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Abstract—A new broadband two- and three-dimensional, polarization independent embedded coordinate transformation is introduced
that is capable of mapping the radiation from an embedded omnidirectional source into any desired number of highly directive beams
pointed in arbitrary directions. This transformation requires anisotropic materials, yet is spatially invariant and thereby can be readily
implemented by currently existing metamaterial technologies. Moreover, the performance of the transformation is not sensitive to small
material parameter variations, thus enabling a broad operational bandwidth. To validate the concept, a broadband 3D coordinate
transformation metamaterial lens fed by a simple monopole antenna was designed, fabricated and characterized, achieving a quad-beam
radiation pattern over a 1.26:1 bandwidth with approximately 6 dB realized gain improvement in the H-plane. In addition, the near-field
coupling between the monopole and the lens was carefully tuned to accomplish a remarkable 70% broadening of the impedance
bandwidth compared to the monopole antenna operating alone. It is also shown from the field simulations that the realized metamaterial
lens provides both near-field and far-field 3D collimating effects.

Index Terms—Antennas, broadband, capacitively-loaded ring resonator, highly directive, metamaterials, monopole, multiple beam,
transformation optics

I. INTRODUCTION

THE field of transformation optics [1], [2], sometimes referred to as transformation electromagnetics [3], has witnessed
dramatic development ever since it was proposed by Pendry et al. and Leonhardt in 2006. This technique provides engineers
and scientists with unprecedented ability to manipulate the propagation and radiation of electromagnetic waves. The design
approach was made possible by the fact that Maxwell's equations can be written in a form-invariant manner under coordinate
transformations, where only the permittivity and permeability tensors are changed [4], [5]. In this way, the electromagnetic
waves in one coordinate system (x, y, z) can be described as if propagating in another different coordinate system (x', y', z') with
the coordinate transformation function x'=x'(x, y, z), y'=y'(x, y, z), z'=z'(x, y, z) applied to the permittivity and permeability
tensors. To design an electromagnetic transformation, one first defines the desired wave propagation characteristics in a virtual
space (x, v, z) with the constitutive parameter tensors denoted as £(x, y, z) and [i(x,y, z). Next, the designer finds a physical
space (x',y’,z") with the constitutive parameter tensors denoted as €'(x’,y’, z") and i’ (x, y', z") which are unknown. In order
to keep the same wave propagation characteristics with that of the virtual space, the material parameter tensors of the physical
space can be calculated in the last step by

= AEAT = ATAT
= and u = ,
det (4) det (4)

(1)

where A is the Jacobian transformation matrix between the virtual space and the physical space.

Over the past five years, the transformation optics approach has been extensively exploited to create a wide variety of novel,
and otherwise unattainable, electromagnetic devices. The most well-known one of these is the electromagnetic invisibility cloak
[1], [6], [7], which is designed to bend the waves around a region of space so that the object hidden inside the region is exempt
from being detected by the scattered fields. Other intriguing transformation optics examples have also been theoretically
proposed and numerically examined including field rotators [8], [9], polarization splitters [9], [10], electromagnetic
concentrators [11], [12], wave collimators [13]-[17], beam benders [15], [18], illusion devices [19], [20], flat-reflectors [21], and
many others. Moreover, the rapid progress of metamaterial technology provides various sub-wavelength
resonating/non-resonating metamaterial unit cells with exotic anisotropic/isotropic effective material parameters [22], [23]
required by most of these transformation optics designs. As a result, a few of these transformation optics devices have been
implemented and experimentally demonstrated [6], [8], [20]. However, the majority of these designs are still constrained to the
realm of purely mathematical constructions with associated numerical verifications, and for most experimentally demonstrated
examples, are limited to operate within a fairly narrow frequency range. This is primarily due to two limitations, the first of
which is inhomogeneous material parameters with a high degree of sensitivity to the spatially dependent permittivity and
permeability tensors on a sub-wavelength scale. The second is strong anisotropy of the material parameters which sometimes
requires permittivity and permeability tensors with extreme values.

Several efforts have been carried out in recent years that attempt to circumvent these shortcomings by sacrificing certain
types of functionality. One major achievement was the employment of quasi-conformal mappings, eliminating the material
anisotropy and allowing implementation using purely isotropic dielectrics [24]. Although this has the disadvantage of
inhomogeneous material parameters and a degraded impedance match at the interface between free space and the
transformed medium, this approach enables devices with broader bandwidth and low losses, such as the carpet cloaks [25],
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[26], Luneburg lenses [27], [28], as well as beam benders [29]. More recently, two works on macroscopic cloaks have suggested
alternative methods for design simplification, which involve the use of coordinate transformations that require anisotropic yet
spatially invariant material parameters [30], [31]. Although these cloaks operate over a limited range of incident azimuthal
angles, they demonstrate the potential for using simple embedded coordinate transformations to design devices that have
straightforward implementation.

