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problem with hysteresis

Michela Eleuteri! ? and Pavel Krejéi® 4

Abstract

A parabolic equation in two or three space variables with a Preisach hysteresis
operator and with homogeneous Neumann boundary conditions is shown to admit
a unique global regular solution. A detailed investigation of the Preisach memory
dynamics shows that the system converges to an equilibrium in the state space
of all admissible Preisach memory configurations as time tends to infinity.
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Introduction

We present here a qualitative study on the long time asymptotic stabilization of the
solution to the equation

0

a(f(u)—i—W[)\,u])—Au =0 (0.1)
with given initial conditions, where A is the Laplace operator on a bounded regular
domain € in R? or R® with homogeneous Neumann boundary conditions, f is an
increasing function on an interval [—R, R], and W]\, | is a Preisach operator with
initial memory configuration \.

The original motivation for this problem comes from soil hydrology. The measurements
carried out in [11] and interpreted in [9] show that the relation between the water pres-
sure p and moisture contents s in the soil exhibits a Preisach-like hysteresis behavior.
We write down the relation between p and s in the form s = f(p) + W[\, p] under
suitable assumptions on the function f and the Preisach operator W. Having in mind
this application, we allow both f and W to be bounded in their domains of definition.

Equation (0.1) can be interpreted as the local balance of liquid mass in a porous soil,
provided we assume the simplified isotropic Darcy law ¢ = —k(p)Vp between the mass
flux ¢ and the pressure gradient Vp with a positive proportionality factor x(p). For
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a more detailed discussion on further modeling issues, see [2, 3, 4, 28]. Assuming that
no mass exchange with the exterior takes place, the mass balance then reads

Os

oy +divg = 0 inQ, (g,n)=0 ondN, (0.2)

where n is the unit outward normal vector. We introduce formally a new variable

This enables us to rewrite the balance equation (0.2) in the form

8 - -1 X -1 . . 8u .
a((foK J(u) + WIN, K (u)]) — Au = 0 in Q, (9_n_0 on 0. (0.3)

1(u)]) is again a Preisach operator,

=W\ K7(0))).

Figure 1 shows a typical diagram of the u +— s dependence. Preisach operators are
characterized by the properties of return point memory, that is, minor loops return to
their starting point, and congruency, that is, minor loops spanned between the same
input values u; < us have the same shape, see [23].

By [17, Theorem 4.17], the mapping u W\ K
hence we obtain (0.1) with f = fo K~', W[\, |

We consider the initial condition for v within the invertibility domain of the consti-
tutive operator (represented by the interval [u.,u*] on Figure 1). By the parabolic
maximum principle, the whole process takes place between these bounds. The main
result we prove, namely that the solution u tends uniformly to a constant as time tends
to infinity, is indeed in agreement with the case without hysteresis as well as with the
1D case treated in [8], and therefore should not be surprising. The way to prove it is,
however, rather difficult. This is due to the fact that the state space of the process
described by (0.1) consists not only of all admissible space distributions of u, but also
of all admissible space dependent memory configurations of the Preisach operator W.
More specifically, besides the space variable z € ) and time t > 0, an additional
memory variable r > 0 comes into play and makes the asymptotic analysis more com-
plicated. Note that, as it is often the case in the qualitative theory of PDEs with
hysteresis, it is more convenient to use here the equivalent one-parametric representa-
tion of the Preisach operator, which goes back to [16], instead of the two-parametric
one known from engineering literature, cf. [23].

The paper is organized as follows. The hypotheses and main results are stated in
Section 1. Section 2 is devoted to a survey of less known results on memory properties
of the Preisach model. A time-discrete scheme for Eq. (0.1) is presented in Section
3, where we derive the crucial estimates, which are necessary for our arguments. The
convergence of the solution trajectory towards an equilibrium is then established in
Section 4.
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Figure 1: Return point memory and congruency of the Preisach diagram.

1 Statement of the problem

In a bounded domain © C R?, d = 2 or 3, with a Lipschitzian boundary and in the
time interval R = [0, 00] we consider the evolution problem

0

a(f(u)%—w)—Au =0, (1.1)

where f:R — R is a given function, A is the Laplace operator, and

w(z,t) = WA ul(z,1) = /Ooog(v",pr[k(w,'),U(fv,')](t))df’ (1.2)

is the output of a Preisach operator W with initial memory configuration A and
generating function g(r,v) = [ ¢(r, z) dz, where ¢ is a given non-negative function.
The notation in (1.2) and an elementary theory of the Preisach model are explained in
detail below in Section 2.

Equation (1.1) is coupled with the homogeneous Neumann boundary condition

g—z = 0 ond2x]0,00], (1.3)

and with the initial condition

u(z,0) =up(x), w(x,0)=uwy(x):= /Ooog(r, Pz, ), up(z)](r)) dr, (1.4)

where P is defined in (2.17).

Hypothesis 1.1. We fiz a constant R > 0, and make the following assumptions on
the data.

(i) The function f belongs to W**°(—R, R), and there exist constants f; > fo > 0,
fo >0 such that |f"(v)| < fo a.e., fo < f'(v) < fi forall v e |[-R,R).



(ii) The function ¢ in the definition of the Preisach operator restricted to Q(R) =
10, R[ x| —R, R[ is measurable, and there exist a function 8 € L*(0,R) and a
constant @1 > 0 such that

(%

0 < pnd) < o |5000)| < B0

for almost all arguments in Q(R) .

(iii) The initial memory configuration X\ is a strongly measurable mapping from Q to
AR, where

Ap == {(AeWh™(0,00); [IN(r)| <1 a.e, \(r)=0 for r> R} (1.5)
1s endowed with the sup-norm.

