E.H).

It is interesting to note that the proof of these theorems, even in characteristic
zero, requires to go through positive characteristic. The main point is that, in
positive characteristic, a curve of every genus admits endomorphisms of high
degree, so that it is possible to increase the dimension of Hom [f ](C, X, f|{c}) in
order to satisfy the assumptions of (A.1.4), as we will see in the next section.

A.2 Reduction to characteristic p

A.2.1 Let C be a curve in a smooth projective manifold X such that−KX .C > 0
and suppose that both C and X are defined by equations with integral coefficients:

h1(X0, . . . , XN), . . . , hr(X0, . . . , XN) define X

c1(X0, . . . , XN), . . . , cs(X0, . . . , XN) define C.

Let F(p) be the field with p elements and F(p) its algebraic closure. The equations
above define varieties Xp and Cp in the projective space PNF(p)

; these varieties are

nonsingular, and dim Cp = 1 for almost all p.
Now we consider the Frobenius morphism fp : Cp → Cp, given by the mapping

(X0, . . . , XN) −→ (Xp
0 , . . . , Xp

N).
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This morphism has degree p; iterating it m times and composing with the in-
clusion Cp → Xp we obtain a morphism fmp : Cp → Xp whose “base-pointed”
deformation space has dimension bounded below by

pm(−KXp .Cp)− g(Cp)dim X.

By “generic flatness over Spec Z”, −KXp .Cp and g(Cp) are constant for almost
all p; hence it is possible to pick an m such that the above expression is positive
for almost all p.

A.2.2 In the general case, in which the coefficients of the hi (defining X in PN)
and the fj (defining C in PM) are not integers, these coefficients generate a finitely
generated ring R over Z. Let P be any maximal ideal in R; then R/P is a finite
field, and so it is isomorphic to F(pk). In this case the Frobenius morphism is
given by raising the homogeneous coordinates (X0, . . . , Xn) of PMF(pk)

to the pk-th
power. The rest of the argument proceeds as above, giving a positive dimensional
“base-pointed” deformation space for C.

Then we can apply the following

Principle A.2.3 If a homogeneous system of algebraic equations with integral
coefficients has a nontrivial solution in F(p), for infinitely many p, then it has a
nontrivial solution in any algebraically closed field. (The general case using P in
Spec R is analogous.)

Proof. By elimination theory, the existence of a common solution to a sys-
tem of equations is given by the vanishing of a series of determinants of matrices
whose entries are polynomials (with integral coefficients) in the coefficients of the
equations. A determinant vanishes if it vanishes mod p for an infinite number of
primes p.
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