With the vital growth of wireless networks and the increasing complexity of their environments, highly directive antennas
with multiple main beams and a single feed are found to be useful for various wireless communication systems such as base
station antennas, multiple-input multiple-output (MIMO) systems, automotive radar systems, point/multipoint-to-point radios,
and so on [32]-[34]. Instead of omnidirectional or unidirectional radiation patterns, customized multiple main beams can
provide more flexibility in avoiding obstacles in urban areas while providing stronger signal intensity in directions where
receiver clusters are located. Having the ability to produce multiple highly collimated beams with a single feed antenna is also
desirable for maintaining ease of implementation. Thus far, several different techniques have been reported for improving the
directivity and/or increasing the number of beams radiated by an antenna. Several two dimensional coordinate mappings based
on the transformation optics approach were investigated that are capable of effectively converting a cylindrical wave into a
collimated plane wave [13]-[17]. However, these designs all require inhomogeneous anisotropic material parameters with
extreme values, thus not leading themselves to practical realization or broadband applications. Other methodologies such as
the Fabry-Perot (FP) cavities [35], [36] and artificial magnetic conducting (AMC) substrates [37] have also been used to increase
the directivity of an embedded source. The operation of the FP cavities is based on the constructive phase addition of the
transmitted and reflected waves from the multilayer structures, whereas the advantage of the AMC substrates is their unique
near-zero reflection phase. These AMC substrates can also be used to replace the ground plane in a FP cavity for miniaturization
purposes [38]. Alternatively, electromagnetic band gap (EBG) structures can be applied to increase the directivity of low profile
patch and wire antennas as a result of the suppressed surface waves propagating on these EBG structures [39], [40]. Recently, it
has been proposed to use bulk zero-index metamaterials [41], [42] and anisotropic low-index metamaterials [43]-[46] to
achieve directive emission from an embedded antenna. Nevertheless, most of these approaches, when applied to an actual
antenna, either have only a narrow bandwidth with improved directivity or suffer from a high return loss which deteriorates the
realized gain. At the same time, a majority of these approaches are also limited to providing only one or two radiated beams
and thus are not suitable for multi-beam radiation.

In this paper, we extend the idea of a simple embedded coordinate transformation which requires only anisotropic
homogeneous material parameters for the design of highly directive multi-beam antenna lenses. Notably, the technique
proposed here is capable of converting the radiation from an embedded omnidirectional source into any number of highly
directive beams, each radiating in an arbitrary direction within a broad bandwidth. We first describe the polarization
independent two- and three-dimensional embedded coordinate transformations that require only simple material parameters
for directive emission, along with several numerical examples. The wave propagation properties inside the transformed
medium are also studied by examining the equations that govern the dispersion relation. In Section Ill, a broadband
transformation optics metamaterial lens is designed to generate a quad-beam radiation pattern from a simple embedded
monopole with efficient operation over a broad bandwidth. The experimental measurements of the monopole with and
without the lens will be presented therein. The effects of changing the lens dimensions are discussed in Section IV. Conclusions
and future efforts will be provided in Section V.

II. Two/THREE-DIMENSIONAL COORDINATE TRANSFORMATION FOR HIGHLY DIRECTIVE EMISSION

In this section, we present the analytical expressions of the proposed embedded coordinate transformations for directive
emission in both two and three dimensions. Corresponding full-wave simulations using homogeneous lenses will also be
provided as numerical validations.

Aty =iy,
L, L,
X X
NI
0 0
(a) (b) (c)

Fig. 1. Two dimensional directive emission coordinate transformation. (a) Geometry of the fan-shaped virtual space. (b) Geometry of the simplified triangular
virtual space. (c) Geometry of the triangular physical space.
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A. Two Dimensional Case

We first consider a two-dimensional directive emission transformation, where the fields are restricted to be invariant along
the z-direction [47]. The schematic of the embedded coordinate transformation is shown in Fig.1 where an air-filled, fan-shaped
virtual space with a central angle of @; (see Fig. 1(a)) is mapped to an isosceles triangle with a vertex angle of @, in the physical
space (see Fig. 1(c)) which has material parameters denoted by &.'(x’, ") and i, (x', ¥"). An isotropic line source is located at
the center (point O), with either the electric field or magnetic field along the z-direction, representing the transverse electric (TE)
or transverse magnetic (TM) polarization, respectively. Note that the value of ®; should be much smaller than the value of @, to
correspond to high directivity in the virtual space. Since the equi-amplitude, equi-phase lines of the virtual space are a set of
parallel arcs while those of the physical space are a set of parallel straight lines, a direct mapping from the fan region to the
triangular region will inevitably result in spatial dependent anisotropic transformed material parameters. This is caused by the
nonlinearity of the point-to-point mapping relation between the virtual and physical spaces as shown in several previously
reported cylindrical-to-plane wave source transformation designs [13]-[15].

