A CLASS OF ONE-DIMENSIONAL
GEOMETRIC VARIATIONAL PROBLEMS
WITH ENERGY INVOLVING
THE CURVATURE AND ITS DERIVATIVES.
SOME RESULTS AIMED TO
A GEOMETRIC MEASURE-THEORETIC APPROACH.

SILVANO DELLADIO

ABSTRACT. The notions of Legendrian and Gaussian towers are defined and indagated.
Then applications in the context of one-dimensional geometric variational problems with
the energy involving the curvature and its derivatives are provided. Particular attention is
paid to the case when the functional is defined on smooth boundaries of plane sets.

1. INTRODUCTION

Since [11] a great deal of our work has been focused on looking for and indagating sufficient
conditions for the high-order rectifiability of a rectifiable set. In the recent paper [13] we
proved the following result which can be considered at some extent as a satisfactory conclusive
step in the special case of the one-dimensional sets.

Theorem 1.1. Let D, H be a couple of integer numbers satisfying D > 2 and H > 1. Then,
for a given a Lipschitz map v : [a,b] — RP, the set y([a,b]) is CH L rectifiable provided the
following condition is met:
There are a family of 2 Lipschitz maps
Yo a,b] — RP, a € {0,1}"
and a family of H bounded functions
¢ la,b] — R, n=0,..., H-1

such that
Yo =7
and
(1.1) Yoti-ng = Cn YoH-1-n13 (almost everywhere)
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forallm=0,... ,H—1 and 3 € {0,1}" (where 0° := 0 and {0,1}° := {0} ).

The present paper provides applications of Theorem 1.1 in the setting of geometric variational
problems, via a geometric measure-theoretic approach. This is done by developing a suitable
machinery based on the topics of Legendrian and Gaussian towers, which extend the notion
of one-dimensional generalized Gauss graph (first introduced in [3]).

Former achievements in the context of the applications of generalized Gauss graphs include
[10] (a somehow surprising application to differential geometry context), [2] (an application
to Willmore problem) and [9] (an application to a problem introduced in [4]). In particular,
the papers [2, 9] (and[4]) follow the idea by De Giorgi of relaxing the functional with respect
to the L'-convergence of the domains of integration.

In order to explain the notion of H-storey Gaussian tower, given in §3 below, let us consider
the particular case H = 3. In such a case, let X3 denote the Euclidean space of dimension
8D and consider an orthonormal basis of X3

{6‘(7)00}?:17 {eom }]D:p {eélo}fzp {eon }jD:1 ) {ejloo}jpzp G }?:1, {ejno}gp:p {6]111}31'3:1-

Also, for h = 0,1,2, let X}, be the space spanned by the first 2" D vectors of such a basis,
namely

Xo = span {{6600}11‘11} ) Xy = span {{6%00}?:17 {6601}§)=1}
and
Xo := span {{6600}?:17 {6601}]]?:17 {6‘(7)10}?:1a {6511}?:1} .

In X, let us consider a smooth curve Cjy, oriented by the smooth unit tangent vector field
To- Then the graph of 7

Cl = {(%0,7’0(&30)) ‘ Zo € Co}

can be naturally viewed as an oriented smooth curve in X, whose orientation is induced by
To- Let 7y be the corresponding smooth unit tangent vector field. Analogously, we can view

Cy = {(z1, (1)) |71 € C1}

as an oriented smooth curve in X5 and we can denote by 7 the related smooth unit tangent
vector field. Finally, we can consider the smooth oriented curve in X3

Cg = {(.2172,7'2(552)) ’332 € 02}

and the smooth tangent vector field 73. Then the rectifiable current in X3
T .= [[Cg, T3, 1]]

is an example of 3-storey Gaussian tower. Roughly speaking, a general 3-storey (hence H-
storey) Gaussian tower is defined by axiomatizing, in the framework of rectifiable currents,
the properties of T" concerning tangentiality and orientation. This is done in Definition 3.1
where the further notion of H-storey Legendrian tower is also given by only requiring the
tangentiality condition.
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Also we provide the notion of “special H-storey Legendrian (Gaussian) tower” which extends
that of special generalized Gauss graph, fruitfully introduced in [9]: it consists of a H-storey
Legendrian (Gaussian) tower [R,7, 0] such that

H'(Ry) =0, Ry :={P € R| Xon(P) = 0}

compare Definition 3.2. In rough terms, this equality means that the “purely Xg-directed
part”of the carrier R has measure zero.

In §4 we consider a suitable class of functions F' : Xy x Xy — [0,4+00] and define the
following integral functionals over the one-dimensional integral currents in Xy

n(P)

Fellton o) = [, F (P ) IXanP)lo(r) art ),

R

Then we get some results related to the implementation of the direct method of the calculus
of variations in the context of Legendrian and Gaussian towers. In particular we prove that:

e (Theorem 4.1). For all constants ¢, the set 3. of special H-storey Gaussian towers
T such that Fr(T) < ¢ has to be closed (with respect to the weak topology of
currents). Moreover, the restriction Fg|3, is lower semicontinuous. Finally, under
further assumptions about coherciveness of Fr and boundedness of the boundary
masses, the set X, has to be compact.

e (Theorem 5.1(1)). If D = 2 and A is a “regular” plane set (i.e. an open subset of
R? whose boundary has a regular parametrization of class C#*1), let T4 denote the
special H-storey Gaussian tower naturally associated to 0A. Then the functional

A Fp(Ta) is L, -lower semicontinuous on the family of regular plane sets.

We also mention Proposition 6.3 which, in the case D = 2 and for any given 2-storey Gaussian
tower [G,n, 0], states a formula for the representation of 7 in terms of the absolute curvature
of the carrier R and its approximate derivative (compare [12] where this notion of curvature
has been defined or §2 below, where it has been recalled).

As a simple application of Theorem 5.1(1) and Proposition 6.3, we get Theorem 6.1(3) which
concludes the paper. It states that if A, (h = 1,2,...) and A are regular plane sets such
that A, — A in L .(R?), then

DaA 2 Ay 2
14202+ 12700 i iming [ 14202 4 P20l g
0A (1+a?)? ho Joa, (14 aj)?

where a and «y, are the absolute curvatures of 0A and 0Ay,, respectively.
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2. PRELIMINARIES

In this section we collect some well-known results which will be useful below. For the
definition of integral current we refer the reader to the general literature about geometric
measure theory [15, 18, 19].

Let us begin by recalling from [7] the notion of generalized Gauss graph, in the special case
of dimension one. To this aim, consider an Euclidean space E of even dimension 2D, with

D > 2, and let
1D
{{ei jzl}ie{o,l}

be an orthonormal basis of E. The coordinate with respect to the direction ef will be denoted
by x]. Then define X and Y as the D-dimensional linear subspaces of E spanned by

{66 }?:1 and {6{ }jD:1
respectively. Also, set
S=A{yeY|lyl=1}

and
D . .
=Y aidx).
j=1
Observe that ¢|(X x S) coincides with the usual contact form on X x S. Finally let
P:Y—-X
be the isomorphism mapping e{ to eé, forallj=1,...,D.

Definition 2.1 ([3, 7]). A “one-dimensional generalized Gauss graph (in E)” is a one-
dimensional integral current T' in E such that:

(i) If G is the rectifiable carrier of T, then the projection of G to Y is (in measure) a
subset of S 1i.e.
HY(YG\S) = 0;
(ii) One has
T(xplw)=0
for all smooth (2D — 2)-forms w with compact support in E, where % denotes the
usual Hodge star operator in E;
(iii) The inequality
T(gp) =0
holds for all nonnegative smooth functions g with compact support in E.