(iv) The initial condition uy belongs to W*2(Q), and there exist constants —R <
u, < u* < R such that

ue < uplr) < vt VeeQ.
For the meaning of Hypotheses 1.1 (ii) and (iii) we refer again to Section 2 below. In

the 3D case, we will have to make a more restrictive assumption. To this end, we define
the number

R
= fo +/ B(r)dr. (1.6)
0
Hypothesis 1.2. In the case d = 3, assume in addition to Hypothesis 1.1 that
2 / (IVuol” + |Augl) dar < L{ga
Q 8143(€2)

where py(SY) is the constant in the Gagliardo-Nirenberg inequality (3.39) below corre-
sponding to p=4.

Note that if f is linear and W is the so-called Prandtl-1shlinskii operator corresponding
to Op(r,z)/0z =0, then v = 0 and Hypothesis 1.2 is satisfied automatically. Hypoth-
esis 1.2 thus says that in 3D, either the initial datum must be close to a constant, or the
combined hysteresis nonlinearity f -+ ¥V must be somehow close to a Prandtl-Ishlinskii
operator within the range [u,,u*]. Geometrically, the ascending/descending hysteresis
branches have to be “almost convex/almost concave”, respectively. A detailed discus-
sion on convex hysteresis can be found in the monograph [18].

We now state the main result of the paper.

Theorem 1.3. Let Hypotheses 1.1-1.2 hold. Then Problem (1.1) — (1.4) admits a
unique continuous solution u on Q x Ry such that u, < u(x,t) < u* for all (z,t) €
QO xRy, Qu,Au € L*(Q x Ry) N L¥(Ry; L*(Q)), 0, Vu € L*(Q x Ry), and there

exists a constant u., € R such that

lim sup |u(z,t) —us| = 0. (1.7)

=00 zeQ

Moreover, also the instantaneous Preisach memory configurations converge to a limit
configuration A (x, 1) uniformly with respect to both variables x and r.
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Remark 1.4. Results on existence on bounded time intervals as well as on the asymp-
totic behavior for Dirichlet boundary conditions can already be found in early works
by Visintin and his collaborators, see [14] and the survey in [27]. Uniqueness is based
in a standard way on the Hilpert inequality, see [12]. The regularity, global bounds,
and the long time stabilization results in the Neumann case, however, require a more
sophisticated estimation technique, which we explain in detail in Sections 3-4. The
difficulty of the asymptotic convergence argument is due to the fact that the state
space contains not only the value of u itself, but also all admissible hysteresis memory
configurations, and the set of possible equilibria is thus very large.

For the reader’s convenience, we first recall some basic concepts of the Preisach hys-
teresis model.

2 Hysteresis operators

The theory of hysteresis has a long history. One hundred years ago, Madelung in [22]
proposed probably the first axiomatic approach to hysteresis by defining three experi-
mental laws of what we call nowadays return point memory hysteresis (or “wiping-out
property”, cf. [23]). The model for ferromagnetic hysteresis proposed by Preisach in
[24] is a prominent representative that possesses the return point memory property.
Only recently, Brokate and Sprekels proved (see [7, Theorem 2.7.7]) that every return
point memory hysteresis operator, which admits a specific initial memory configura-
tion, has necessarily a Preisach-type memory structure. A basic mathematical theory
of hysteresis operators has been developed by M. Krasnosel’skii and his collaborators.
The results of this group are summarized in the monograph [15], which constitutes
until now the main source of reference on hysteresis. Our presentation here is based
on more recent results from [18, 19] that are needed here, in particular the alternative
one-parametric formulation of the Preisach model based on variational inequalities.

2.1 The play operator in the space of regulated functions

The so-called play operator introduced in [15] is the main building block of the theory.
For our purposes, it is convenient to work in the space Gr(R.) of right-continuous
regulated functions of time ¢t € R, ;| that is, functions v : R, — R that admit the left
limit u(t—) at each point ¢ > 0, and the right limit w(¢+) exists and coincides with
u(t) for each ¢ > 0. More information about regulated functions can be found e.g. in
[1, 6, 13, 20, 26].

We endow the space Gr(R;) with the system of seminorms
lullpg = sup{lu(r)[; T €[0,t]}  for u€ Gr(Ry) and t€R,. (2.1)
With the metric

for u,v € Gr(Ry), (2.2)



the set Gr(R,) becomes a Fréchet space. Similarly, BV*¢(R ) will denote the space of
right-continuous functions of bounded variation on each interval [0,7] for any 7" > 0,
and C(R, ) is the space of continuous functions on R, . We have BVY*(R,) C Gr(R,)
and the embedding is dense, while C'(R,) is a closed subspace of Gr(R; ).

The uniform approximation problem for real-valued regulated functions by functions
of bounded variation has actually an interesting solution. For each u € Ggr(R,), a
parameter r > 0, and an initial condition & € [u(0)—r,u(0)+r], there exists a unique
¢ € BVPS(R,) in the r-neighborhood of u with minimal total variation, that is,

jut) = &@) <r V>0, (2.3)
&0) = ¢, (2.4)

Varg, = min {\[ga}rn; n € BVg*(Ry), 1(0) = &, lu—nlly < 7“} Vt>0. (2.5)
it & )

This result goes back to A. Vladimirov and V. Chernorutskii for the case of continuous
functions w; for a proof see [25]. An extension to L*(R,) has been done in [21].
The function &, can also be characterized as the unique solution of the variational
inequality

u) =&@) < r  Vt>0, (2.6)
&(0) = &, (2.7)

/0 (u(r) — &(7) — y(r)) dE(r) = 0 28)
Vt >0 Vy e Gr(Ry), ||y||[0,t] <,

where the integration in (2.8) is understood in the Young or Kurzweil sense, see [20,
21]. If moreover u is continuous, then &, is continuous, we can restrict ourselves to
continuous test functions y, and (2.8) can be interpreted as the usual Stieltjes integral.