To reduce the unwanted spatial dependency of the transformed material parameters in the physical space, a geometrical
simplification can be applied to the virtual space geometry. Since the value of @, is small, the fan region can be approximated
by an isosceles triangle with the same central angle as shown in Fig. 1(b). Thus, an intermediate space which possesses a linear
geometrical similarity with the physical space can be inserted into the transformation process to simplify the transformed
material parameters. Now, the transformation can be written as

x, = sz/Ll
{yl = WZy/W1 (2)
z'=z

where (x,y,z) and (x',y’,2z") denote the coordinates of the virtual and physical space, respectively. By virtue of the metric
invariance of Maxwell's equations, the relative permittivity and permeability tensors of the transformed medium in the physical
space can be expressed as

) , LW, /LW, 0 0
& =W = 0 LW, /LW, 0 . (3)
0 0 LWy /LW,

!
ry’
TM polarization, respectively. As Maxwell's equations show, the dispersion relations and the wave trajectory in the physical

space remain the same provided that piyx€y,, UryErz, tyzEry, @nd piy,&r, are held constant [48]. Thus, the material tensor

These tensor parameters can be divided into two groups iy, Ury, &, and &, &, ity,) Which are active under the TE and

expressions can be scaled to
5=r’ = ﬁ’ = diag[(W,/W,)?, (L1/L2)%1]. (4)

Since the radiated beam is highly directive in the x-direction which is perpendicular to the interface between the transformed
medium and free space, we further let L; = L, so that the impedance is matched on the interface. The relative permittivity and
permeability tensors can then be written as

&' =T = diag[(W,/W;)* 1,1] (5)

where each requires only one parameter possessing a low value.

It should be noted that a previously reported conformal mapping enabled collimating lens [45] is actually a special case of the
coordinate transformation proposed here when we set L;W; = L,W, in (3). In this sense, (3) is a general expression for
achieving directive emission with homogenous anisotropic medium and can be simplified to transformed media with different
anisotropy.

In addition, by applying the coordinate rotation transformation [49] to the above directive emission transformation, more
advanced highly directive multi-beam lenses can be synthesized by surrounding the embedded isotropic source with several
triangular segments. Importantly, this type of lens can provide an arbitrary number of collimated beams, each radiating in a
prescribed direction. As shown in Fig. 2(a), the material tensors of each lens segment can be expressed as
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Wl2 2 in2 W12 :
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Even though the mathematical expression contains non-zero off-diagonal tensor parameters, the medium can be implemented
by rotating the directions of the subwavelength metamaterial building block resonators.

» (m)

Electric Field
(arbitrary unit)

-1

(d)
Fig. 2. (a) Configuration of multiple rotated lens segments to produce multi-beam radiation. Snapshots of the z-directed near- and far-zone electric field
determined via a 2D COMSOL simulation of the transformation optics lens at 3 GHz (b) with four radiated beams uniformly distributed and (c) five radiated
beams non-uniformly distributed in the x-y plane. Note that in both cases the corresponding Iz, parameter in the direction of the radiated beam has a
magnitude of 0.01 for each segment of the lens. 2D COMSOL simulations of a similar lens to (b) but when the corresponding 71, parameter in the direction of
the radiated beam has a magnitude of (d) 0.1, (e) 0.2 and (f) 0.3 for each segment of the lens.

To validate the concept, two-dimensional full-wave simulations were carried out using COMSOL finite element solver [50].
For simplicity, only TE polarization with a z-directed E-field was used in the simulations. Considering the outer radiation
boundary is 5A away from the source, these simulations exhibit both the near- and far-field behaviors of the lenses. The
first lens has four collimated beams uniformly distributed in the x-y plane pointing at ¢ = {0°, 90°, 180°, 270°} as shown in Fig.
2(b). To demonstrate the flexibility of controlling the radiated beams, a second lens is displayed in Fig. 2(c) having five
customized collimated beams, each radiating at the desired angles of ¢ = {30°, 90°, 165°, 247.5°, 322.5°}. Both lenses have a
low-value u=r' parameter with a magnitude of 0.01 for each of the segments. From the electric field distribution, it is observed
that the waves radiated from the central isotropic source are well-collimated, even in close proximity to the source. To study
the impact of the variations in the material parameter values on the lens performance, three additional quad-beam lenses
similar to the one shown in Fig. 2(b) were simulated with the magnitude of the f’ parameter in the direction of the radiated
beams set to be 0.1, 0.2, and 0.3 for each lens segment. As presented in Fig. 2(d)-2(f), the beam width of the lenses broadens as
the magnitude of the corresponding uzrl parameter increases, however, the lenses are still able to maintain highly directive
beams in the four desired directions. Since most metamaterial realizations of effective media are less dispersive in the low
index band which is on the resonance tail [51], the insensitivity of material parameters makes this type of transformation optics
lens suitable for broadband applications.

