Dipartimento di Matematica, Universita di Trento
Preprint UTM - 698

Volterra equations perturbed by noise

Stefano BONACCORSI

Dipartimento di Matematica, Universita di Trento,
Via Sommarive 14, 38050 Povo (Trento), Italia
stefano.bonaccorsi@Qunitn.it

Wolfgang DESCH

Institut fir Mathematik und Wissenschaftliches Rechnen, Karl-Franzens-Universitit Graz
Heinrichstrasse 36, A-8010 Graz, Austria
georg.desch@uni-graz.at

We consider a linear abstract Volterra integrodifferential equation in a Hilbert space,
forced by a Gaussian process. The equation involves a completely monotone convolution
kernel with a singularity at ¢ = 0 and a sectorial linear spatial operator. Existence and
uniqueness of a weak solution is established. Furthermore we give conditions such that
the solution converges to a stationary process. Our method consists in a state space
setting so that the corresponding solution process is Markovian, and the tools of linear
analytic semigroup theory can be utilized.

Keywords: Abstract integrodifferential equation, stochastic forcing, singular kernel,
stationary state, analytic semigroup.

MSC 2000: 60H15, 60H20, 45K05.

1. INTRODUCTION

Consider the following model of heat conduction in a material with memory, as proposed in [11],
Section 5.3. Let (¢, z) denote the temperature field at time ¢, for 2 in a bounded three dimensional
body G with smooth boundary 9G. Let £(t, z) the density of stored energy and let ¢(t,x) denote
the heat flux. Suppose that the flux obeys Fourier’s law (all physical constants will be normalized
to one in this introduction):

a(t,2) = VO(1,2).
The stored energy, however, follows the temperature only with some delay
t
et 7) = / dm(t — 5)0(s)
where m is a creep function

m(t) = mo +/O mi(s)ds
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with mg > 0 and my locally integrable, nonnegative and decreasing. In our example we let the
instantaneous heat capacity mg = 0, and we choose

with some p € (0,1/2). Assume that there exists a distributed random heat source g(t,x) which
we model as a stochastic process. For this purpose we introduce a cylindrical process W defined on
a probability space (92, F,P) taking values in a separable Hilbert space U, mediated by a Hilbert
Schmidt operator ® : U — H = L*(@G), and we let g(t,z) = [®W](t, ). Energy conservation implies
then

0 .
ae(t,x) =divq(t,z) + [PW](t, ).
Combining all these equations we arrive at
a t

o) my(t — s)0(s,z) = AO(x,s) + [PW](t, )

with suitable boundary conditions, e.g. Neumann conditions, if the boundary is heat insulated.

In this paper we shall consider the following abstract stochastic Volterra equation on a Hilbert
space H

(1.1) %7tMVﬂW@NS=AMU+©wWﬁ)tZQ

u(t) = uo(t) t<0.

Although more general assumptions may be given, compare Assumption 4.1, here we focus on
the previous example. The kernel a(t) = mi(t) is completely monotone with a € L'(0,00) and
a(0+) = +oo. Furthermore, A is selfadjoint negative definite, and for some real constants v > 0,
0 < 3 < 1 the operator (—A)~78/2 is Hilbert-Schmidt on H; we fix ®(t) = ® = (—A)"7R, where
R :U — H is a bounded operator.

Under the assumption of complete monotonicity of the kernel, a semigroup approach to a type
of abstract integro-differential equations encountered in linear viscoelasticity was introduced in [5].
The idea to utilize this setting for stochastic equations is due to P. Clément, and a stochastic scalar
equation analogous to (1.1) was first investigated in [8]. We extend the relevant machinery to
the Hilbert space valued case and show that equation (1.1) is equivalent to an abstract stochastic
evolution equation in a (different) Hilbert space X
(1.2) dv(t) = Bu(t)dt + (I — B)P®(t)dW (¢t), t >0,
' v(0) = v € X.

To relate this system to Equation (1.1), vy is given suitably in terms of ug, and the solution u(t) is
recovered from the state v(t) by an operator Ju(t) = u(t).

Under the special assumptions introduced above, the space operator B is the generator of an
analytic semigroup on X, and P is a linear operator from H into the interpolation space Xy, for
arbitrary 6 < 2773 It is now a consequence of the readily available theory of stochastic differential
equations with generators of analytic semigroups [4] that there exists a unique solution v(¢) to (1.2),
and it is a mean square continuous process with values in the interpolation space X, for any n < t—p
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Although J is unbounded on the state space X, it is bounded on interpolation spaces J : X,, — H,,
with }:gz < 1—p. Therefore, we arrive at the following result concerning the existence of a solution
to problem (1.1), whose statement will be given in more generality in Theorem 3.7.