Let Wo'(Ry) denote the space of absolutely continuous functions on Ry . It is an

easy exercise to show that if u € W' (R,), then the solution &, to (2.6)-(2.8) belongs

loc

1,1 L : :
+
to W,.(R,) and fulfils the variational inequality

loc

&) (u(t) —&(t) —y) > 0 ae. Vye[-rr]. (2.9)
Putting y = u(t £ h) — &.(t £ h) and letting h \, 0 we infer from (2.9) that
M) ut) = &1)? ae.. (2.10)

Let us consider the mapping p, : R x Gr(R,) — BV}¢(R,) which with each Q0 eR
and u € Gr(R,) associates the solution &, of (2.6) — (2.8) with

¢ = max{u(0) — r, min{u(0) +r,£0}} . (2.11)

Then p, is a hysteresis operator called the play. Alternative equivalent definitions of
the play can be found in [7, 15, 27].

In order to model a more complex hysteresis memory behavior, it is convenient to
consider the whole family {&,.},~o corresponding to a fixed input v € Gr(R;). The
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parameter r > 0 then plays the role of memory variable. We introduce the hysteresis
memory state space

A= {\:R, =R |Ar)=As)| < |r—s] Vr,seR,, liljrn Ar) =0}, (2.12)

and choose the initial condition {€2},~¢ in the form
€ =\r) forr>0, (2.13)

where A € A is given. We define the operators p, : A x Gr(R,) — BV}¥¢(R,) for
r > 0 by the formula

oA u] = pA(r), u] (2.14)
for A € A and u € Gr(R,). Consistently with the definition we set py[A, u](t) = u(t)
for all t > 0.

The following result was proved in [18, 21].

Proposition 2.1. For every A € A, u € Gr(Ry), and t > 0, the mapping r —
M (r) = p, [\ ul(t) belongs to A, and for all A\j, s € A, uj,us € Gr(Ry) and t >0
we have

oA wa] () = po[A2, ue] (D) < max{[A(r) = Aa(r)], lur — wallgy} Vr=0. (2.15)

Remark 2.2. The play operator generates for every ¢t > 0 a continuous state mapping
II; : A x Gr(R;y) — A which with each (\,u) € A x Gr(R,) associates the state
At € A at time ¢, see Figure 2. Also in the sequel, we will interpret p,[A, u|(t) in
both ways: as a function &.(t) of time parameterized by the memory variable r, or
alternatively as function A\;(r) describing the memory configuration at time ¢.

upA

Figure 2: Evolution of the memory configuration.

In order to study further properties of the play, we first derive an explicit formula for
p, [\, u] if w is a step function of the form

u(t) = ZUkAX[tk_l,tk[ (t) for t>0 (2.16)
k=1
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with some given u; € R, t =0,1,...,m —1, where 0 =tg <t1 < -+ - <t 1 <t,, =
400 is a given sequence and x4 for A C R is the characteristic function of the set A,
that is, xa(t) =1 for t € A, xa(t) = 0 otherwise. We define analogously to (2.11)
for A € A and v € R the function P[\,v] : R — R by the formula

P\ v](r) = max{v —r,min{v+r \(r)}}. (2.17)

In particular, P is a mapping from A x R to A. One can directly check as a one-
dimensional counterpart of [20, Proposition 4.3] using the Young or Kurzweil integral
calculus and the inequality

(P[\,v](r) = A(r)) (v—P[A\v](r)—2) > 0 VY|z|<r (2.18)
that we have .
&) = &7 Xipan (1) for >0, (2.19)
k=1
with
7 = \(r), A= Plhen ], A=A (2.20)

for k=0,...,m—1.
As an example, consider the special case that the function u in (2.16) is non-decreasing
in some interval [tg,_1, %k, |, that is,

uko—l S uko S uk0+1 S T S U/kl . (221)

Then we have A\y(r) = max{uy — r, \p_1(r)} for k = ko,..., k1. Let us fix some k
between kg and k; — 1 and set

e =max{r > 0; \e_1(r) +r =ug}t, 7r=max{r>0; N 1(r)+7r=upp}. (2.22)

We have w41 > ug, hence 7y > ri, and \g(7x) = Ap_1(7%). This yields 7441 > 7. On
the other hand, we have \;_1(r) < \g(r) for all » > 0, hence 7,41 < 7. We conclude
that

/\k+1 = P[)\kfl, ’U,k+1] s (223)

and by induction over k
)\k = P[)‘k‘o—h uk} Vk = k?o, <. ,]{Jl . (224)

The same result is obtained if w is non-increasing in [tg,_1, tx, |-

Every function u € Gg(R,) can be approximated uniformly on every compact interval
by step functions of the form (2.16). Proposition 2.1 enables us to extend the property
(2.24) to the whole space Gr(R,;) and obtain for a function v € Gr(R,), which is
monotone (non-decreasing or non-increasing) in an interval [to,?;] the representation
formula

P A u|(t) = P, u(t)](r) = max{u(t) — r,min{u(t) +r, A\, (r)}} (2.25)



for t € [to,t1]. Note that (2.25) has originally been used in [15] as alternative definition
of the play on continuous piecewise monotone inputs, extended afterwards by density
and continuity to the whole space of continuous functions.

More generally, the play possesses the semigroup property as a time-continuous version
of (2.20), namely
oA ul(t =+ 5) = p[As, uls +)](F) (2.26)

for all u € Ggr(R;), A€ A and s,t > 0.
For K > 0, let us consider subsets Ax of the state space A defined as

Ag = {AeA;Xr)=0 for r > K} (2.27)

in agreement with the notation in (1.5), and

A = |J Ak (2.28)

K>0
The following property of the play is proved e. g. in [19, Lemma 3.1.2].

Lemma 2.3. Let u € Gr(R;) and t >0 be given. Set

Umax (1) = sup u(7), Umin(t) = inf wu(7). (2.29)
T€[0,t] T€[0,t]

Then for all A € A and r > 0 we have

PN ul(7) < max{A(r), umx(t) —r} V7 €[0,¢], (2.30)
p [N ul(t) > min{\(r), umn(t) +7+ V7 €[0,t], (2.31)
p. A ul(t) = Alr) for v > |lmx(u(-)llo » (2.32)

where for v € R we put my(v) = inf{r > 0; |\(r)—v| =r}. In particular, for K >0,
A € A we have A € Ay, for all t >0, where Ky = max{K, |[ul|;, 4}

2.2 The Preisach operator

We describe here a construction of the Preisach model, which goes back to [16] and is
equivalent to the classical model proposed in [24] and further investigated in [15, 23, 27].
The advantage of the present approach consists in a more straightforward derivation of
analytical properties that are necessary for the a priori estimates in the next sections.