S W,

I

Wi

0

(b) (c)

Fig. 3. Three-dimensional directive emission coordinate transformation. (a) Geometry of the spherical cone shaped virtual space. (b) Geometry of the simplified
square pyramid shaped virtual space. (c) Geometry of the square pyramid shaped physical space.
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B. Three Dimensional Case

The transformations introduced in the previous sub-section provide us the freedom to manipulate both the number and the
directions of highly directive radiated beams in two-dimensions. In certain applications, however, multi-beam radiation is
desired with beams pointing at specific directions in three dimensions. To fulfill this potential design requirement, the
three-dimensional coordinate transformation and associated numerical validations are also provided. As shown in Fig. 3(a), the
virtual space is an air-filled, spherical cone with a cone angle of O;. It is mapped to a square pyramid with an apex angle of O, in
the physical space (see Fig. 3(c)) which has material parameters denoted by &'(x',y’,z) and Ii, (x',¥',z'). Similar to the
two-dimensional case, the direct mapping between the virtual and physical spaces is not a linear transformation, thus leading
to inhomogeneous anisotropic material parameters with extreme values. Here, we can also make a geometrical approximation
by using a square pyramid with an apex angle @; the same as the virtual space (see Fig. 3(b)). The coordinate transformation
can thus be expressed as

x" = Lyx/L,
y' =Wy /Wy (7)
z' = W,z/W,

where (x,y,z) and (x',y’,z") are the coordinates of the virtual and physical space, respectively. Like the two-dimensional case,
simplification can also be made to match the impedance of the transformed medium to free space for the directive radiating
beam. The resulting relative permittivity and permeability tensors of the transformed medium are again

=/

& =T = diag[(W,/W,)% 1,1]. (8)

Similarly, a highly directive multi-beam transformation optics lens can be formed by applying the 3-D coordinate rotation
mapping [49] to the material tensors of each lens segment. This type of lens can convert the radiation from an embedded
isotropic source to a customized radiation pattern in three dimensions. As an example, we surrounded a previously reported
quasi-isotropic radiator [52] shown in Fig. 4(a) with six lens segments, each having low-value &, and [ parameters with a
magnitude of 0.01 in the direction of the radiated beam. Fig. 4(b) shows the 3D radiation patterns with and without the
presence of the transformation optics lens simulated by Ansoft HFSS™ finite element solver [53]. We can observe that the
antenna alone has a near-isotropic radiation pattern, whereas with the lens present, the radiation pattern exhibits six highly
directive beams. It should be noted that not all of the six directive beams have the same linear polarization, which is due to the
guasi-isotropic source antenna employed here and not the transformation optics lens since its response is polarization
independent.

Dir (dB)

.15

I

(b)
Fig. 4. Three dimensional coordinate transformation lens applied to a quasi-isotropic antenna proposed in [52]. (a) The three dimensional directive emission
lens and the embedded quasi-isotropic antenna. The lens is designed to produce six highly directive beams; one normal to each face of the lens as indicated by
the labels. (b) The HFSS simulated radiation pattern of the quasi-isotropic antenna without (left) and with (right) the lens.



DISI-12-030 6

C. Wave Propagation in the Transformed Medium

To obtain a better understanding of the characteristics of wave propagation inside the transformed medium and why a
medium with one low-value permittivity and permeability tensor parameter would lead to directive emission, it is helpful to
consider the dispersion relationship in the medium. Suppose we assume the transformed anisotropic medium has
diagonal-only constitutive permittivity and permeability tensors given by

~
S

= godiag[ery, Etrys Etrz] (9a)

and

Her = Hodiag[uery, Hery, Uerzls (9b)

where g, and p, are the permittivity and permeability of free space, respectively. A two-dimensional problem can be
decomposed into TE polarization with electric field along the z-direction and TM polarization with magnetic field along the
z-direction. Under these conditions the dispersion relations can be separated for each polarization and written as