The following result provides a geometric interpretation of the assumptions in Definition 2.1
above.

Proposition 2.1 ([7]). For a one-dimensional rectifiable current T' = [G,n,0] in E the
following facts hold.
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(1) If T satisfy (i) and (i) in Definition 2.1, then there exists a measurable sign function
o: G — {£1} such that

(2.1) Xn(z) = a(2) [[Xn(2)]| P(Y2)
for H'L G-a.e. z;

(2) Let T be a one-dimensional generalized Gauss graph. Then (2.1) holds with o iden-
tically equal to 1.

We say that a Borel subset R of E is C*1rectifiable if there exist countably many curves
C; of class CH*! embedded in F and such that

(2.2) H'Y(R\U,; C;) =0

compare [1, Definition 1.1]. Observe that for H = 0 this is equivalent to say that R is
countably 1-rectifiable, e.g. by [19, Lemma 11.1].

According to [12], for a one-dimensional C*-rectifiable subset R of E, a notion of absolute
curvature can be provided as follows. First of all, given a countable family A = {C;}
(referred in the sequel as “C?-covering of R”) of curves of class C? embedded in E and such
that (2.2) holds, at each density point z of the sets R N C; one can define

() := absolute curvature of C; at x

where j is just any index such that R N C; has density one at z. The function af is well-
defined. Moreover, if B is another C%-covering of R, then afp and of are representatives
of the same measurable function, with domain R. Such a measurable function is called

“absolute curvature of R” and is denoted by ag.

Proposition 2.2 ([12]). If R if C3-rectifiable, then ar is approzimately differentiable,
namely:

(1) For any given C3-covering A = {C;} of R, the function o is approzimately differ-
entiable at every point in (RN C;)*, for all i;
(2) If A and B are C3-coverings of R, then one has

apDaj = apDa%, a.e. in R.

3. H-STOREY LEGENDRIAN AND (GAUSSIAN TOWERS

Consider an Euclidean space Xy of dimension 27 D. Let

{{ejb}le}ﬁe{O’l}H

be an orthonormal basis of Xy and xé be the coordinate with respect to the direction eé.
Then, for n =0,... ,H — 1, define X,, and Y,, as the (2"D)-dimensional linear subspaces of
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Xy respectively spanned by

{{eglf—"ﬁ}fﬂ}ﬁe{og}" and {{eéH_n_lw}?ﬂ}

where the following notation is conventionally assumed
0° := 0, {0,1}° := {0}.
FExample 3.1. If D =2 and H = 3, then X5 and Y, are the spaces spanned by

pe{o,1}n

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
{60007 €000> €001 €001 €010 €0105 €011> 6011}7 {61007 €1007 €1017 €101 €110 €1105 €111> e}

respectively.

Observe that one has
Xpi1 =X, 8Y,, n=0,..., H—-1

hence

H-1
Xg=Xo® (EB Yn>.
Also, forn=0,... ,H — 1, we set
Sno={y eYalllyl =1}

and

(31) (pn = Z $6H,n,116 d.’lﬁf)H,nﬁ
Be{0,1}m
j=1,...,D

Then ¢,|(X, x S,) coincides with the usual contact form on X, x S,. Finally, for n =

0,..., H—1,let
P,.Y,— X,
be the isomorphism mapping €%H_n_115 to eéH‘"ﬁ’ for all 5 € {0,1}" and j=1,...,D.

Now we are ready to give the notions of H-storey Legendrian tower and H-storey Gaussian

tower.

Definition 3.1. A “H-storey Legendrian tower (in Xp)” is a one-dimensional integral cur-

rent T in Xy which verifies this couple of conditions:

(i) Let G denote the rectifiable carrier of T. Then, forn =0,... ,H — 1, the projection

of G to'Y, is (in measure) a subset of S, i.e.
HY(Y,G\S,) =0, n=0,...,H—1;

(ii) One has
T (xp,Lw) =0, n=0,..., H—1

for all smooth (22 D — 2)-forms w with compact support in Xy, where * denotes the

usual Hodge star operator in Xp.



A CLASS OF ONE-DIMENSIONAL GEOMETRIC VARIATIONAL PROBLEMS 7

If in addition to (i) and (ii), the following assumption is satisfied, then T is said to be a
“H-storey Gaussian tower”:

(iii) The inequalities
T(gpn) >0, n=0,..., H—1

hold for all nonnegative smooth functions g with compact support in Xg.

Definition 3.2. A H-storey (Gaussian) Legendrian tower T = [G,n, 0] is said to be “of the
special type”, or simply “special”, if one has

T << |Tyx|

where
|T| =0H'L G, |Tou| == 9||7]0HHH1LG (norr == Xon).

Remark 3.1. One-dimensional (special) generalized Gauss graphs and (special) 1-storey
Gaussian towers are just the same items, compare [3, 7, 9]. It follows easily that T is
a H-storey Gaussian tower if and only if, for all n = 1,..., H, the current (X,,)x7 is a
one-dimensional generalized Gauss graph in X,.

Remark 3.2. A H-storey (Gaussian) Legendrian tower T' = [G,n, 0] is of the special type if
and only if H'({P € G |nou(P) = 0}) = 0.

Remark 3.3. Let T; (j = 1,2,...) be H-storey (Gaussian) Legendrian towers and let 7" be a
one-dimensional integral current in Xy such that 7; — T". Then T is a H-storey (Gaussian)
Legendrian tower too. In the particular case when the 7j are of the special type, the limit
current 7' has not necessarily to be of the special type itself (e.g. the generalized Gauss
graphs associated to plane circles shrinking to a point converge to a non-trivial current T'
with carrier G such that |Tp|(G) = 0). A closure condition for special H-storey Gaussian
towers will be provided in Theorem 4.1 below.

Ezample 3.2 (smooth case, H = 2). A situation to keep in mind, in order to understand the
meaning of Definition 3.1, is the following one. Given a regular 1-1 curve of class C?

7 : [a,b] — RP
we can consider the maps

Yo =Yoo 7Y) @, )] = RP, e {0,1}?

defined as
o Yo Y
Yoo ‘=7, Vo1 = g T T
||700|| ||7 ||
and
(32) o) o bob) (LGN
' Ul

(o001l ([ (. v/ 11y

Then the multiplicity-one current
T :=[G,n,1]
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with
D
G :=T([a, b)), D= Y > Aiel i a,b] = X
ae{0,1}2 i=1
and
n:G— X, Q) =T("1Q)/|r(T@)]
is a special 2-storey Gaussian tower.
Observe that, since (x7')L_~" = 0, one has
711 1 / / AN 1 / "
(3.3) (+v01) = () IV = (7 )y
ol 1117 7 1I?

where * denotes the usual Hodge star operator in R”. Also, if
u,v € RP, lull =1

and {e;} is an orthonormal basis of R”, then
D D
(xu)v=(ea A---ANep) > vje; =Y vjlea A~ ANep)Lg;
=1 =2

where v; := v - ¢;. Hence
D
2 2 2 2 2
(3.4) ) vl* = _vf = [lvl* = (v-u)* = [l Aull.
j=2
By recalling the formula (8.4.13.1) of [5], we then obtain the following expression for the
absolute curvature a, of

3 A )Y
(3.5) Ay = VP /(3
od| [l
which can be written in terms of g1, 10 and 711, as it follows
o — [[Geyo) = yaa
! 710l

by (3.3). In the particular case when D = 2, (3.3) provides the following formula for the
signed curvature k., of v (compare [14, §1-5, Exercise 12]):

o ) o (o)

R (o 70l

The following result summarizes some properties of a H-storey Legendrian (Gaussian) tower.
In particular it proves that the carrier is projected to the space Xy into a CH*l-rectifiable
set. Recall from [15, §4.2.25] that an indecomposable one-dimensional integral current has
always multiplicity one.