Given a non-negative locally bounded measurable function ¢ : Ry x R — R, we
define a mapping VW, which with each initial memory distribution A € A, and input
u € Gr(R,) associates the function

WA ul(t) = / " gt ph (1)) dr (2.33)



where we set

g(r,v) = / o(r,z)dz  for veR. (2.34)
0

By (2.32), the definition is meaningful, since we integrate only over a finite interval on
the right-hand side of (2.33).

The local Lipschitz continuity of W follows immediately from Proposition 2.1 and
Lemma 2.3, and we state the result explicitly as follows.

Proposition 2.4. Let ¢ € L2 (R x R) and K > 0 be given, and let VW be the

loc

operator (2.33). Then for all uy,us € Gr(Ry), A, A2 € Ak, and t > 0 we have
WAL w](t) = WAz, ug] (1) (2.35)
R(t)
< max{l = Mol s = el [ swpess ot
0 |2|<R(t)
where we set R(t) = max{K, [lui|g, [[ulljg}-
Let u € Gr(Ry) and 0 < t; <ty be arbitrarily chosen. Putting in (2.35) A\; = Ay =: A

and u; = w, us(t) = u(t) for t € [0,¢1], ua(t) = u(ty) for t € [t1,t2], w = W[\ 1],
we obtain that

R(t2)
wlt) )] < Ju=ult)lnes [ spessoryar. (236)
0 |z|<R(t2)

In particular, if u € W' (R,), then w € W,"!(R,), and we have

it) = [ &Oe& ) dr, 237
0
almost everywhere, provided we denote as before &,.(t) = p,[A, u](¢). This and (2.10)
yield

R(t)
0 < w(t)u(t) < (u(t))2/0 ?;TERe(i)sw(r, z)dr  a.e. (2.38)

This property of the operator W is called piecewise monotonicity or local monotonicity.

We may indeed consider both the input and the initial memory configuration A that
additionally depend on a parameter x (the space variable, say). If for instance A(z,-)
belongs to Ay and u(z,-) belongs to C'(R;) for (almost) every z, then we define

WA ul(z,t) = /000 g(ryp, Az, ), u(zx,)](t)) dr. (2.39)

3 Time discrete approximation

We fix a time step 7 > 0, the initial condition ug as in Hypothesis 1.1 (iv), and define
in 2 for k € N a recurrent system

%(f(uk) + wy — f(uk—l) - wk—l) —Au, = 0, (3,1)
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wi(z) = /Ooog(r,kk(x,r))dr, (3.2)

Xo(z,7) = PNz, ),uo(@)](r), Melz,r) := PlAp_1(z, ), ug(x)](r), (3.3)
% =0 on 00. (3.4)

Let us check that it admits a solution for every k£ € N. To this end, we define an
auxiliary function

f(=R)+ f'(=R)(v+ R) for v< —R,
ffv)y =< f(v) for ve [-R,R], (3.5)
f(R)+ f'(R)(v— R) for v > R,

suitably extend the function ¢ outside Q(R) into ¢* preserving the upper bound and
such that ¢* vanishes outside Q(2R), and replace Egs. (3.1)—(3.2) by

%(f*(uk) +wp — ff(ug_1) —wjp_q) — Aug, = 0, (3.6)

wi(z) = / 9" (r, Az, 7)) dr (3.7)
0
where ¢* is the partial antiderivative to ¢* with respect to the second variable as in
(2.34).

The existence of a unique solution ux € W%2(Q) to (3.3)-(3.7) in each step k is easy.
The problem is of the form

A

with hy € L3(Q) and fo/7 < 8f/0u, < (fi + 2¢1R)/7, and we may use standard

compactness and monotonicity arguments.

We now derive a series of crucial estimates.

Estimate 1.

For £ € N we denote

[ (ur(2)) + wiz) — f*(up—1(2)) —wy_,(x)

uk(x) — ugp_1(2)

ag(z) =

provided ug(z) — ug_1(x) # 0, otherwise we set ax(z) := fo. Eq. (3.6) has the form

ai ()

with fo < ar(z) < fi +2p1R a.e. We test (3.9) by (ug(z) — u*)™ (the positive part
of ug(z) —u*) and obtain

/Q ak7(_x) ((ug(z) — u*)J’)2 dx + /Q IV ((ug(z) — u)™) ‘2 dx
— /Q kix) (up—1(x) — u*) (ug(x) —u*) " do. (3.10)

(ug(z) — up—1(z)) — Aug(z) = 0 (3.9)

=
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We have by Hypothesis 1.1 that ug(z) — u* < 0, hence (u;(z) — u*)™ = 0, that is,
ui(z) — u* < 0. By induction we obtain from (3.10) that wug(x) < u* a.e. for all
k € N. Testing by (u. — ug(x))™ we similarly conclude that

ue < ug(r) < ut ace. VkeN. (3.11)

As a consequence, by virtue of Lemma 2.3, we see that the sequence {uy} is a solution
to the original problem (3.1)—(3.4).

Estimate 2.