B%Ey/ﬂtrx + ﬁ%Ex/#try = kggtrz (10a)

and

ﬁ?z"My/Etrx + B?Z‘Mx/stry = kg#trz: (10b)

where k is the free space wave number and Brg(ruyx @and Brg(ra)y, are the x- and y-components of the wave number in the
material for TE and TM polarizations, respectively. When &,., and ., have small near-zero magnitudes while other tensor
parameters possess positive values equal to or larger than unity (as dictated by the coordinate transformations), BTEy and BTMy
are limited to be small in order to satisfy the two dispersion relations given in (10). This indicates that inside the transformed
medium, the waves are forced to propagate close to the x-direction with a very small y-component in the wave vector. The
behavior is confirmed in Fig. 2(b)-(f), where the waves are collimated not only in the far-field, but also in the near-field region
inside each lens segment, even in close proximity to the source.

(b)

monapole
[E]

(d)

Fig. 5. (a) Conceptual configuration of the lens surrounding a monopole antenna. (b) Unit cell geometry. The dimensions are a=6mm, d=0.76mm, |I=4.5mm,
g=0.5mm, w=0.5mm and h=2.5mm. Rogers RT/duroid 5880 was used as the substrate. (c) Final HFSS model of the metamaterial lens with the monopole feed.
The inset shows the monopole located at the middle of the lens. (d) Photograph of the fabricated lens. The inset is an enlarged photograph of the inner layers

of the lens with monopole inside.
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I1l. METAMATERIAL REALIZATION OF THE QUAD-BEAM LENS FOR MONOPOLE ANTENNA

To experimentally verify the proposed multi-beam directive emission coordinate transformation, a quad-beam metamaterial
lens was designed that tailors the radiation of a G-band quarter-wavelength monopole which nominally radiates
omnidirectionally in the H-plane around 4 to 5 GHz [32]. Because the radiated electric fields are nearly perpendicular to the
ground plane in the H-plane, the lens needs only to work for the TE polarization. Following the configuration of the
two-dimensional quad-beam lens example in Fig. 2(b), the monopole is surrounded with four triangular anisotropic
metamaterial lens segments as presented in Fig. 5(a). Segments 1 and 3 have a low value of effective u,.,, and segments 2 and 4
have a low value of effective u,.,.

A. Unit Cell Design

To design an anisotropic metamaterial with one specific effective permeability tensor parameter having a low value in the
G-band, broadside coupled capacitor loaded ring resonators (CLRRs) made of copper [37] are utilized as the building blocks. The
geometry of the unit cell is shown in Fig. 5(b). The CLRRs are printed on each side of the dielectric substrate. The openings of
the CLRRs are oriented in opposite directions to eliminate any bi-anisotropy that might be caused by the structural asymmetry
[54].

= real (0°, 15°)

1.5] + : imag (0°, 15°) -
e real (0°, 30°) =
A — imag (0°, 30°) o
real (0°, 45%) L
0.5] i s imag (0°, 45°)
-1
O o e e e s s e s s e e s
-0, r T2 25 3 35 4 45 5 55 6
2 25 3 35 4 45 5 55 6 - - A -
Frequency (GHz) Frequency (GHz)
(a) (b)

N

lJ’Z
=)
s
~.

W7 ]

-4

-6,

2 25 3 55 6

3.5 4 4.5 5
Frequency (GHz)
(c)
Fig. 6. Retrieved effective medium parameters (a) &, (b) 1, and (c) u, using scattering parameters calculated at different angles of incidences. The legend
indicates the two angles of incidence used for each set of curve.

The metamaterial building block was designed using Ansoft HFSSTM, where the scattering parameters were calculated
through the application of periodic boundary conditions assigned to the lateral walls in both x- and y-directions. A TE polarized
plane wave (contained in the y-z plane with the electric field along the x-direction) is assumed to be incident from the upper
half-space at an angle 6;(0° < 8; < 90°) with respect to the axis of the metamaterial Z. Three layers of unit cells were used in
the z-direction in order to take into consideration the coupling between adjacent layers, thus enabling the acquisition of more
accurate effective medium parameters. The three material tensor parameters active under TE polarized illumination (u,, i,
and ¢, ), which can be retrieved using a generalized anisotropic inversion algorithm [55], are shown plotted in Fig. 6(a)-(c). It is
observed that the inverted metamaterial parameters extracted from the scattering parameters calculated at different angles of
incidence agree well with each other, indicating an angularly independent anisotropic effective medium property. Fig. 6(a) and
Fig. 6(b) show that &, and u,, are weakly dispersive and do not resonate in the band of interest. This provides a stable
normalized impedance for waves propagating in the z-direction, i.e. the direction of the outgoing beam in the directive
emission coordinate transformation. Additionally, the lens is nearly matched to free space (,/yy/sx ~ 0.7), ensuring low
reflection at the lens-air interface. In contrast, the longitudinal tensor parameter y, has a strong Lorentz-shaped resonance at
3.8 GHz and maintains a low value (0 < |u,| < 0.4) throughout the resonance tail over a broad bandwidth (4.2 GHz ~ 5.3 GHz)
with a weakly dispersive profile. This low u, region, located away from the resonance band, is very low loss with the magnitude
of Im{u,} less than 0.04.
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Fig. 7. Simulated (- - - - - - ) and measured (—) S;; of the monopole antenna (a) without the metamaterial lens, and (b) with the metamaterial lens. The