Theorem 3.1. Let T = [G,n, 0] be a H-storey Legendrian tower in Xg. Then the following
facts hold.
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(1) There exist countably many indecomposable H -storey Legendrian towers T; = [G;,n;, 1]
such that
oy
J

and

Moreover one has
(3.7) G=U;G;,  nlGi=m; @) =##{jlz€G;}
where the equality sign has to be intended “modulo null-measure sets”. The T; are
Gaussian provided T' is Gaussian. The T} are special provided T' is special.
(2) The projection of G to the space X is a CH-rectifiable one-dimensional set.
(3) If T is indecomposable, then there exists a Lipschitz map
I':0,M(T)] - Xu
such that
(i) T][0,M(T)) is ingective, Tx[0,M(T)] = T and |[I'(t)|| = 1 for ae t €
[0, M(T)].
(ii) There ezists a family of measurable sign functions
on [0, M(T)] — {£1}, n=0,..., H-1

such that

(3.8) X, I = o, | X, (P 0 Yy)T (almost everywhere)
foralln=0,... H—1. If T is Gaussian then the functions o, are identically
equal to 1.

Proof. (1) From [15, §4.2.25] we can find a sequence of indecomposable integral currents 7
in Xy such that

T=YT, N(T)=Y N

Since

(3.9) M(T) <> M(T;),  M(IT) <> M(9T;)

we obtain

SN(T) = N(T) = M(T) + M(9T) < ¥ M(T}) + 3 M(IT;) = Y N(T))

j J j j
hence (3.6) follows by recalling again (3.9). Now [8, Proposition 4.2] yields the equalities
(3.7). As a consequence of such equalities, 7; inherits from 7' the geometric properties
characterizing a H-storey Legendrian (Gaussian) tower, compare [7, Proposition 4.1]. In
particular, each T has to be itself a H-storey Legendrian (Gaussian) tower. The last assertion
follows from (3.7) too, by recalling Remark 3.2.
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(2) Let {T;} be as in (1). Then, since
XoG = UonGj

by the first equality in (3.7), it will be enough to prove that X,G; is a C ' rectifiable set,
for all j. To this aim, let us fix j and apply (3) below to 7;. Then define

7a:(7é,...,75):[0,M(1})]—>RD, aE{O,l}H

by
ve, =1 e, i=1,...,D
and
Y 1= Yo
From (3.8), foralln=0,... ,/H—1,5€{0,1}" andi=1,...,D, we get

%f}/()anIB == F/ . GOH—nﬁ = O-TLHXTLF/H Pn<YnF) . Pn(eonnfllﬁ)

= || Xn T [|(YT) - eéH*’kllﬁ = 0| X, I'||T - 66H7n711g
= anHXnF/H%anfllﬁ

namely (1.1) holds with ¢, = 0,||X,I"||. The C**!-rectifiability of G; follows now from
Theorem 1.1.

(3) Assertion (i) follows from the structure theorem in [15, §4.2.25], while (ii) is a consequence

of Proposition 2.1 and Remark 3.1. ([l
Remark 3.4. If I' is the map in Theorem 3.1(3), then one has
(3.10) (Y, I) -V, I'=0 (n=0,...,H-1)

almost everywhere in [0, M(T")]. Such a fact follows at once applying the following simple
claim to

Y= HYnFH2
and recalling that ¢ = 1, by Definition 3.1(i).
Claim 3.1. Let ¢ : [a,b] — R be differentiable at s and assume that it is constant on some
sequence {t,} C [a,b] converging to s, with t; # s (for all h). Then ¢'(s) = 0.

Remark 3.5. In the very special case when D = 2 and H = 1, the number of the 7} in claim
(1) of Theorem 3.1 has to be finite, in that

M(T;) > 2 if 0T, =
N(j-jy)_ (J)—ﬂ- 18] 07
M(0T;) =2 i dT;#0
by [6, Theorem 4.1]. In all the other cases, namely when D > 3 or H > 2, there could exist
infinitely many indecomposable components 7 as it is shown in the following example where

H =1and D > 3. Consider a point P € X, and infinitely many closed regular curves C;
included in the (D — 1)-dimensional unit sphere Sy, such that

Z H1<C]) < +00.
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For every j, we can define 7j as the one-dimensional rectifiable current of multiplicity one
naturally carried by P x C;. Then T' := 3,7} is a 1-storey Legendrian tower, having the
T} as indecomposable components. This example can be easily extended to the case when
H > 2.

We finally state a result which will be invoked in the next section. It extends to H-storey
Gaussian towers some facts valid for generalized Gauss graphs, compare [3, 7, 8.

Proposition 3.1. The following facts hold.

(1) If T = [G,n,0] is a H-storey Gaussian tower, then
(3.11) nor = ||mor || PoYo

almost everywhere with respect to H'L_ G, hence

(3.12) T@wd:=/gﬂﬂw!

for all g € C.(Xy), where g is the 1-form defined as in (3.1) with n = 0.

(2) Let T; = [Gj,n;,0;] (5 = 1,2,...) and T = [G,n,0] be H-storey Gaussian towers
such that T; — T'. Then

(7)o | — [Ton|

as j — 00, in the weak® sense of measures. Moreover, if M is a one-dimensional
rectifiable subset of X, such that M C XoG, for all j, then one also has M C X,G.

Proof. (1) Since (3.12) follows immediately from (3.11), we have only to prove that (3.11)
holds. To this aim observe that, by virtue of (3.7), we are reduced to prove the case when T
is indecomposable. In such a case, by Theorem 3.1(3), there exists a Lipschitz map

[0, M(T)] — Xp
such that
nol =T".
By recalling (3.8), we get
mon o' = Xo(noT) = XoI" = || XoI"||(Py 0 Yo)T' = [|mor o T'[| (£ 0 Yp)T'
which obviously yields (3.11).

(2) The first claim is a trivial consequence of the formula (3.12) and implies the second one
by the same argument used to prove [8, Proposition 5.1]. O
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4. A CLASS OF INTEGRAL FUNCTIONALS ON H-STOREY LEGENDRIAN TOWERS

Let Zup, L} p and Gj; , denote, respectively, the set of one-dimensional integral currents
in Xy, the set of special H-storey Legendrian towers in Xy and the set of special H-storey
Gaussian towers in Xg. Then, given a measurable function

F(P,Q): Xy x Xy — [0, +0o0]
and tracing the path in [9], we can define a functional

./TF ZIH,D — [O, +OO]

as follows:

Fr(lRm.0]) = /R*F<P i Z(f))“)uw(mne(m dH'(P)
where
(4.1) R* :={P € R|nou(P) # 0}.