For k = 0,1,2,... and = € Q set Vi(x) := f(up(z)) + wi(x). Then (3.1) has for
k € N the form

%(Vk(ﬂi) — Vi1(x)) — Aug(z) = 0. (3.12)

Testing (3.12) by ug(z) — ug—1(x), we obtain

! / (Vi(@) ~ Vi (2)) (s (&) — g (2)) i+ / (Vs (2), ¥ (us() — s (1)) d = 0,

T Q

with

(Vuk,V(uk—uk,1)> = (|Vuk| — |Vuk 1| + |V(uk—uk 1)’2> ,

N

hence for every n € N we have

-2/ (Vi(o) = Viea () a(2) — s (0)) do + 5. [ [V

1 2
5/9‘Vu0(x)’ dr, (3.14)

which yields, by monotonicity of f, g, and P[\, -], that

%;/g\uk(x)—um(x)ﬁ dw+%/ﬂ]Vun(x)\2 dr < %/Q\Vuo(x)IQ dr. (3.15)

Estimate 3.
We denote V_q(z) = Vy(z) — 7 Aug(z), and test the identity

7_1_(Vk+1(x) = 2Vi(2) + Vi1 (2)) = Alugsr(2) — ug(x)) = 0 (3.16)

by wui1(x) — ug(z). The crucial point is now to estimate from below for k& > 1 the
term

1 1
Dy = (Vig1 =2V +Vi1) (g1 —us) —§(Vk+1—Vk)(Uk+1 —uk)+§(Vk—Vk—1)(Uk—uk—1) :
(3.17)
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For k > 0 set
~ Vi) — Vi(w)

Bule) = (3.18)
with the convention By(x) = fo if ugi1(z) = ug(x). Then
Dea) = P8 @) — ) + P ) s )
= B () (unga () — up () (uk () = up—a () - (3.19)
By monotonicity, we have By(x) > fo for all £ >0 and a.e. z € Q, hence
Di(z) >0 whenever (upy1(x) — ug(z))(ug(x) — up_1(z)) < 0. (3.20)
Assume now that for some £ and x we have
up—1(x) < up(zr) < upgr(z). (3.21)

To derive a lower bound for (3.19), we make use of the following elementary inequality.

Lemma 3.1. For all positive numbers B,b,p,q,~v we have the implication

1 1 3
b—B < y(p+q = §Bq2 - §bp2 — bpg + §7pq2 > 0. (3.22)

Proof. The assertion is obvious if B > b. For b > B, we have

1 1 3 1 1 3
M = -B¢* + §bp2 —bpg + =vpg* = =B(q—p)* + 50— B)(»* — 2pq) + =vpq”

2 2 2 2
hence M > 0 provided p > 2¢q. For p < 2¢g we have
1 3 1
M > Sy(p+a)(p* = 2pa) + 500" = 5w (P + 4" —pg) > 0,
and the proof is complete. [ |

We now resume the derivation of Estimate 3. Recall that the assumption (3.21) still
holds. We are thus in the situation of (2.21), hence, by (2.24),

Vi(z) = ®(u;(z)) for j=k—1kk+1, (3.23)

where we set
d(v) = f(v)+ /000 g(r, P[Ag—1(z,-),v](r))dr  for v € [u.,u]. (3.24)
We denote for simplicity p(v,r) := P[Ag—1(z,-),v](r). Then
oo pp(v,r)
S(v) = f(v) +/0 /0 o(r,z)dzdr (3.25)
¥o) = S+ [ ler) olrpton) dr. (3.20)

13



Similarly as in (2.22) set 7, := max{r > 0; A\y_1(x,r)+r =v}. We have 9,p(v,r) =0
for r > r,, p(v,r) =v—r for 0 <r <r,, hence

' (v) = f'(v)+ /Tv o(r,v—r)dr  for v € [u,,u*]. (3.27)
0
For u, < vy < vy < u* we thus have
'(vg) — ' (v1) = [f'(v2) — f(v1) + /“1 (p(r,va — 1) — @(r,o1 — 1)) dr
0

+/ zgo(r,vg—r)dr

> - <f2+ /0 Rﬁ(r) dr) (03 — v1) (3.28)

according to Hypothesis 1.1.

Identities (3.23) and the Mean Value Theorem imply that there exist intermediate
values vy,_1(x) € [ug_1(z), ux(z)] and vi(z) € [ug(x), upy1(x)] such that

Bi(z) = ®'(ve(z)), Br_i(z) = ' (vp_1(2)). (3.29)

Using v from (1.6), setting p = ug(z) — up—1(z), ¢ = upr1(z) — ux(z), B = By(x),
b = Bj_1(x), and combining Lemma 3.1 with (3.28)—(3.29), we obtain from (3.19) that

Dy(x) = —g’v (urs1(z) — un(@))* (u(z) — up1(2)) (3.30)
The case
up—1(x) > up(r) > () (3.31)

can be treated in a similar way. This time we have to introduce
ry = max{r > 0; \p_q1(z,7) —r = v}
and this gives vy > vy = r,, <1, . The counterparts of (3.27) and (3.28) then read
P'(v) = f'(v) + /rv o(r,v+r)dr
0
and

R
' (vg) — @'(vy) < (fz +/ B(r) d?“) (v —vy)  for u, < vy < vy <uk.
0

The rest of the proof goes on with the obvious modifications, giving the following lower
bound for Dy(z):

Di(x) = =57 (ur(®) — s (2))* (up-1 () — un(z)) - (3-32)



From (3.16)-(3.20), (3.30) and (3.32) we thus obtain for k& > 1 that

1 2
37 [ (Vir(o) = Vil (o) = o)) o+ [ ¥ s (2) = o)) o
< o @) = Vi @) nla) = s (@) da
o [ (e (2) = ) Plus(e) = s o) d 3.9

The term corresponding to k& = 0 will be treated directly. By (3.12) we have

! / (Vi) — Vola)) (s (z) — uol)) d: + / 19 (s () — ()| dx

T

= /QAuo(x) (ur(x) — up(x)) dz

(f /|Auo< )!%) <f0/ [ur (@) = uo(2 >|2d:c>1/2

< 2f0/|Au0 )| d:zc—l——/ (Vi(z x))(ur(x) —up(x))de, (3.34)

IN

hence (we omit in the integrals the argument (z) for simplicity)

1

(Vi = Vi) = o) dx+/|V uy — up) dz < /|Auo| dr. (3.35)
27 2f
For £k =0,1,2,... put