simulated efficiency is also shown in (b).

B. Integrated Lens Simulation

The configuration of the final quad-beam lens with the monopole feed and actual metamaterial layers is shown in Fig. 5(c).
The constructed lens is composed of nine concentric anisotropic capacitor loaded ring resonator (CLRRs) layers. The
square-shaped layers are each five unit cells tall and decrease in edge length by two unit cells for each successive layer starting
from the outside of the lens and moving inward. The length of the outer edge of the lens is 102 mm or about 1.6A at 4.7 GHz,
while the height of the lens is 30 mm, about 0.5A at 4.7 GHz. For segments 1 and 3, the axis of the CLRRs is along the x-direction,
thereby providing a low value of effective p,.,. Conversely, for segments 2 and 4, the axis of the CLRRs is along the y-direction,
which yields a low value of effective y,.,,. A monopole with a length of 14.5 mm is located in the middle of the lens as shown in
the inset of Fig. 5(c). A 14 cm by 14 cm (~2A x 2A) brass plate is used as the ground plane. Copper is used for the metallic
patterns to account for the loss resulting from finite conductivity.

The simulated S;; of the monopole with and without the lens is shown in Fig. 7(a) and Fig. 7(b). For the monopole alone, it
has a single resonance at 4.8 GHz with a -10 dB bandwidth of around 0.78 GHz (4.42 GHz ~ 5.20 GHz). However, with the lens
present, the -10 dB S;; bandwidth is increased to 1.35 GHz (4.20 GHz ~ 5.55 GHz), an increase of about 70%. This can be
attributed to two causes, the first being an effective ¢,., (i.e. €, shown in Fig. 6(c)) having a value weakly growing from 2.3 to
around 2.7, dropping the quality factor of the monopole resonance. Hence, the Si; curve is not as sharp as that of the monopole
alone at higher frequency. Secondly, the near-field coupling between the monopole and the unit cells on the inner layers of the
lens is tuned such that multiple resonances can be observed at 4.3 GHz, 4.75 GHz and 5.4 GHz. These resonances pull the S;
below -10 dB over a much broader bandwidth.
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Fig. 8. Simulated and measured H-plane (left) and E-plane (right) realized gain patterns of the monopole antenna with and without the metamaterial lens at (a)
4.25 GHz, (b) 4.50 GHz, (c) 4.85 GHz, (d) 5.10 GHz, and (e) 5.30 GHz. The legends represent simulation without the lens (- - - - - - ), simulation with the lens (—),
measurement without the lens (------ ), measurement with the lens (—).

Fig. 8(a)-(e) (left, blue curves) show the simulated realized gain patterns in the H-plane of the monopole with and without the
lens at 4.25 GHz, 4.50 GHz, 4.85 GHz, 5.10 GHz and 5.30 GHz. Without the lens, the monopole exhibits an omni-directional
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pattern in the x-y plane with a variation of about 0.7 dB due to the finite ground plane size. The maximum realized gain varies
within the range from -1.5 dB to -0.3 dB as the frequency increases. With the lens, however, four highly directive beams can be
observed at 0°, 90°, 180° and 270°. Within the frequency band of 4.20 GHz to 5.30 GHz, the peak realized gain of the four beams
grows from 4.3 dB to 5.8 dB, about 5.8 ~ 6.1 dB higher than that of the monopole alone. The half-power beam widths (HPBW)
of the four directive beams are approximately 35°, 34°, 32°, 30° and 32° at the five frequencies.

Realized Gain (dB)

‘ - ‘/ b
X No Lens Y x With Lens y

Fig. 9. Simulated 3D realized gain pattern of the monopole antenna with and without the metamaterial lens at 5.10 GHz.