According to [16], the integrand F' is said to be “standard” when:

(i) it is continuous;
(ii) it is convex with respect to its second argument;
(ili) there exists a continuous function

f(Pt): Xy x [0,400) — [0, +00)
which is nondecreasing with respect to ¢t and satisfies

F(P,Q) =z f(P QDI

for all P,Q € Xy;
(iv) one has f(P,t) — +oo locally uniformly in P, as t — +o0.

Ezxample 4.1. Consider p > 1. Then the function
F(PQ)=QI, PQeXy

verifies the assumption (iii) above, with f(P, ) := t?~!. Moreover F}, is a standard integrand,
provided p > 1.

Remark 4.1. If F satisfies (iii) above and
(4.2) m :=inf{f(P,1)|P € Xy} >0
then, for all T' = [R,n,0] € Zy p, one has

L 1
= / < " [lmor )H) lmox (P)| [m0s (P)[| 6(F) dH(P)
(4.3) > m/R* o(P) dH (P)




A CLASS OF ONE-DIMENSIONAL GEOMETRIC VARIATIONAL PROBLEMS 13

It follows that the restriction of Fr to L} , is cohercive with respect to the mass of currents.
Indeed (4.3) and Remark 3.2 imply

Fr(T) = mM(T)

for all T € L3 . We finally observe that, for p > 1, the function F}, defined in Example
4.1 satisfies (4.2) with m = 1. Hence, if F' is a standard integrand satisfying F' > ¢ F), with
p > 1 and ¢ > 0, then Fr is cohercive in L7, 5. Indeed in such a case one has

Fr(T) 2 cFr,(T) > c|T|(R")
for all ' € 7y p, where R denotes the rectifiable carrier of 7.

Remark 4.2. Let [R,n,0] € Typ. Then [15, Theorem 3.2.22] implies that X '(x) N R* is
countable for H'-a.e. x € XyR and

+OO>M([[Ra77>9]]):/R@dH1Z/R*Hdle/X 5 o(P)

) (),
ORPeXo_l(x)ﬁR* HTIOH(P>||

Hence

—1 * H(P)
(4.4) #(Xo'(@)NR)< Y — <400
( ) pex e 107 (P)]

for H'-a.e. x € XyR.

We have the following result about closure, semicontinuity and compactness in Gy 5. In
particular, the proof of the first claim is based on [16, Theorem 4.4.2].

Theorem 4.1. Let I be a standard integrand, {T},}72, be in Gj; p and assume that

(4.5) sup Fr(T}) < +00.
h

The following claims hold:

(1) If T, = T as h — oo, where T is a one-dimensional integral current in Xy, then
one has

Te Q}}D, FF(T) S hmhlnf fF(Th)

(2) Assume that the functional Fr is cohercive in Gy p with respect to the mass of cur-
rents (e.g. F' > c¢F,, withp>1 and ¢ > 0) and also that

sup M(01},) < +o0.
h

Then there exists a subsequence {T},,}52, and T' € Gy, such that
Thj - T

and
J
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Proof. (1) Let n, denote the orientation vector field of 7}, and consider the sequence of
measure-function pairs (uy, f,) with
"
pr = [(Th)onl,  foi= 73— -
1) o |
Then one has

= = Ton] (a5 h — o0)

in the weak* sense of measures, by Proposition 3.1(2). Moreover
sup [ F(P.fu(P)) dpn(P) < +o0

by the assumption (4.5).
From now on the proof strictly follows the same lines as that of [9, Theorem 4.1].

(2) It is an immediate consequence of the claim (1) and of the Federer-Fleming Compactness
Theorem [19, 27.3] (also by recalling Remark 4.1 above). O

Using Theorem 4.1(2), we can now apply the direct method of the calculus of variations in
order to minimize functionals in suitable classes of Gaussian towers. An example is provided
by the following easy corollary, the proof of which also needs Proposition 3.1(2).

Corollary 4.1. Let a one-dimensional rectifiable subset M of Xo and a finite mass zero
dimensional current S in Xy be given in such a way that

D:={T=[Gn0) €Gyp| 0T =5, M C X,G}
is monempty. Moreover, let F' be a standard integrand such that Fr is cohercive in Gy p
(e.g. FF > cF,, withp>1andc>0) and
iIle Fr < 4+00.

Then Fr|D has a minimizer.

5. H-STOREY LEGENDRIAN TOWERS OVER BOUNDARIES OF REGULAR PLANE SETS

So, in the remainder of this section we shall assume D = 2. Moreover, a “regular set” will
be an open subset of X such that its boundary has a regular parametrization of class C*7+*.
In particular (if A is regular) such a parametrization, denoted in the remainder by

v : la,b] — Xo,
can be chosen in such a way that it induces the positive orientation of 9A. Then a family of
C'-maps
Yo = (Yar7a) e, = R?%, - a € {01}
can be defined by setting

1 . 1 2 2
You =7 " €oH, Yor =7 €oH
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and
P)/(/)anﬂ

IVOH*l*"lﬁ = 172
[Zue{o,l}n (761{7%)2]

forallm=0,... ,H—1and § € {0,1}". Consider the Xy-valued map
2
(5.1) M= Y YA,  tefad)
ae{01}H i=1

and define the one-dimensional current

Ta = [Ga,na,1]

where
Ga:=T([a,b])
and 74 is the unit vector field orienting G4 such that
I"(t)
T]AOF(t> = ||F’(t>”’ t e [a,b].

As one can easiliy verify, the current 74 does not depend on the choice of v and
TA c Q;Ll.
It is called “the special H-storey Gaussian tower associated to A”.

Remark 5.1. Observe that obviously, if v : [a,b] — X, is a regular C* parametrization for
0A oriented positively, then

t— y(—t), t € [-b,—a]

provides a regular C* parametrization for 9(R?\ A) oriented positively. Hence A is a regular
set if and only if R?\ A is a regular set. In such a case, one has

Trova = WuTy
namely
Gr2\a = VG4, nrxA = Y ona
where U : Xy — Xpy is defined by

‘Ij’XO = IdX07 \Ij|Yn - (_1)n+1IdYn (TL — O, PN ,H - 1)

Continuing to trace the path in [9], we now pass to study the lower semicontinuity properties
of the integral functionals defined in Section 4, with respect to the L!-convergence of open
subsets in R2.

First of all we will give some results about the weak limit of a sequence of towers over
boundaries of regular sets converging in measure to a regular set.
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Proposition 5.1. Let A; (j=1,2,...) and A be regular sets such that
Aj — Ain Ly, (Xo)

and
TA]. —~Te€ IHJ.
Then

(1) The current T is a H-storey Gaussian tower;
(2) If [0A] denotes the one-dimensional current of multiplicity one in Xy carried by A,
equipped with the positive orientation, one has

(Xo)T = [9A].

Proof. (1) It follows from Remark 3.3.

(2) By (i) in Definition 3.1 the carriers of the T4, and of T" have equibounded projections in
each space Y,,. Hence TAj(X#w) and T(X{w) make sense for all w € D'(X,) and one has

(5.2 lim T, (Xf) = T(XE) = (X0)T (&)

Moreover, by proceeding similarly as in the proof of [2, Proposition 4.3], we find
T, (Xw) = (Xo)Ta, (@) = [0AN() = [ dw

for all w € DY(Xy). By letting j — oo and recalling (5.2), we get

(Xo)T (@) = [ dv = [24](w)
for all w € DY(X,). O

Proposition 5.2. Let A be a reqular set, let T = [R,n,0] be a H-storey Legendrian tower
such that
(Xo)#T' = [04]

and let R* be defined as in (4.1). One has

(1) H' (9A\XoR) = 0;

(2) Let 7 denote the orientation of [0A] and consider the measurable map

(P
C : XOR - XO7 C(l’) = Z o E iHQ(P)
PeX; t(@)NR* o (P

which is well-defined by (4.4). Then
C|0A =T, C[(XoR\OA) = 0.
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Proof. First of all observe that all the projections Y,,R are bounded, hence T(XSéﬁ w) makes
sense for all w € D'(X,) and

(X0)4T(w) = T(X{w))
- /R (n, XFw)0 dH
_ /R (non, X w8 dH?