Theorem 1.1. Let us fix the above assumptions:
a(t) = %e‘t with some p € (0,1/2), ®(t) =P =(—A)" "R, up =0.
If v(t) denotes the mild solution of (1.2), the process

ﬂ:{Jum t>0,

(13) up(t), t<O0.

is a weak solution to problem (1.1).

As a corollary to Lemma 2.29 and Theorem 3.3, we obtain the following result concerning reg-
ularity of the solution u(f). In the statement below, LZ(0,00; X,;1) denotes the space of adapted
processes on R with values in X,, that are mean square integrable with respect to the measure
e~tdt on [0,00).

Corollary 1.2. Since v(t) € L3(0,00; X,;1) for n < 52, the solution u(t) of (1.1) belongs to

2
L3(0,00; Hy; 1) for p < %'

Finally we analyze the longtime behaviour of the solution v(t) of (1.2). The following result is
proven, again in greater generality, in Theorem 4.5.

Theorem 1.3. Assume that the assumptions of Theorem 1.1 holds, and let 0 < B < 1 be such
that (—A)~7=P/2 is an Hilbert-Schmidt operator on H. Then there exists (at least) one invariant
measure for equation (1.2) which is concentrated on the space X, for arbitrary n < (1 — 6)%.

It is natural that we read this result in terms of (1.1). Let ¥ be a stationary solution to problem
(1.2); then we want to apply the operator J to v in order to get the corresponding solution @ of
(1.1). Tt happens that this is possible if ¥ is suitably regular, which in turn becomes an assumption
on 3 (but notice that we may control 3 — compare the assumptions in previous theorem — by means

of ).

Corollary 1.4. With the notation of the theorem above, assume that 3 < %. Let v be the
stationary solution of (1.2) and define the stationary solution u(t) = @ = Jv as in Theorem 1.1.

Then @ is a square integrable random variable in H, for some u > 0.

With the highly developed theory on Volterra equations (e.g. [11], [12]) available, semigroup
methods are by no means the only approach to tackle this problem. However, the theory of stochastic
processes governed by analytic semigroups is rich and convenient ([4]), and it is interesting to note
that this tool can be applied to our problem with only a marginal loss of regularity. From a
philosophical viewpoint, it seems satisfactory that the system may be associated with an internal
state evolving as a Markov process. More important, we expect that the state space approach will be
useful for more detailed investigations on the dynamics of semilinear modifications of the problem.

This paper is organized as follows: Section 2 is purely deterministic and developes the semigroup
setting. In particular, all questions of regularity (in terms of interpolation spaces) are concentrated
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in this section. In Section 3 we prove the existence and uniqueness of solutions to the stochastic
equation, while Section 4 is devoted to the investigation of the asymptotic stationary process.

Acknowledgement: This work was begun during a visit of both authors to the Technical
University of Delft. Parts of this work were done during visits of S. Bonaccorsi to Graz, and of
W. Desch to Trento. It is our pleasure to thank the Technical University of Delft, the University
of Trento and the Country Government of Styria for their kind hospitality and generous support of
these visits. In particular we thank P. Clément for many stimulating discussions.

2. A SEMIGROUP SETTING FOR INTEGRAL EQUATIONS

2.1. A deterministic integral equation in Hilbert space. In this section we consider the fol-
lowing Volterra integro-differential equation in a Hilbert space:

(2.1) {ééftoo a(t = s)u(s) ds = Au(t) + f(t), t>0

u(t) = uo(t) t<O0.
Here u takes values in a separable Hilbert space (H, |- |fr). We make the following assumptions:

Assumption 2.1. A: D(A) C H — H is a linear operator such that there is a constant M > 0

and an angle 7 € (0,%) such that all s € iﬂ/2+r are contained in the resolvent set of A with

|IR(s, A)| < M . Here R(s,A) = (s — A)™', and X, o4, is the closure of the sector

Znjaer = {2 €C\{0} | |ang(2)| < T +7}.

Thus A generates an analytic semigroup e‘”. Interpolation and extrapolation spaces of H will
always be constructed by interpolation or extrapolation with respect to A.

Assumption 2.2. The convolution kernel a : (0,00) — R is completely monotone, with a(0+) = oo
and fo s)ds < oo.

In particular, by Bernstein’s Theorem there exists a measure v on [0, 00) such that

(2.2) a(t):/[o )e"”u(dn).