Wy = (Vs () = V@) s () = (o) o

272

and note that

272

+o1 R
_2{?2/|Uk+1(m)_uk(x)|2dx < Wy < htok /|Uk+1 —up(z)*dw.  (3.36)
Q

Using Holder’s inequality and (3.36), we may rewrite (3.33), (3.35) in the form (omitting
again the argument (x))

1 1
W0+—/ IV (uy — up)|*dz < —/ | Aug|?dz (3.37)
7 Ja 2fo
Wy —W, —1—1/|V(u —up)[Pdz < it /|u — u|* dw 1/2(338)
k A k1 — Uk < T\/— k1 — Uk

for £ > 1. We now use the Gagliardo-Nirenberg inequality
ol < 1) (llellzze) + ol I Vel e - (3.39)
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which holds for every bounded Lipschitzian domain  C R¢ with d > 2 and every
v € WH(Q), provided 1/p > 1/2 —1/d and n = d(1/2 — 1/p), with a constant
tp(£2) > 0 independent of v (see [5, 10]). We now distinguish the cases d = 2 and
d=3.

Case d=2.

Here, with the symbols C;, i =1,...,7, we denote positive constants independent of
k, x and 7, but depending possibly on the data. Setting in (3.39) v = ug1; — ug,
p=4,and n = 1/2, we may remove the L*-norm on the right-hand side of (3.38) and
obtain

1
Wk — Wk_1 + ;/ |V(uk+1 — uk)|2 dx
Q

1/2
< ow <7Wk+w,j/2 ( / |V (g1 —uk)|2d:c) ) (3.40)
Q

by virtue of (3.36). From Young’s inequality and (3.40) it follows that

1
W= Wiert 5 [ V(o - de < Cor (WA Wit Wi 2)
Q

S Cg T (1 + Wk71> Wk . (341)
Using the inequality
Wi, — Wi 1+ W,
= —1 > log(l+ W) —log(1 + W;_ 3.42
1+ Wiy T, L 2 los(l+ W) —log(l+ W) (342)
we obtain

log(l—l—Wk)—log(l—i—Wk,l) /‘V Uk+1 —uk)] dx < 03 TWk (3 43)

(1+Wk 1

Invoking Estimate 2, more specifically the inequality (3.14), we conclude that

log(1+ W,) + Z
k

_ — < 1 44
— or 1+Wk 1 /|V Uk+1 Uk)| dx C4+ og( +Wo) (3 )

holds for every n € N with a constant Cy independent of n. By (3.37) we have that
Wy < /\Auo| dr < Cs
2fo
hence W,, < Cj, where C5 and Cg are constants independent of n; so, by (3.36),
1 I
_2/ |un—un_1|2dx+—2/ |V(uk+1—uk)|2dx+/ Auw?dr < C;  (3.45)
" Ja i) Q
independently of n.
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Case d=3.

We use again the interpolation inequality (3.39) with v = wgy — ug, p = 4, and
n =3/4, to get the estimate

1/2
(/ |upr1 — uk|4dx)
Q
1/4 3/4
< 22T (foWk + (;0 ) (%/Q\V(ukﬂ_uk”?dx) >

2(Q)r? 3
< “4(f 7 a4 5y w5 2l “4 / IV (wsr — up)|* dz (3.46)
0
with some constant 6, > 0 which has to chosen properly. More specifically, putting
97 13(2)
5, = oW 5 = 2P
k—1 /2f(]
we obtain from (3.38) that
1 1
Wy —Wi_1 + —/ |V(uk+1 — uk)|2 dr < — 5*(4 + (53) W,
21 Jq 3 /o
3fo

For s > 0 set

1 s s
M) = GrggE HO) - /0 o) do = s

Since H is increasing and concave, we have for all £ € N that
(W = Wi_1) h(Wy—q1) > H(Wy) — HWy_1).
Multiplying (3.47) by h(Wjy_1), summing up over k =1,...,n, and using (3.14) yields

n

H(W,) — H(W,) + Zh(vg—jl) /Q IV (s — )| dz < LZTWk (3.48)

3fo £
< ! /|v 2 d
e u X .
= 12f Jo 0

Combining the above estimate with (3.37) we conclude that

h( W 1

H(Wn)+z kol /|v w1 — ug))Pdr < 5T, (IVuol* + |Aug[?) da. (3.49)
k=1 0Ja

We have by Hypothesis 1.2 that

. 1 Jo
lim H(s) = — = — 20 Vo + |A
lim (s) 552 ST200(00) > 8f0/ (| uo|* + | u0|)

hence W, is uniformly bounded above by a constant independent of n, which allows
us to obtain the estimate (3.45) also for d = 3.
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4 Proof of Theorem 1.3

This section is devoted to a detailed proof of Theorem 1.3. With the sequence wuy(x)
constructed in the previous section, we define for every choice of 7 the functions

@ (2,1) = ey (@) + T (@) — upa ()
(4.1)
™) (.’I, t) = uk(m)
for x € Q and t € [(k— 1)1, k7|, k=1,2,.... From Estimates 1-3 it follows that
u, < 4 (x,t) < uk, (4.2)

/ /|ata<ﬂ|2(:c,t)dxdt+/ /yatva“)ﬁ(x,t)dxdt < C, (4.3)
0 Q 0 Q

/ 10,672 (x, £) d + / 1AGD P (2, t)dz < C (4.4)
Q Q

with a constant C' independent of 7 and t. In a standard way (e.g. as in [27, Chapter
IX]), we pass to the limit as 7\, 0+ (selecting a subsequence, if necessary) and using
the continuity of the hysteresis operator W, we obtain via compactness method a
strong solution w to (1.1)-(1.4) such that

ue < u(z,t) < ut, (4.5)
/ /|8tu|2(m,t)dxdt+/ /!&Vu|2(ac,t)da:dt <c, (4.6)
0o Jo 0o Jo
/|8tu|2(x,t)dx+/ |Au?(x,t)dz < C. (4.7)
Q Q

As already mentioned in Remark 1.4, this solution to (1.1)—(1.4) is unique by Hilpert’s
argument in [12], cf. also [27, Sect. IX.2].