The realized gain pattern in the E-plane (the elevation plane) is also investigated. In Fig. 8(a)-(e) (right, blue curves), the
simulated gain patterns in the y-z (¢=90°) plane with and without the lens are plotted. Without the lens, the monopole has
maximum radiation at around 40° from the horizon (6 = 90°) and nulls along the z-direction (8 = 0°) due to the finite ground
plane. The metamaterial lens, on the other hand, redirects the maximum of the radiated beam in a direction closer to the
horizon (i.e. only about 6°-10° above the horizon in the range of 4.25-5.30 GHz) where receivers are usually located. The E-plane
HPBW is also narrowed from 51-60° to 35-41° in the range of 4.25-5.30 GHz. This effect shows that the lens not only effectively
transforms a two dimensional cylindrical wave into four collimated waves in the H-plane, but also pushes the radiated beam
towards the horizon in the third dimension. It is noted that the ground plane size, which is about 2A by 2A, is the same for
comparisons with and without the metamaterial lens.

The simulated 3D radiation patterns at 5.10 GHz (see Fig. 9) clearly show that the bowl! shaped pattern is transformed into
four well-collimated beams pointing in directions near the horizon. The simulated efficiency within the band of interest
(4.25-5.30 GHz) is plotted in Fig. 7(b). Since the metamaterial lens is operating away from resonance, it does not introduce a
significant amount of loss, thus maintaining an efficiency above 90% throughout the band.

To examine the near-field effect of the lens, the electric field distributions on the ground plane are shown with and without
the metamaterial TO lens at the five frequencies denoted in Fig. 10(a)-(e). It is clearly seen that the monopole alone gives a
circular field distribution, thus leading to a nearly omni-directional far-field pattern in the H-plane. However, with the lens, the
field pattern becomes a square shape even at close proximity to the source, which corresponds well with the theoretical
homogeneous lens simulation presented in Section Il. The square shaped field pattern further gives rise to the four highly
directive radiated beams, indicating that the metamaterial lens is effectively functioning as a multi-beam collimator, even in the
near-field region inside the lens. It is also noticed that the electric field intensity is much stronger with the lens than for the case
without the lens, which in turn explains the higher gain observed in the far-field region. As frequency increases, the value of the
corresponding effective permeability tensor parameter grows, thus a gradual transition from a circular to near-square pattern is
observed in the electric field distributions (Fig. 10(d)-(e)). This degraded collimating performance in the near-field region also
accounts for the radiation bandwidth which is slightly narrower than the impedance bandwidth of the system. Examination of
the fields demonstrate that the discrete metamaterial implementation of the lens behaves as an effective homogeneous
anisotropic medium with certain permeability tensor parameters having a low, near-zero value.

max
o . o o
g
£
8 .
IO IS
(a) (b) (c) (d) (e)

Fig. 10. Electric field distribution on the ground plane with and without the metamaterial TO lens at (a) 4.25 GHz, (b) 4.50 GHz, (c) 4.85 GHz (d) 5.10 GHz and (e)
5.30 GHz.
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C. Experimental Results

A lens prototype and a monopole antenna platform were fabricated and characterized to validate the theory and numerical
design of the transformation optics lens. The fabricated sample is presented in Fig. 5(d) with an enlarged inset figure showing
the inner monopole antenna. An Agilent E8364B network analyzer was used to characterize the reflection coefficient
magnitude of the monopole with and without the lens. As the results in Fig. 7(a) and Fig. 7(b) show, good agreement can be
found between simulations and measurements not only in terms of the -10dB bandwidth but also the resonance positions. The
measured S;; of the monopole alone has a resonance at 4.75 GHz, with a -10 dB bandwidth of 0.76 GHz (4.42 GHz ~ 5.18 GHz).
When the monopole is surrounded by the metamaterial lens, the measured S;; is below -10 dB from 4.22 GHz to 5.60 GHz with
three resonances located at 4.35 GHz, 4.7 GHz and 5.45 GHz, exhibiting strong correspondence with the simulated results. Even
at low frequencies, good agreement is observed in the minor resonances around 3.7 GHz and 3.95 GHz, which can be attributed
to the near field coupling to the lens.