JFrom Assumption 2.2 we infer that v(]0,00)) = a(0+) = oo while for s > 0

a(s) :/ ! v(dr) < oo
[0,00) S+ K

Here a denotes the Laplace transform of a.
We will also require assumptions on the singularity of a at 0+, which will be given in terms of

the following quantities:
atw) =sw{pe )| [0 b

Definition 2.3.
d(a) = inf {p €(0,1) | / tp_la(t) dt < oo} .
0

Here ¢ > 0. The definition is, in fact, independent of the choice of c.
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The definition of a(a) is equivalent to Definition 3.2.2. in Homan [8], c.f. Clément and Desch [2].
If a(t) = tP71, then a(a) = §(a) = 1 — p. It is always true that a(a) < §(a). One can, however,
construct completely monotone kernels such that a strict inequality holds: a(a) < d(a).

Assumption 2.4. a(a) > 1.

Assumption 2.5. The forcing function f is in L>(0,00; H_,) with some o € (0, %).

(Further restrictions on o will follow later. For the meaning of H_, see the following subsection.)

Assumption 2.6. The initial function ug : (—00,0] — H is measurable and satisfies one or several
of the following conditions:

(a) There exist some M,w > 0 such that |uo(s)|g < Me*® for all s < 0.
(b) Moreover, for some (hence all) ¢ > 0

/OC o (1) uo(—t) — uo(0) % dt < oo,

and uo(0) € H,, for some v € (0, 3).
(¢) Moreover, ug(0) € D(A) and

| @)= wo()dt + Aug(0) =0,
0
(Notice: Condition (c¢) includes Condition (b), which in turn includes Condition (a).)

(Notice that the positivity of w in Assumption 2.6(a) means that u decays exponentially as
s — —oo. We remark also that the integral in (¢) exists if (b) holds. Further restrictions on ~ will
follow later. For the meaning of H, see the following subsection.)

With these assumptions we can prove existence and uniqueness of a solution to (2.1) in the
following sense:

Definition 2.7. By a weak solution to (2.1) we mean a function u : (—oo,00) — H such that
(a) u(t) = up(t) fort <O0.
(b) u is continuous on [0, 00).

(¢) For all ¢ € D(A*) and allt > 0, the following equation holds

(2.3) / wvwwﬁw@H:w@HfAw@A%mw+AU@4mw,

0
where = / a(—s)u(s)ds.

With suitable regularity conditions we can establish existence and uniqueness of weak solutions:

Theorem 2.8. Suppose that Assumptions 2.1, 2.2 hold. Let a(a) and 6(a) be defined by Definition
2.8. Letv,o0,u € (0, %) and suppose that Assumption 2.5 holds with o, and Assumption 2.6(b) holds
with . Moreover, suppose that 6(a)(1 —27) < afa)(1 — 2u).

Then there exists a unique weak solution u: R — H, of (2.1).

Finally we state a theorem about regularity of the solution, dependent of the regularity of the
forcing term. For simplicity we state the result with initial function uy = 0.
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Theorem 2.9. Suppose that Assumptions 2.1, 2.2 hold. Let ug = 0. Let a(a) and 6(a) be defined by
Definition 2.3. Let o, € (0,%) and suppose that f € LP(0,00,X_,) with some p € [1,00). Choose
any 7 < a(a)(1 —o — ). Let
Then a mild solution u of (2.1) can be defined by approzimation: Let f, € L*(0,00,X_,) and
fn — [ in LP(0,00, H_,). Let u, be the weak solution of (2.1) with f, instead of f. Then uy,
converges to some u in the following function spaces:

(a) Ifpe(l,2), thenu e LY0,T,H,) for all q € [1, =)

(b) Ifp=12, thenwe LU0, T,H,) for all q € [1,00).

(c) Ifpe(L,00), thenue C™=1/P([0,T], H,).

These remainder of this section will be devoted to the technical details for proving the two

theorems.

2.2. Intermediate spaces. Much of our work relies on the machinery of analytic semigroups and
interpolation spaces, therefore we introduce the basic notations:

Let (X, ||-]|) be a Hilbert space and B be an operator, such that for some w > 0 the operator B—w
is a sectorial operator on X of negative type. Therefore, B — w is invertible with (B —w)™! € L(X).
On the domains D(B™) we define the n-norm

[l == [I(B = w)"«],
and call X,, := (D(B™),]| - ||») the Sobolev space of order n associated to B. We also define the
extrapolation space X_1 as the completion of X under the norm |jz|_; = [[(B — w)™'z|. The

operator B_; : X — X_; is the unique extension of B : X; — X such that B_; — w is an isometry
from X onto X_;.

Definition 2.10. Let 0 € (0,1).