Let us pass to the asymptotic behavior. We test (1.1) by dyu and obtain
/atu(x,t) O (f(u) + WA u])(x, t)dx + ——/ \Vu(z,t)|*de < 0 (4.8)
Q
for a.e. t > 0. Note that

1
O (0] (w) + WA ul) 25—

We find an embedding constant p > 0 (by virtue of the Neumann boundary condition)
and use (1.1) with (4.8)-(4.9) to obtain

/|Vux O de < ,u/|Au(x,t)|2d$
0

(Ouf (u) + O WA u])?  a.e. (4.9)

< u(frl—golR)/Qatuat(f(u)+W[>\,u])(x,t)dx

1 lR d 2
< —Ma /Q Ve, 6) de (4.10)
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hence
/\Vu(x,t)|2d:1: < e_(z/(“(ﬁ“"lR)))t/]Vuo(a:)\2dx. (4.11)
Q Q

From the Gagliardo-Nirenberg inequality (3.39) written in the form
IVu(, t)l|r@) < My (HVU('J)HL%Q) + Hvu('?t)HlL;E]Q)”Au('7t)”?ﬁ(())) (4.12)

for a.e. ¢t > 0 with embedding constants M,, and from the estimate (4.7) it follows
that for every 2 < p < 6 there exist constants c,, A, > 0 such that

/|Vu(x,t)|pda: < Aye et (4.13)
Q

for a.e. ¢t > 0. Choosing p = 4, say, we may use the embedding of WhP(Q) into
C(€2) and find A > 0 and ¢ > 0 such that the deviation of u from its integral mean
Ut) = ﬁ Jou(x,t)dz can be uniformly estimated by

lu(z,t) —U(t)| < Ae . (4.14)

The asymptotic convergence of U(t) constitutes the most delicate part of the proof.
Assume for contradiction that

liminf U(t) < limsupU(?). (4.15)

t—o0 t—o0

It follows from (4.5) that u is globally bounded. We fix constants € > 0, a < b € R
such that

f(b) = f(a)
4.16
© < TR (4.16)
a—e < li{ninfU(t) <a < b < limsupU(t) < b+e. (4.17)
—© t—o0

We may find ¢ > 0 such that
a—e < u(z,t) < b+e VreQ Vi>t, (4.18)

and a sequence t <ty < t; <ty < ..., lim,_t, = 00, such that for all z € Q and
k=0,1,2,... we have

u(x,to) < a, wu(x,toper) > b. (4.19)
We now fix some x € Q, and for r > 0, ¢t > 0 set &(x,t) = p,[A(z,),u(z,)](t),

Xo(z,7) = &(x,tp). Our aim is to estimate from below the difference between the
values of f(u)+ W|A, u] at two consecutive times tox, tort1, 1. €. the quantity

f(u(xvt2k+1)> + W[)\,U}($,t2k+1) - f(u(xat%)) - W[)" u] (Ivt?k)'
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Recall that by Lemma 2.3 and Hypothesis 1.1 (iii) we have ,.(x,t) =0 for all » > R.
Using (4.19), we certainly have

f(u(x, t2k+1)) + W[/\v u](x7t2k+1> - f(u(xvt%)) - WP‘?“] (x7t2k)

> f(b) — f(a) "’/0 (g(r, & (z, tars1)) — g(r, & (, t2x))) dr,

As the function ¢ is non-negative, the function ¢ is nondecreasing in the second
argument; for this reason we look for a lower bound for the quantity &,(x,to,41) and
an upper bound for the term &, (x,to;). We distinguish two cases.

b—a
Ifr< —5 then we can use the following two inequalities which directly come from

the definition of the play operator
Sr(x,tQk_A'_l) 2 b—r fT(lL‘7t2k) S a+r (420)

and deduce that

(b—a)/2 (b—a)/2
/(; (g(r7£T<x7t2k+1))_g(ragr('xatQk)))dr > /0 (g(r,b—r)—g(r,a—i—r))dr > 0.

b
Let us assume now that r > Ta. The semigroup property (2.26) of the play enables

us to consider A\g(x,-) as new initial memory configuration for times ¢ > ¢;,. By Lemma
2.3 and (4.20) we have for all £ and r that

Er(x,topyr) < max{Ao(z,7),b—r+e} < max{a+rb—r+ec} < a+r+e (421)

Applying once more Lemma 2.3 and putting A (z,7) = &.(z,t1), we obtain for ¢ > t;
that (the semigroup property (2.26) is used again)

min{\(z,7),a+r—e} < &(z,t) < max{\(z,7),b—r+c}, (4.22)
which is equivalent to
min{0,a+r—e—A(z,7)} < &(x,t)—=Ai(z,7) < max{0,b—r+ec—A(z,7)}. (4.23)
We have A\i(z,7) > b—r for all r, hence
&z, t) < M(z,r)+e. (4.24)
On the other hand, (4.21) with £ =0 gives
&z, ty) =M(z,r) < a+r+e (4.25)

and so (4.23) entails
&z, t) > M(z,r) — 26, (4.26)
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Consequently, for k. =1,2,...

flu(@, toir)) + WIA uf(2, tap 1) = fulz, tar)) = WA, ul (z, tar)

> f(b) - f<a> + /(; (9(7’, fr(x7t2k+1>> - g(?”, gr(zat%))) dr

R
> f(b) = fla) + / (g(r, Ai(z,7) = 28) — g(r, Mi(z,7) +€)) dr
(b-a)/2
(b—a)/2
+ /0 (g(r,b—1) —g(r,a+1))dr

F(b) ~ fla)

> f(b) = f(a) = 3p1Re > 1

(4.27)
The above inequality holds independently of z. Integrating (4.27) over Q yields
/ (f (u(®, t2er1)) + WA uf (@, tona) — flulz, tor)) = WA u] (@, tor)) da
Q

NCEG)

v (4.28)
On the other hand, integrating Eq. (1.1) we obtain
d
p (fu(z,t)) + WA ul(x,t))de = 0  a.e. (4.29)
Q

which is in contradiction with (4.28). Consequently, (4.15) does not hold, and we may
put Us, = 1tlirn U(t). The convergence u(z,t) — o now follows from (4.14).