= (¢, w)dH? .

XoR
On the other hand, one has

(Xo)4T(w) = [0A] = | (v, w)aH"
Finally (1) and (2) follow at once by equating the two formulas. O

Proposition 5.3. Let A be a reqular set and T = [R,n,0] be a H-storey Gaussian tower
such that

(Xo)xT = [0A].
Let T denote the orientation of [0A], let R* be defined as in (4.1) and consider the measurable
function

0 R—{0,%1}, P sign[nou(P) - T(XyP)|.
Then

(1) nor = ol|nou|| 70 Xo;
(2) o|(R*NGa) =1 and o|(R* N Gro\a) = —1;
(3) Except for null-measure sets, one has

Ga C R*N Xy, (0A) C GaUGR2a

namely:

(5.3) HY (GA\(R N X' (04))) =0
and

(5.4) HY (R*N Xy (0A)\ (Ga U Gr2\a)) = 0.

Proof. Let {1} be as in Theorem 3.1(1). Then let us fix j arbitrarily and consider
L [0, M(T))] — Xp
as in Theorem 3.1(3). Define
E :={t € [0,M(T;)] | I'(t) exists and (3.8) holds at ¢, X,I"(¢) # 0, Xo['(t) € 0A}

and consider £ > 0 (arbitrary). By the Lusin Theorem there exists a closed subset E. of E
such that

(5.5) (XoIM)|E. is continuous
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and
LYE\E.) <e.
Observe that if £ denotes the set of the density points of E, then
E*C E., LYE\E) = 0.
Now consider a positively oriented parametrization
A (a,b) — X
of a connected arc of 9A. We can assume ||\|| = 1, hence X has to be of class CH#*. Also

we can choose the interval (a,b) small enough so that

1
[X(s2) = N(s))l <5, 51,82 € (a,b).

2
Thus, for all sy, s9 € (a,b), one has
S92 S92 S92
IAGs2) = Asll = || [ x| = [ [N = [T NG = ]
S1 S1 S1
> | x| - | [ W) =X
S1 S1
(5.6) > X (s1)ll sz = sil = | IV Gs0) = N
1
> |82 — 81| — §|82 — Sl|
= 1|5 — 5]
- 92 2 1]

In particular it follows that A is injective.

Set
Jo:={t € E| XoI'(t) € Im(\)} = EX N (XoT) " H(Im(N)).
and
s(t) == A1 (XoD(2)).
Observe that
(5.7) XoI"(t) = [XoI"(2) - N(s(£))] N(s(t)) = o(I'(£))[| XoI" (£)[| N'(s(2))
for all t € J., hence
njonol'=0col'|nonol||T0oXy0T

a.e. in £, by Theorem 3.1(3). Then the equality (1) follows from the arbitrariness of ¢ and
J, by also recalling 3.1(1).

For ty,t € J., one has
Xol'(t) = A(s(t)) = A(s(to)) + (s(t) — s(t0)) N (s(t0)) + o(s(t) — s(t0))
whereby
X()F(t) — X()P(to) . S(t) — S(to)
t—to t—to

o(s(t) = 5(to))

t— 1
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namely (recalling that A is a unit speed parametrization)

s(t) — s(to) Y Xol'(t) — XoI'(to) =~ o(s(t) — s(to))
T, slio)): t—tg R——

le.
- XoI'(t) — Xol'(to)
t—tg

s(t) — s(to) <1 L ols(t) — s(to))
t—to S( )—S(to)
for all ty,t € J.. It follows that

) = ¥tsta)

ti 20 =) a0 Xt (1) = 16T 10 (T 1)

(5.8)

for all ¢y € J..
Now we are in position to show that if A : (a,b) — Xp denotes the “tower parametrization”
induced by A (i.e. as in (5.1), with A in place of ), then one has

(5.9) Y,L(t) =o(D(t)" " Y,A(s(t), n=0,...,H-1

for all t € J.. We will prove it by induction.

First of all, by invoking (5.7) and (3.8) with n = 0 (and also recalling that oy = 1), we get
By (YoI'(t)) = o(I'(1)) Po (YoA(s(1)))
for all t € J.. The equality (5.9) for n = 0 follows.

Now let us assume (5.9) be true for n = 0,1,... ,h and show that

(5.10) YieerT(t) = o(D(8) Y5y A(s(1))

for all t € J.. Indeed , if t € J. and consider {¢;} C J. converging to ¢, then
lim o(T'(t;)) = o(T(t))

by (5.5). Hence, without loss of generality, we can suppose

(5.11) o(I'(t:)) = o(I'(2))

for all 7. It follows that

)

Letting ¢ — oo and invoking (5.8), we obtain

YiL'(t) = o(T(0)" | XL (1) [ Yo A (s(1))

nr YaA(s(t) — YaA(s(t))
i —1

namely

IXh T (O Ya (Prit (Yaia D (1)) = o(T(0) " | XoT” (01| Xns1 A (s (0) IV (Pra (Vi1 A5 (1))
by (3.8). Thus we are reduced to verify that
(5.12) [ Xl (O] = 1 X A (s()) [ XoT" (1)1
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In order to prove such an equality, observe that (by assumption!)
h
Xh+1F(T) = Xor(T) + Z YnF(T) = XoA(8<T)) + Z U(F(T))n+1YnA(S(T))
n=0

for all 7 € J.. By also recalling (5.11), we get

XH«NM—F@):%<Mwm—Awm>+igwwwﬂ%@@m?—Mw»>

ti—1 ti—1

n=0
thus, as usual letting i« — oo and recalling (5.8), it follows that

mmww:hwwm+ZdNWMnmwwammwm@u

n=0

which implies at once (5.12), hence the formula (5.9).

Let us set
E* = U5>0E;
Then (5.9) and Remark 5.1 imply that:

o Ift e E* and o(I'(t)) = 1, then I'(¢t) € G 4;
o Ift € " and o(I'(t)) = —1, then I'(t) € Ggr2\4.

Moreover
e For ae. t € [0, M(T})]\E* one has X,I'(t) € 0A or o(I'(t)) = 0.
Hence we find (denoting the carrier of T; by R;)

e o=1ae in R NGy;
e 0 =—lae. in R;NGr2a.

Now the assertion (2) follows at once from the arbitrariness of j, taking into account Theorem
3.1(1).

In order to prove (3), let us again recall (5.9) and Remark 5.1. We get
F(JE) C GaU GRQ\A

for all € > 0, hence
['(E*) C G4 UGRr2\4.
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Then
HI (DB (Ga U Groa)) < MY (C(ENT(E))
< H'(C(E\E"))
< (Lip T') LY(E\E")
=0
which proves (5.4).