(a) By X we denote the real interpolation space (X, X1)(g,2) between X and X, = D(B).
(b) By Xp_1 we denote the real interpolation space (X _1, X)s,2) between the extrapolation space
X_1and X.

By By we denote the restriction of B as an operator from D(Bg) = (X1, X2)(9,2) into Xg.
Remark 2.11. Let z € X and 6 € (0,1). Then x € Xy if either one of the following equivalent

norms is finite:

[[5”]]3 :/ t1*29||(Bfw)e*“’tethHZdt,
0

]2 = / £20-1[(B — w)R(t, B)|* dt.

C

(The constant ¢ > w in the second integral can be taken arbitrary.)

Remark 2.12. Let 6 € (0,1). The operator By is the generator of an analytic semigroup ‘B¢ on
Xg. In fact, e'P? is the restriction of €' to the invariant subspace Xg.

(These results, and more information on interpolation spaces and analytic semigroups, can be
found in Lunardi [9], Chapter 2.2.)

Lemma 2.13. Let 0 € (0,1). Then
Xo = (X1, X1)((6+1)/2.2)>
Xo—1=(X_1,X1)0/2,2)-
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Proof. Let © € D(B). Then
(2.4) r=({t—-wl+(w—-t)(t—-B) Y w-B)'z+(t—-B) Y w- Bz,

therefore with a suitable constant M,

loll < 8 (6=l — By el + 2w - Bel

Lzl
i .
t—w !

Taking ¢t — w = +/||z||1/]|z]|=1 we obtain ||z| < 2M+/||z||=1||z||1- This is condition J from the

reiteration theorem, and we obtain
(X, X1)(0.2) € (X1, X1) (3 (1-0)+10,2) = (X1, X1) (150 9,
(X1, X)(0,2) C (X1, X1)01-0)1 10,2) = (X1, X1) (8 9y

On the other hand, decompose any x € X according to (2.4) (replacing B by B_; wherever neces-
sary). Then

It =)+ (@ = )t = B)~'|(w = B) 'ally < Mt||(w — B)™'a]ly = Mt|l]],

M{@—wmﬂ|1+

M
It = B) " w = B-i)al 1 £ ||~ B-y)al 1 = -~

Now let s > (w+ 1)? and put ¢ = /5 to see that
sT( — )L+ (w = )(t = B) (= B) 'zl +[|(t = B) "M (w = By < Ms'2
Consequently, condition K from the reiteration theorem is satisfied and
(X, X1)(0.2) 2 (X1, X1) (g (1-0)+10,2) = (X1, X1) (150 ),
(X-1,X)(0,2) O (X1, X1)(0(1-0)4 26,2) = (X—lel)(%,z)-
(|
Lemma 2.14. Let -1 <0 <pu<n <1 withé,n,u+#0. Then

w—=0

n—0

Proof. Using Lemma 2.13 we see that this is just a straightforward application of the reiteration
theorem of interpolation. O

X, = (X9’X77)(%2) with ~ =

Lemma 2.15. Let Jy : D(B) — H be an operator, relatively bounded with respect to B. (Notice
that then JoR(s, B) is a bounded linear operator from X to H.) Suppose that for some ¢ > w and
somen € (0,1)

/ ' JoR(s, B)||%_ g ds < oo.

Then Jo admits a continuous extension as an operator J : X,, — H. Moreover, for x € X, we have
Jx =lim;_,o tJoR(t, B)x.



8 S. Bonaccorsi, W. Desch

Proof. We show that tJyR(t, B) is uniformly bounded for ¢t > 2w as an operator from X, into H.
The remainder follows from standard arguments. Thus, let z € X,,. Notice that

%(t —w)R(t,B)x = R(t,B)x — (t — w)R(t, B)*x = (w — B)R(t, B)*x.
Thus, for t > 2w

1
SIER(t, Blalu < |(t —w) JoR(t B)lu

t
=|(c —w)JoR(c, B)x + / JoR(s,B)(w — B)R(s, B)x ds|g
c
<(c—w)|lJoR(s, B)|| [zl x
" / sY2 7| JoR(s, B) | x—m 8" V2| (w — B)R(s, B)z| x ds

<(e—w)||JoR(s, B)llx—u [|z]x
o0 1/2 0o 1/2
+ [/ 81_2’7HJ0R(8,B)H§{_,H ds] [/ 8277_1“((4) — B)R(S,B)xH%( ds
0o 1/2
<Ml + | [ - BIRG Blalkds| ) < bl
with suitable constants M, M;. [

2.3. Setting up the infinitesimal generator. We return now to Equation (2.1). Using Bern-
stein’s Theorem (2.2) we rewrite formally

[ tooa(t—s)u(s)ds: [ too /[O’OO) e=*=9) (dr) u(s)ds = /[( IR

with

(2.5) v(t, k) = /t e ")y (s) ds.