To check that the memory configurations A\;(z,r) = p,.[\(x, ), u(z,-)](t) converge uni-
formly to some A (z,7), we use again Lemma 2.3 and the semigroup property (2.26).
Indeed, for each € > 0 we find T" > 0 such that |u(z,t) — u(z,T)| < e forall t > T.
Similarly as in (4.22), we obtain

min{Ar(z,7),u(z,T) +r—e} < M(x,r) < max{Ap(z,7),u(z,T)—7r+e}. (4.30)

From the elementary inequality u(x,T) —r < Ap(x,r) < u(z,T) + r it follows that
|A\i(x,7) — Ap(z,7)| < e, and the proof of Theorem 1.3 is complete.

Acknowledgement. The authors wish to acknowledge helpful and stimulating dis-
cussions with Jana Kopfova on this and related topics.

References

[1] G. Aumann: Reelle Funktionen. Springer-Verlag, Berlin — Goéttingen — Heidelberg, 1954
(In German).

21



2]

3]

F. Bagagiolo, A. Visintin: Hysteresis in filtration through porous media. Z. Anal. An-
wendungen 19 (2000), 977-998.

F. Bagagiolo, A. Visintin: Porous media filtration with hysteresis. Adv. Math. Sci. Appl.
14 (2004), 379-403.

J. Bear, J. Bachmat: Introduction to Modeling of Transport Phenomena in Porous Me-
dia. Kluwer, Dordrecht, 1991.

O.V. Besov, V.P. II'in, S. M. Nikol’skii: Integral Representations of Functions and Em-
bedding Theorems. Nauka, Moscow, 1975 (in Russian), English translation edited by
Mitchell H. Taibleson. V. H. Winston & Sons, Washington, D.C.; Halsted Press [John
Wiley & Sons], New York-Toronto, Ont.-London, 1978 (Vol. 1), 1979 (Vol. 2).

M. Brokate, P. Krejéi: Duality in the space of regulated functions and the play operator.
Math. Z. 245 (2003), 667—-688.

M. Brokate, J. Sprekels: Hysteresis and Phase Transitions. Appl. Math. Sci., 121,
Springer-Verlag, New York, 1996.

M. Eleuteri: On some P.D.FE. with hysteresis. PhD Thesis, University of Trento, 2006.

D. Flynn: Application of the Preisach model in soil-moisture hysteresis. Master Thesis,
University College Cork, 2004.

A. Friedman: Partial Differential Equations. Holt, Rinehart and Winston, New York,
1969.

R. Haverkamp, P. Reggiani, P. Ross, J. Parlange: Soil-water hysteresis prediction model
based on theory and geometric scaling. In: Environmental Mechanics: Water, Mass and
Energy Transfer in the Biosphere. American Geophysical Union 2002, 213-246.

M. Hilpert: On uniqueness for evolution problems with hysteresis. In: Mathematical
Models for Phase Change Problems (J.F. Rodrigues, ed.), Birkh&user, Basel, 1989, 377
388.

Ch.S. Honig: Volterra-Stieltjes Integral FEquations. Mathematical Studies 16, North Hol-
land and American Elsevier, Amsterdam and New York, 1975.

N. Kenmochi, A. Visintin: Asymptotic stability for nonlinear PDEs with hysteresis.
Euro. Jnl. Appl. Math. 5 (1994), 39-56.

M. A. Krasnosel’skii, A.V. Pokrovskii: Systems with Hysteresis. Nauka, Moscow, 1983
(in Russian, English edition Springer 1989).

P. Krejéi: On Maxwell equations with the Preisach hysteresis operator: the one-
dimensional time-periodic case. Apl. Mat. 34 (1989), 364-374.

P. Krejéi: Hysteresis memory preserving operators. Apl. Mat. 36 (1991), 305-326.

P. Krejci: Hysteresis, Convexity and Dissipation in Hyperbolic Equations. Gakuto Int.
Ser. Math. Sci. Appl., Vol. 8, Gakkotosho, Tokyo, 1996.

22



[19]

[23]
[24]

[25]

[26]

[27]
[28]

P. Krejéi: Long-time behaviour of solutions to hyperbolic equations with hysteresis.
Handbook of Evolution Equations: Evolutionary Equations, Vol. 2 (eds. C. M. Dafermos
and E. Feireisl), Elsevier 2005, 303-370.

P. Krejéi, Ph. Laurengot: Generalized variational inequalities. J. Convex Anal. 9 (2002),
159-183.

P. Krejci, Ph. Laurencot: Hysteresis filtering in the space of bounded measurable func-
tions. Boll. Unione Mat. Ital. 5-B (2002), 755-772.

E. Madelung: Uber Magnetisierung durch schnellverlaufende Strome und die Wirkungs-
weise des Rutherford-Marconischen Magnetdetektors. Ann. der Physik 17 (1905), 861—
890 (In German).

I. Mayergoyz: Mathematical Models for Hysteresis. Springer-Verlag, New York, 1991.

F. Preisach: Uber die magnetische Nachwirkung. Z. Physik 94 (1935), 277-302. (In
German)

G. Tronel, A. A. Vladimirov: On BV -type hysteresis operators. Nonlinear Analysis 39
(2000), 79-98.

M. Tvrdy: Differential and Integral Equations in the Space of Regulated Functions. Mem.
Differential Equations Math. Phys. 25 (2002), 1-104.

A. Visintin: Differential Models of Hysteresis. Springer, Berlin - Heidelberg, 1994.

A. Visintin: Models of Phase Transitions, Birkhauser, Boston, 1996.

23