It remains to verify (5.3). To this aim, observe that Proposition 5.2(2) and the assertion (1)
above imply

L= (@)@ =y 2O Wy v spp)

Pex; H(@)NR* o (P PeX; ! (z)nR*
for a.e. © € 0A. By recalling the assertion (2) and the equality (5.4), we obtain
L= op(Xg ' (2) N GA)0(X  (2) NGa) — ore(Xg ' () N Grava)0(Xg ' () N Grava)
for a.e. x € 0A. Hence it follows
Xy (x)NGa € R
for a.e. © € OA, which is equivalent to (5.3). O

We are finally ready to prove the following result extending [9, Theorem 5.1] to the context
of H-storey Gaussian towers. For the convenience of the reader we provide the complete
proof, even if it follows strictly the lines of [9].

Theorem 5.1. Let F' be a standard integrand such that F' > cF,, with p > 1 and ¢ > 0.
Consider the functional on the class of Lebesque measurable subsets of R?, defined as follows

5F(A) = {

Fr(Ta) if A is a regular set,

+00 otherwise

and let Ep denote the lower semicontinuous envelope of Er with respect to the L}, (R?)
topology, namely

Er(F) :=inf {limhinfEF(Eh) ’ E,— E inlL; } :

loc

Then

(1) One has
Er(A) =Er(A)
whenever A is a reqular set. In other words, the functional Er is L}, -lower semicon-

tinuous on the family of regular sets, i.e. if A and Ay (h = 1,...,00) are reqular
sets such that Ay, — A in L. then one has

loc
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(2) If the equality in (5.13) holds and its members are finite, i.e. if there exists a subse-
quence {Ap } such that

Ep(A) = lim Ep(An) < +o0,
then one has
TAh’ — TA.
Moreover, if Q — F(P,Q) is strictly convex (for all P € Xy ) then one also has
Scp(A) = hhlln 5@(14}1/)

for all ® € Co(Xy x Xg).

Proof. (1) Let A and Ay, (h=1,...,00) be regular sets such that A, — A in Li... Without
loss of generality we can assume

limhinf Er(Ap) < 400
hence a subsequence {Ay} of {Ag} has to exist such that

From Theorem 4.1(2) it follows that for every sequence {h”} C {I'} there exist {h""} C {h"}
and a null-boundary current

T= [[Ru 7, 0]] € g}k{,l
such that

(5.15) Tayw =T, Fr(T) <lim Fp(Ta,,,).
By recalling Proposition 5.1 and (5.3), we obtain
HH(GA\(R" N Xy (04))) =0
hence
(5.16) HY(G4\R) = 0.
Moreover, by recalling
e the assertions (1) and (3) of Theorem 3.1,

e the assertion (2) of Proposition 5.3,
e the formulas (5.8) and (5.9),

we easily obtain that

(5-17) U’GA =TA-
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Invoking (5.14), (5.15), (5.16) and (5.17), we finally get the semicontinuity inequality (5.13):
limhinf EF(A}L) = 1}1}%1 EF(Ah’”) = l}lLII/IIl fF(TAh///> Z fF<T)

_ n(P) o 1
= [P (P ) I (PP v )

- n(P) ; X
o (P ey I PN )

n(P)
#(P)||

) [ (na)on (P a1 (P)

(5.18)
+ F(P ||
na(P)

= Jo. F<P’ [ra)on (P)]
— &x(A).

)nnoH(P)ne(P) a1 (P)

In order to prove (2), let us assume that the equality holds in (5.13). Then (5.18) yields

. U(P) . 1
o= \GAF<P L )H>Hno (P)|6(P) 3 (P)

0
sof o d!
R\Ga [0 [P~

> cHY(R\G ).

By also recalling (5.16), it follows that (except for a null-measure set)
R=Gy4.
Then, recalling again (5.18), we find
n(P) ) 1
o= [ r(r I (P (6P) — 1) 41 (P)
R lnor (P ) ( )
0
> ¢ i(m»/ (0 — 1) dH*

707 [P

hence 0 = 1.

Thus we have proved that T'= T4. In particular the limit current 7" does not depend on the
choice of the subsequence {h"”}, whereby we conclude that

TAh/ -~ T = TA.

The last statement in (2) follows at once from [16, Theorem 4.4.2], by setting

(wrs fur) = (\(TAh/)oH\a 77Ah/>, (e, f) = (‘(TA)OH” ||(nA>

(74, Jor | na)on |
and recalling Proposition 3.1(2). O
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6. FURTHER RESULTS IN THE PARTICULAR CASE OF
2-STOREY LEGENDRIAN TOWERS

Proposition 6.1. Let T' be a 2-storey Legendrian tower in Xy and let T; be as in claim (1)
of Theorem 3.1. Denote with R (resp. R;) the projection to X of the carrier of T (resp.
T;) and consider a C*-covering A of R (it exists by Theorem 3.1(2)!). Then one has

(1) Rj C R (modulo null-measure sets) and an|R; = ozéj.

Moreover, if
I':[0,M(T})] — Xo

is a Lipschitz parametrization of T; with the properties stated in Theorem 3.1(3) and also
define
Yo = (YL, D) [0,M(T))] — RP,  ae{0,1}?

by
7L =T €, 1=1,...,D

then the following equalities (where * is the usual Hodge star operator in RP)

(2) aft o (X,D) = [Gvo) L yaa |

lIvioll

(3) {(apDas) o (Xol'), voo) = (M)’

[l710l

hold almost everywhere in

E = {t € [0, M(T;)] ‘760(1?) exists and vy, (t) # 0}.

Proof. (1) The inclusion R; C R (modulo null-measure sets) follows trivially from (3.7).
Hence A covers R; too and the conclusion follows from the definition of absolute curvature
given in [12] and summarized in §2.

Now on, we will concentrate on a (arbitrarily chosen) curve C' of A. Without affecting the
generality of our argument, we will assume that
C=Gy:= {xu+f(x)‘x€R}
where u is a unit vector in X, and
f:R — (Ru)*

is a function of class C? (with (-)* we denote the orthogonal complement in Xj).

For the sake of simplicity, without loss of generality, we will identify

X0F7 }/E)Fy Xlra }/IF



A CLASS OF ONE-DIMENSIONAL GEOMETRIC VARIATIONAL PROBLEMS 25

with
Yoo, Yo1, (700,701), (710,711),

respectively. Then the identities (3.8), which have to hold almost everywhere with n =0, 1,
assume the form

(6.1) %00 = olloollror, (Y00, Y01) = 1ll(Y00, Vo)l (20, 71)-
Let us define
L =00 (G5) N {t[1600(1), 701 (t) exist, 7go(t) # 0 and (6.1) holds }.
We can assume
(6.2) LML) >0

the null-measure case being trivial, as we shall understand below. Then, also invoking the
regularity of £, we can find gy > 0 such that a closed subset L. of L satisfying

LYI\L.) < e, LY (L) > 0.

has to exist for all € € (0,e0]. If L denotes the set of the density points of L., one has

LI C L., LYLA\LY) =0
the first one due to the fact that L. is closed. If set

L := Uee,e0 L
then
(6.3) L*cL,  LYI\L*)=0.
Since
LCr (G NE, M (% (Gy)NE\L) =0

by definition, it follows from (6.3) that one also has
(6.4) L' Cy (G NE, M (7 (Gp)NE\L") =0.
Observe that voo(L*) C Y00(L) and

H' (v00(L)\v00(L")) < M (00(L\L")) :/ I700ll = 0.
L\L*
Moreover, one obviously has
00(L) € Gy Nyoo([0, M(T})]),  H(Gy N yo0([0, M(T)]) \ 00(L)) = 0
hence also
00(L7) € Gy N[0, M(T})]),  H' (G Noo([0, M(TH)]) \ 00(L7)) = 0.
Recalling [17, Theorem 16.2], we conclude that
(6.5) Yoo(L*) ~ {points of density of G N ~0([0, M(T})])}

where ~ means “is equivalent with respect to the measure H* to”.