Formal differentiation yields i

(2.6) %v(t, k) = —kv(t, k) + u(t),

while the integral equation (2.1) can be rewritten

(2.7) /[0 )(fm)(t, k) +u(t)) v(ds) = Au(t) + f(t).

As an initial condition we obtain

0
(2.8) v(0, k) :/ e™ug(s) ds.

— 00
In our setting, the function v(¢,-) will be considered the state of the system, contained in a suitable
function space. Equation (2.6) is a differential equation for the state, so it will be used to set up
an infinitesimal generator of a semigroup. For the homogeneous case (f = 0), the rewritten integral
equation (2.7) will contribute to the definition of the domain of the generator.
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Definition 2.16. For a Borel measurable function & : [0,00) — H we consider the seminorm (finite
or infinite):
ok = [ (et )Ja00) ()
[0,00)
and the function space
X :={Z:[0,00) — H,measurable | |Z|x < oo}.

The state space X consists of all equivalence classes in X with respect to equality almost everywhere
m .

Remark 2.17.

(a) In the sequel, as usual, we will not distinguish between functions and their equivalence classes.
(b) For all x € X, the integral f[o 00) |x(k)|m v(dk) is finite.

Proof. We use the Cauchy Schwarz Inequality:

/ |x(f€)|HV(dn):/ (5 + 1)=2(5 + 1) 2|2 (k) 1 v(dK)
[0,00)

(0,00)

1/2
K “Lyu(dk K 22 vdk
= [/[O,m)( +1)7vld )] [/[O’OO)( + Dlz(x)|5 v(dr)

1/2

a
Definition 2.18. We define a linear operator Jy : D(Jy) C X — X by
D(Jy)={zeX| (FGue H): —kx(k)+uec X},

Joxr =u as above.
Remark 2.19. J; is well-defined as a single valued operator.

Proof. Suppose there are uy, us € H such that both, —xx + u; and —kx + ug are contained in X.
Then the constant function u; — us is contained in X. However, if u; # us, then

nm—uﬂﬁz/’ (k4 Dlus — ual3y v(dr) = oo
[0,00)

since the measure v is infinite on [0, 00). O

Definition 2.20. We define a linear operator B : D(B) C X — X by

D(B) = {:c € D(Jy) | Jox € D(4), /[0 (—kz(k) + Joz) v(dk) = AJ()CE} ,

(Bx)(k) = —kx(k) + Joz.

,00)

By this definition, the problem (2.6), (2.7) for the homogeneous case f = 0 is rewritten as

d

7
In fact, we will see in the next subsection, that B is the generator of an analytic semigroup, so that
a weak solution of the homogeneous problem can be obtained by semigroup methods.

(t,-) = Bul(t, ).
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To take care of the inhomogeneous problem, compare the rewritten integral equation (2.7) with
the definition of D(B):

/[O (ot ) ) vde) = Au(t) + £10),

/[O (0.8 (1) vids) = Au() i v(0) € D(B)

We see that the forcing function does not enter simply as an additive perturbation, but it acts by
shifting the domain of the generator. To deal with this situation, we use a standard procedure from
control theory. Our aim is to rewrite (2.7) in the form

(2.9) —o(t,-) = B(u(t,-) = Pf()) + Pf(t).
This works out formally with the following

Definition 2.21. We define an operator P: H_1 — X by

(P)() = T R((1), A)f.

The following lemma guarantees that P is suitable to rewrite (2.7) in the form (2.9):

Lemma 2.22. Let f € H_;, x € X. Then
(a) Pf e D(Jy) with JoPf = R(a(1),A)f.
(b) —r Pf)( )+ JoPf—(Pf)(r) =0.
(©) Jipou) (H(PF)(8) + JoPF) v(dr) = AJoPf + f.
(d) = — Pf € D(B) iff x € D(Jy) and f[oyoo)(*lix(li) + Jo(z))v(ds) = Adox + f. In this case
—kx + Jox = [B(xz — Pf) + Pf](k).

Proof. 1t is easily seen that ||Pf||x < co. Moreover
—R(Pf)(r) + R(a(1), A)f = -

1 .
=1 Ea), Af = (Pf)(x).