The realized gain patterns of the monopole antenna with and without the lens were characterized in an anechoic chamber
with an automated antenna movement platform. In Fig. 8(a)-(e) (black curves), the measured gain patterns in both the H-plane
and E-plane at 4.25 GHz, 4.50 GHz, 4.85 GHz, 5.10 GHz and 5.30 GHz are shown, where good agreement is seen with the
simulated results. The discrepancies are primarily due to minor inaccuracies in fabrication, non-ideal effects of the test setup,
and noise in measurement. For the case without the metamaterial lens, the monopole has a nearly omni-directional radiation
pattern in this band. The maximum measured realized gain values in the H-plane vary between -1.6 dB to -0.3 dB. With the lens
present, four high gain beams are located at 0°, 90°, 180° and 270° with a measured realized gain varying between the range
from 4.3 dB to 5.9 dB, yielding about 5.9 dB to 6.2 dB of realized gain improvement. The measured average HPBWs of the four
directive beams are approximately 36°, 37°, 30°, 31° and 34° at the five frequencies considered. The measured E-plane patterns
confirm the beam bending effect in the U-direction. Without the lens, the monopole alone has a measured beam maxima
moving from 45° to 40° off horizon as the frequency increases. With the lens present, the beam maxima is maintained at
approximately 8° to 12° from the horizon. In all, the experiment verifies the 3D collimating effect of the metamaterial
transformation optics lens in reshaping the radiation of the embedded monopole antenna into multiple highly directive
radiated beams. Using a larger sized lens will provide even higher gain and narrower half-power beamwidths which will be
discussed below.
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Fig. 11. Simulated Sy, and peak realized gain in the H-plane for the monopole with metamaterial lens on a 14x14 cm” (------ ) and a 11x11 cm’ (—) ground
plane.

IV. DISCUSSIONS

Several additional simulations were conducted with varied lens parameters in order to gain a more comprehensive
understanding of the properties of the metamaterial collimating lens. First, the size of the ground plane was truncated from
14x14 cm’ to 11x11 cm” which is nearly the size of the lens. It can be seen that this has very little impact on the reflection
coefficient magnitude (see Fig. 11); the entire antenna system maintains S;; below -10 dB in the target band. It is also observed
that the radiation bandwidth in the H-plane is well maintained with an average drop of only 0.5 dB partially due to the slightly
increased reflection at the port and partially attributed to the tilt of beam away from the horizon in the E-plane. However, the
overall performance is maintained meaning that the lens can still function with a miniaturized footprint.

The impact on the system performance when changing the height and the length of the outer edge of the lens is also
investigated. Three metamaterial lenses with four, five, and six layers in the z-direction, corresponding to height values of
24mm, 30mm, and 36mm were simulated. The simulated S; and peak realized gain in the H-plane are plotted in Fig. 12(a). The
return losses are greater than 10 dB within the band of interest for all three lenses; improvement is seen by increasing the
height of the lens. For the realized gain in the H-plane, increasing the height of the lens gives more enhancement due to larger
aperture size and bending of the radiated beams towards the horizon as shown in Fig. 12(b). Without the lens, the beam
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maximum is 33-38° from the horizon. By adding the lens, the beam maximum is pushed significantly towards horizon as shown
in Fig. 8 and Fig. 9. The thicker the lens, the closer the beam maximum becomes to the horizon.

When the length of the outer edge of the lens is changed, S.; is still maintained below -10 dB within the band of interest. The
realized gain generally increases with a wider lens due to the larger aperture. The maximum realized gain moves lower in the
frequency band due to the fact that, at high frequencies (when the lens is larger than two wavelengths), the aperture does not
maintain a perfect equi-amplitude and equi-phase field distribution. Hence, the collimating effect is degraded, leading to a drop
in gain. The optimum length has to be chosen so that increased realized gain is achieved within the band of interest, while S;; is
also below -10 dB.
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Fig. 12. (a) Simulated S;; and peak realized gain in the H-plane for the monopole and metamaterial lens combination with various heights. (b) Simulated
direction of beam maximum in the E-plane for the monopole and metamaterial lens combination with various heights and the monopole alone. (c) Simulated
S;1 and peak realized gain in the H-plane for the monopole and metamaterial lens combination with various length values of the outer edge.
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V. CONCLUSIONS

In conclusion, we have proposed two- and three-dimensional embedded coordinate transformations that generate multiple
highly directive radiated beams from an embedded isotropic source, each pointing in a desired direction. The coordinate
transformation introduced here offers anisotropic but spatially invariant material parameters that can be readily implemented
by metamaterial building blocks. In addition, the performance of the coordinate transformation is not sensitive to small
variations in the material parameter values, thus enabling broad operating bandwidth. A microwave frequency metamaterial
lens fed by a simple monopole antenna was designed, fabricated and tested, exhibiting strong agreement between simulation
and measurement. The metamaterial lens achieves a quad-beam radiation pattern over a 1.26:1 bandwidth with around 5.9 to
6.2 dB of realized gain improvement in the H-plane compared to the monopole alone. Additionally, it broadens the impedance
bandwidth of the monopole by 70%. The simple coordinate transformation suggests possibilities for the design and synthesis of
more practical broadband metamaterial devices, including lenses that are able to tailor the radiation properties of
microwave/millimeter wave wireless antennas and even perhaps optical nano-antennas [56].
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