Preliminary to proving (2) and (3), we further need the following version of the obvious
Claim 3.1 stated above.
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Claim 6.1. Let ¢, : [a,b] — R be differentiable at s and assume that ¢(t,) = ¥(¢,) for
some sequence {t,} C [a, b] converging to s, with ¢, # s (for all h). Then ¢'(s) = ¢'(s).

Consider s € L* and observe that if define
z(t) ==00(t) -u, T €[0,M(Tj)]
then one has
f(a(t) = 00(t) — z(t)u
for all t € v, (G). Now a sequence {t;,} with
th € L* C o (Gy), th # s (for all h)

and
th — (as h T 00)

has to to exist, hence Claim 6.1 yields

f'(x(s))2'(s) = y00(s) — 2'(s)u.

As a consequence, for all s € L*, one has

z'(s) = Ypo(s) - u #0

hence

(66) ’)/01(8) U 75 0

and

(6.7) Pla(s) = o0,

~ols)
by (6.1). Now, just the same argument can be invoked to differentiate (6.7) at any s € L*.
We get

" vy 01(8) - ulvei(s) — [v0u(8) - ulyoi(s)
f(x(s))2'(s) = (o1 (s) - u?
[v01(8) A 701 (8)] - u
[Yo1(s) - ul?

namely

" ~ ou(s) Aya(s)]lu
(6.8) flals) = [v10(s) - u][y01(s) - u]?

by (6.1).
We can finally proceed to prove (2) and (3).

Proof of (2). We shall prove that one has

LA PA S = -2 () ()l

= , seL".
CENTIRE " ENOIE

(6.9)
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Then (2) will follow at once, by recalling the statement (6.5) and observing that the left
hand side of (6.9) is just the square of the curvature of Gy at (yoo - w)u + f(y00 - u) (as one
can easily infer from (3.5) with y(z) = zu + f(z), by also recalling (3.4)).

In order to prove (6.9), first of all observe that the right hand side member makes sense, in
that 719 does not vanish in L (hence in L*), by the second equality in (6.1). Also observe
that

L+ FIPY? o (ot - w2 o2

holds in L*, by (6.7) and (6.8). Therefore, by also recalling (3.4), we remain to show that
the equality

L2+ [LF1017) = (f - f)? [ (o1 Ay ul]* = ([(yo1 A y11) L] '701)2.

11701 A y11) - u] A ou|
|701 U|

(6.10) = [|701 A 1|

holds in L*.

To this aim consider s € L*, assume vp1($) Ay11(s) # 0 (otherwise there is nothing to prove!),
denote by S the span of {v1(s),711(s)} and by @ the projection of u to S. Observe that
@ # 0, by (6.6), hence we can find an orthonormal basis {e1,e2} of S such that

u

€1 = 7=
ol

Then one has
[[(vo1(s) Avaa(s))ul Avor ()]l = [I[(o1 () Ayan(s))Le @] A vor(s)]]
= |@ll{lro1(s) Ava(s)l[ll[(e1 A e2)er] Aor(s)]

where

[(e1 Ae2)le1] Ayoi(s) =2 Avo1(8) = (01(8) - €1) €2 A €7
It follows that

1[(vo1(s) Avia(s))eul Avor ()]l = lla@ll[vo1(s) Ava(s)ll|vo1(s) - €1
= {01 (8) A1 ()01 (s) - @l

hence (6.10).

Proof of (3). Define

(5) == [[G+701(s)) = y11(s) |
[710(8)
and let € be the set of the s € L* such that p/(s) exists and 7go(s) is a point of density of
G N y00([0, M(T5)]).

, selL”

At almost every point of v50(L*\2), the set Gy N 50([0, M(7})]) has not density one. It
follows that

0=#" (o) = [ Il
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by (6.5), hence
(6.11) HY(L\Q) = 0.

Then consider
seQcCL”

and observe that L* has density one at s. By (6.11) also €2 has density one at s, hence a
sequence {s,}>; has to exist such that

QN>s, — s, Sy, 7& s.
Since (6.9) holds, we get
p'(s) = lim Plsn) = pls) _ ) o © 00(sn) — g © 00(8)
" Sn — S n Sp— S

But a7 is approximately differentiable at ypo(s) and one has

o7t 0 00(5n) — 7t 0 Y00(5) = {ap D (00(5)), Y00 (5n) = 00(5) ) + 0(Y00(5n) = Yo00(s))
by Proposition 2.2 and by definition of apDas, hence the formula (3) holds in .

The conclusion follows at once recalling that € is equivalent in measure to yoq (G f)NE, by

(6.4) and (6.11). O

Remark 6.1. In the special case of a smooth plane curve, the following representation formula
holds.

Proposition 6.2. Assume D =2 and let v,I',n be as in Example 3.2. Then one has

" Ry 2 K
o' = { o1, 5y (¥701), = 53372 [(1 + &3)(¥701) — 7701 |
700l ( K (1+ 53)3/2 g 171l
1 K. o
T g ) — ().
v

Proof. Denote by A the reparametrization of ([a,b]) by arc length satisfying A\(0) = ~(a).
By adopting the same notation as in Example 3.2, we have

)\60 = )\01, )\61 = KZA(*)\Ol)-

Moreover

()\ i\ ): ()\’,)\N) :()\01,HA(*)\01))
RN OS] (14 r3)V2

by (3.2), hence

(1+ &3)Y2(Ny, kA1) + ra(xA5)) — (1 + £3) 720065 (Ao1, ka(*Aa1))
1+ k3
(Fa(1 4 K3) (*Xo1) — marhdor, (14 &3)RA(xAo1) — (1 + K3) K3 A1 — K3KA(*A01))
(1 + K3)3/2

(>\107 /\ll)l =
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namely
’ R

o = e (R0 = mn)
A

and
, 1

H W (Rl/\(*)‘m) -1+ “?\)Hi)\m) .

Recalling the equalities
A=7or, Ky =HKyOT

where 7 denotes the inverse function of ¢ — [!||¥'||, it follows immediately that

/
oo = M OT =791 0T, Ap1 = Ka(*xAo1) = [y (*701)] © T,
K K’
VN LT _ By
o= | (0 e - m )| or
and
/ 1 HfY 2 2
M= |\ ()~ s ffer
v
From
n

HT]OOH OFOT:( 607 617 ,107 /11)

we finally get the conclusion.

29

O

The next result shows that the representation formula given in Proposition 6.2 holds for a

general tower.

Proposition 6.3. Let D = 2 and consider a 2-storey Gaussian tower T' = [G,n,0] in X,.