Therefore, JoPf = R(a(1), A) f, which implies (a), and (b) holds. To prove (c) we compute (using
(a) and (b))

K
1+k

R(a(1), A)f + R(a(1), A) f

(k) + JoPf)v(dk) — AJoPf

dr) — AJoP f

I
\\\

a(1), A)fv(dr) — AR(a(1), A) f

= () A)f = AR(a(1), A)f = f.
Finally, (d) is a straightforward application of (a), (b), (¢). O
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2.4. Generation of a semigroup and estimates on the resolvent. The state space and the
generator B look very large and complicated. However, the resolvent (s — B)~! can be computed
explicitely in terms of the resolvent of A. This will finally allow to prove that B generates a semigroup
and to characterize the interpolation spaces Xy with respect to B.

Lemma 2.23. Let s € ¥, /5,,. Then sa(s) € ¥r/94,. Moreover, s lies in the resolvent set of B.
The resolvent R(s, B) = (s — B)™! is given by

1

(2.10) [R(s, B)z](k) = . [z(k) +u], with
(2.11) u=JoR(s, B)x = R(sa(s), A) /[o,oo) s Sac(n) v(dr).

Proof. Let s € ¥ /5, ,. Without loss of generality let arg(s) > 0. Since a(s) = f[o 00) 54%@ v(dr), we
have that —arg(s) < arg(a(s)) < 0. Consequently, sa(s) € X /24, and R(sa(s), A) = (sa(s) — A)~!
exists as a bounded operator on H. We have to solve y = R(s, B)z, i.e., (s — B)y = = and find
u = Joy. The former is equivalent to

(2.12) sy(s) + ky(k) — u = 2(x),
2.13 —rkYy(K w)v(dr) = Au.
(2.13) /[Om)< y(k) + ) v(dw)

JFrom (2.12) we obtain immediately (2.10). Inserting this expression into (2.13) we obtain

Au = /[O’OO) [n (S Jlr (a(s) + u)> 4 u] W(dr)
- /[ T (k) w(dr) + / S y(dr)u

v
0,00) S T K (0,00) S T K

:/[ " z(k) v(dr) + sa(s)u.

0,00) S+ K

JFrom this we infer (2.11). O

Our next aim is to get estimates on the resolvent.

Lemma 2.24. For each € > 0 there exists My > 0, such that for all s € ¥y /54, with [s| > € we
have the estimate

(2.14) /[ Sy < Myjags)).

14
0,00) |’€ + 3‘2
Proof. Without loss of generality we assume ¢ < 1. Let s = p+i0. First let 0 =0, then s = p > €.
This implies that
k+1 1 k+s 1 1

lk+s2 " eln+s? en+s

Taking integrals we obtain (2.14). Now let (without loss of generality) o > 0. Notice that

a

. K+ p .
as):/ Z/d/i)—’t/ —— v(dk).
( [0,00) |K + 8[2 ( [0,00) |F + 8[2
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Thus
—€/2 2
Ra(s) :/ pié/Qy(d,i) +/ LE/QV((M)
[0,00) |K + 8] 0,00) |F =+ 8
p—€/2 .. e/ 2k/e+1
_P—ciz ¢ T (dr).
pu |Sa(s)| + 9 10,00) |k + s v(drk)
Thus
. p—¢€/2 . € Kk+1
1 > — & — _— .
(215) wats) 2 PPt + 5 [ G v

We distinguish three cases: If p > €/2, (2.15) yields immediately
€ K+1
= ———v(dr) < Ra(s) < la(s)].
S ] e ) <Rl < (o)
If |p| < €/2, then |o| > €/2 since |s| > e. Thus o7 p —¢/2| < 2 and (2.15) yields
€ K+1
- ——= v(dk) < Ra 2|Sa(s)].
3 /[0700) P v(dr) < Ra(s) + 2|Sa(s)|

Finally, if p < —€/2, then |p —€/2| < 2|p|. We use the fact that s € ¥ /5, ., so that o > |p|cot(T).
Thus 07 p —¢/2| < 2tan(r). (2.15) yields

€ Kk+1

= ———v(dr) < Ra + 2ta Sa .

] e i) S Rale) + 20an()0)|

O

Lemma 2.25. For each € > 0 there exists My > 0, such that for all s € Xy /o4, with [s| > € we

have the estimate

My
[R(s, B)z||x < gllxllx-

In particular, B is the generator of a holomorphic semigroup {e'P | t € X.}. For all e > 0, we have
that lim;_, o e~<t||e!B|| = 0.

Proof. R(s, B)z is given explicitely in Lemma 2.23. Since 7 < /2, there exists a constant M3 such
that |s + k| > Ms|s| for all K > 0 and all s € ¥, /5,,. We infer immediately that

(®)lx < —— |z
st Wlx = Mss| x| x-

To estimate ||(k + s) " 1u| x, we start with estimating

K
d < _—
| sl < [

9 1/2
: l/[o,o@ ot o0+ 1) ”Wl me)(“* Dla(e)l v(de)

1/2
K+ 1 R
- l/[o )W’/(d“)l lzllx < Mila(s)"?||z] x.

K
[0,00) K+ S

VE+ (k)| g v(de)

1/2
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For the last inequality we have used Lemma 2.24. Using the fact that sa(s) € ¥/, and assump-
tion 2.1 we have

|uH=uaw@»A[éaﬂﬁ+sﬂmuwmm
M a2l = — Ty

We use again Lemma 2.24 to estimate

1 9 k—+1
eslie= = gl ()

< Mila(s)lJulfy < Mswllwllx
0

Remark 2.26. For convenience we will use € = 1 as a growth bound for e'B, although Lemma 2.25
above show that arbitrariy small € > 0 could be taken.

2.5. Handling the forcing term: Properties of P and interpolation spaces. We begin with
some identities concerning the operator P defined in Definition 2.21.

Lemma 2.27. Let s € ¥, /9,,, s# 1, u€ H. We have

(2.16) [(1 — B)R(s, B)Pu](r) = Y HR(sd(s), A)u,
(2.17) Jo(1 — B)R(s, B)Pu = R(sa(s), A)u,

Moreover, for each € > 0 there exists My, such that

(2.18) I(1 = B)R(s, B)Pullx < Mila(s)| |R(sa(s), A)ul.

whenever s € Xy /o4, s # 1, [s| > €.

Proof. By definition

[(s = B)R(s, B)Pul(r) = [Pul(x) =

To compute R(s, B)Pu using Lemma 2.23 we start with

vi=R(si(s),4) [

[OOO)SJr/-@

Pu(k)v(dk)

/ G+r) 1+H) v(dr)R(sa(s), A)R(a(1), A)u

/00)1 [1% . ]V(d“)R(s&(s),A)R(a(l),A)u

— sa(s) 1 [
1 —s a(l) — sa(s)
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Therefore,
[R(s, B)Pu](r) =~ Jlr - 17 JHKR(&(l)7A)U + 1 (R(sa(s), A)u ~ R(a(1), A)u)
1 ) 1 R
:mR(a(l),A)u - m (sa(s), A)u

Now we take a linear combination

[(1 - B)R(s, B)Pu](k) = [(s — B)R(s, B)Pu — (s — 1)R(s, B) Pu](k)
1 1

= a 1 A - i 1 A 1 A
R, A~ 1 R((1), ) (si(s), A
1 .
=7 HR(sa(s),Au).
This shows (2.16). To prove (2.17), notice that
—&[(1 — B)R(s, B)Pu](r) + R(sa(s), A)u = . j_ KR(sd(s), A)u
which determines a function in X. Finally, (2.18) follows from
k+1 N
0= BREBPu = [ v REsa(s), Ayl
0,00) |F =+ 8

<la(s)| |R(sa(s), A)ulf
by Lemma 2.24. O

Lemma 2.28. Consider a(a) given by Definition 2.3.

(a) If 0 € (1/2,1) and a(a) > 20 — 1, then P is a continuous linear operator from H into Xy.

(b) If 0 € (1/2,1), o € (0,1/2), and a(a) > 251, then P is a continuous linear operator from

the extrapolation space H_, into the interpolation space Xg.

(c) If 0 € (0,1/2), o € (1/2,1), and &(a) < 222, then P is a continuous linear operator from

the extrapolation space H_, into the interpolation space Xg.

Proof. To prove (a), we pick ¢ > 1 and estimate

/ "0 = B)R(s, B)Pulk ds < M / $29-14(s)| R(sa(s), Ayul? ds

SM/:O 32"-1@(3)( ()> fuf2, = M/ 75 sl

The latter integral is finite if 20 — 1 > «a(a).
To prove (b) let u € H_,. Then (by standard theory of analytic semigroups)

|R(sa(s), Ayuly < M(sa(s))" " ul—q.

Repeating the same estimates as above we obtain

o0 o0
(2.19) / $20-1|(1 — BYR(s, B)Pul|% ds < M/ §20-3+20 (1201 g |2
c

c
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Now choose some p € ((20—1)/(1—20),a(a)), put p=1/(1—20) and g = 1/(20),s0 p~ 1 +¢~ ! = 1.