For a € {0,1}2, let us set
and
The following facts hold

(1) If T is indecomposable, let
r:0,M(T)] — X
be as in Theorem 3.1(3). For o € {0,1}?, define
'yfl::I’-eg, 1=1,2
and
Yo = (Yo Va)-

Moreover set
Y11 - (*’701)

Rp ‘=
H%t)H
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where x denotes the usual Hodge star operator in R?. Then almost everywhere in
E = {t € [0, M(T)] ‘760(15) exists and vy, (t) # 0}

one has ngp o' # 0 and
700

ol' =01
700l
"lo1 (@) F = HF(*’}/Ol)
700l
Mo Kr 2 KT
ol'= (1 + &) (+701) _’701]
l[700]| (14 rp)?/2 [ : 1760l
M1 1 “IF 24,2 ]
ol'= * — (1 + K%K .
ool © = T 27 [nvaon( vo1) = {1+ s}
(2) Given a C*-covering A of
R = X()G

(ezisting by Theorem 3.1(2)), for Q € X, let us define
Q,=Q-¢, aec{0,1}*i=172
and
Qo = (Qa, Q2), a e {0,1}%
Moreover set
o(x,y) = sign(y : (*x)), z,y € R”.

Then the following formulae hold at almost every Q@ in G, with respect to the measure

HIL oo
] @ = 9
(@)= 0(Qor, Qu)ak(Quo) (+Qun).
281) = 2B ([t )+
~ 0(Qor. Qun) (apDo( Q). Q01>Q01>,
IIZ;H )= il +aé(16200)2]3/2 (U(Qm,Qn)(GPDaﬁ(Qoo),Q01>(*Q01) -

— 1+ 0 (Qu)’] a2 (Quo)? Qm).

Proof. (1) First of all, observe that
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holds a.e. in [0, M(T")], by (i) of Theorem 3.1(3). Hence

/
/’704 OF — fY/O! ,
1700 700

holds a.e. in E. In particular, invoking (3.8) with n = 0, we get at once

a € {01}

Moo ol — 760

= = o1
1700 1700

almost everywhere in E/, namely just the first equality.
We are reduced to prove that the following formulas

,yl
(6.12) o = Kr(*701)

1750l
(6.13 o — s ()0 =

. = 01) = 7 o1
ool (1 + )32 ' 1700l
(6 14) ’711 _ 1 [ Iii‘ (*'701) . (1 + H2)52701]
I96oll (14 £2)%2 Lol T

hold almost everywhere in E.

Proof of (6.12). By (3.8) with n = 1 and (3.10) with n = 0, one has respectively

(6.15) (Y00: Y01) = | (%00, Vo)1 (Y10, 711)
and

(6.16) Yo - Yor = 0

almost everywhere in [0, M(7)]. Hence

(6.17) Y11 - Yor = 0

almost everywhere in E. Also recalling the definition of xr and that (3.8) with n =0, i.e.

(6.18) Yoo = 170017015
holds almost everywhere in [0, M(T")], we get

(6.19) = = .
H’Y(/)OH H’YlOH ”’Vw”

almost everywhere in F.

/
Yo1 Y11 [ Y11 <*%1)] (*%1) — r (*%1)

Proof of (6.13). From (6.18) and (6.19), it follows that

- ||711||

(6.20) |kp| =
710l

31
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almost everywhere in E, hence
(6.21) R
SRR
almost everywhere in F, by (6.15). As a consequence, we easily obtain
o - Vo _ _Jo * Mo

[[¥10l* 710
almost everywhere in F, by Claim 6.1 and (6.15) , (6.18).

(6.22) Krkp =

By (6.21), (6.22) and recalling the definition of xr, we conclude that the following formulae
hold almost everywhere in E:

Rr Y11 - (*%1)
(6.23) = 710l = 711 - (¥701)
(1+ kp)L/2 710l
and
KrKp 7Yo1 - %o 3 /
(6.24) - = 710l]” = o1 - 10
(L+r2)32 7ol 10
Hence
Kr 2 K Yo
575 | (1 + K1) (%01) — 701| = [11 - (+%01)](%701) + ( : 701>701~
(1+ k)32 : 1700l 1700l

It just remains to prove that

/

Y11 - (¥701) = (*701)

1ol

almost everywhere in E. But such an equality is an easy consequence of (6.15) and (6.18),
as the following computation (which holds almost everywhere in E) shows:

/ (% I (%A /
7}0 (%y01) = [10 - (+701)] : Y10+ (*701) — - [* ( %/)1 )]
||700|| ||’YooH H’Voo”
—710 ° [* ( it )] = —"o1 - (*%1)
H%OH
=711 (*’701)-

Proof of (6.14). We will prove separately that the formula holds almost everywhere in Z and
in £\ Z, where

Z:={te E|rr(t) =0} C E.
Observe that
kp =0
almost everywhere in Z. Also one has 711 = 0 in Z, by (6.20), hence
V1 =0

almost everywhere in Z. It follows that (6.14) holds almost everywhere in Z.
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On the other hand, almost everywhere in £\ Z, one has

rr o (o yio)lvell o 71070
(1+w3)32 Y- (k1) 71 (*701)
and
Kf _ 11 - (+700)] _ Iy f?
(14 rf)1/2 710l |10l

by (6.15), (6.17), (6.18), (6.23), (6.24) and by recalling the definition of r.

Then all we have to prove is that the following two equalities hold almost everywhere in
E\Z:

Y10 * V10
6.25 Y (%v01) = ——————~
(6:25) i (701 Y11+ (*¥701)
and
(6.26) M1 - You _ [yuf?
||760” ||710||

First one has
1710l1? + [7aa]]? = 1
almost everywhere in [0, M[(7)]. Recalling (6.17), we get
—710 %o =711 711 = [(711 - 701)701 + [711 * (+701)] (+701)] '%1
= [y11 - (+701)][11 - (%701)]

almost everywhere in F. Hence, in particular, (6.25) follows.

Since (6.17) and (6.18) imply
Y11 = (711 - Y01)%01 + [Y11 - (+701)]kv01) = [y11 - (+501)] (+701)
almost everywhere in F/, one also has
1 = [ (5701) + 71 (0] (+301) + [y (o)) (4701)
= [y (=700)]C=y01) + [ran - (+901)] (+701)

almost everywhere in E, by (6.15). Hence, invoking again (6.15), (6.18) and (6.17), we finally
obtain

Y1 Yor = [y - (*701)][(*761) “ Yo

/

Y
ol - ()] [ -
||700||

2

(*%1)]

il
710l
_ _||76o||||711||2
710
almost everywhere in F, namely (6.26).

(Y11 (%701)]
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(2) It can be easily derived from the statement (1), Theorem 3.1(1) and Proposition 6.1. [

As an example of application of the machinery developed throughout the paper, we provide
the following result.

Theorem 6.1. (1) Let [G,n, 0] be a 2-storey Gaussian tower in X,. Then, at H'_ G*
a.e. QQ, one has
(apDax,c(Qoo) , Qo1)?
[T+ axoe(Qoo)??

Q) \_1 .o, ,
& (”7700( )||> = 1+ 2ax,6(Quo)

(2) If A is a regular set, then

2
( )
where o is the absolute curvature of A and D% denotes the tangential differentiation
operator in OA.
(3) Let Ay (h=1,2,...) and A be reqular sets such that A, — A in L} (Xo). Then

H 0A

2 D@Ah 2
1+ 2a%+ 706” dH' < hmlnf 1+ 204% + 7H ah“
0A (14 a2)? 04y, (1+a3)?

where a and oy, are the absolute curvatures of OA and 0Ay,, respectively.

dH!

Proof. (1) follows from the second assertion in Proposition 6.3, by a standard computation.
Hence we get (2), also by recalling the area formula. Finally Theorem 5.1(1) yields (3). O
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