The integral in (2.19) can be rewritten and estimated by Holder’s inequality:

o0
/ 829_3+2U&(8)20_1 ds

(&

o _ 1—20
= / §20—3+20+(2—p)(1-20) Lp ’ ds
i als)

> 1/q 0o p—2\ (1—20)p 1/p
< [/ §[20-3+20+(2—p)(1-20)]q ds} / <SA ) sl
L . \als)

The second integral in this estimate is just

/ 5’172; ds
c a(s)

which is finite since p < a(a). The first integral is finite iff

[20 =3+ 20+ (2 —p)(1 —20)]¢ < -1,
ie. 20 —3+20+(2—p)(1—20) < —20,
ie. 20 —1<p(1—20),

which holds by the choice of p.

To prove (c) choose p € (6(a), (1 —26)/(20 — 1)) and let p = 1/(2 — 20), ¢ = 1/(20 — 1). We refer

again to (2.19) and estimate

oo
/ 829—3-{-20&(8)20—1 ds

(&

< /OO 52073+2o+p(2071)(Sfpd(s))%rfl ds

Cc

0o 2—20 00 20—1
< (/ 8[203+2a+p(201)]/[220]> </ Sipd(S) ds) )

Now,

oo
/ 8[20—3+20+p(20—1)]/[2—20’] < 00
c

iff 20— 3+ 20+ p(20 — 1) < —(2 — 20)
it p(20— 1) < 1— 26,

which holds by the choice of p. The other integral is estimated by

o0 oo o (o) o0
/ s7Pa(s)ds = / / sPe Sa(t)dtds = / tP"ta(t) / o Pe % do dt.
c c 0 0 ct
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We split the integral into two parts:

/ t”_la(t)/ o e % dodt
1 ct

e} o
§/ tP~ et 2q(t) / o e/ do dt
1 ct

< (a(l)/ tPtemct/2 dt) (/ o Pe/? da) .
1 0
On the other hand

1 oo 1 oo
/ tP~La(t) / o Pe % dodt < (/ tP~La(t) dt) (/ o Pe? da) .
0 ct 0 0

This is finite since p > d(a). O

2.6. Recovering u from the abstract solution: Extending .Jy. The solution of the original
Volterra equation (2.1) is obtained from the semigroup solution v by an unbounded operator u = Jyv.
In order to gain a weak solution from the semigroup setting, we have to extend the domain of Jy.

Lemma 2.29. Let n € (0,1/2), p € (0,1/2) and a(a) as in Definition 2.5.

(a) If 1 —2n < a(a), then Jy admits a continuous extension as an operator J : X, — H.
(b) If (1—2n)/(1-2pn) < a(a), then Jy admits a continuous extension as an operator J : X, —

H,.
Proof. We resort to Lemma 2.15. Notice that
JoR(s, B)e = Risa(s)) |
[0,00)

K
K+s

z(k) v(dk)

K
:des,A/ ———Vk+ 1lz(k) v(dk).
(060, 4) | TV Tl vian)
Thus JoR(s, B), as an operator from X into a subspace Y C H, is bounded by

K2

IJoR(s, B)|[% ~y < HR(S&(S),A)II%ﬂy/ v(dr)

0,00) [+ 8[2(k + 1)
<M||R(sa(s), A)||3_yla(s)|

with a suitable constant M by Lemma 2.24.
To prove (a), let Y = H, and notice that ||R(sa(s), A)|| < M(sa(s))~! for s > 0. Then

0o 00 1 2
1-27 2 < 1-27 a
/ s lJoR(s, B)||% g ds < M/C s (s&(s)) a(s)ds

C o 1
SM/ s1T2=2 (s,
c a(s)

which is finite if 1 — 21 < a(a).
To prove (b), let Y = H,,. We have

IR(sa(s), Al r—m, < M(sa(s))"~".
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Choose p such that (1—2n)/(1-2u) < p < afa),let p = (1-2u)71, ¢ = (2u) L sothat p~t+¢=1 = 1.

0o e 1 2—2p
1-27 2 < 1-2 .
[ ||J0R<s,B>||XﬁH,LdsfM | () e

(&

5P~ 1-2p
<M/ —1-2n+2p—(1-2p)(p—2) ds
d(S)

oo Va [ poo s .p—2\ (1=2u)p p
<M [/ sll=2n—2u—(1-2p)plg ds} [/ (S( )) ds] _
- c c a(s

The latter integral is just
e 1
/ sP72——ds
¢ a(s)

which is finite since p < a(a). The former integral is finite iff
(I=2n—2p—(1-2u)p)g < -1
e, 1—2n—2u—(1—2u)p < —2u
ie. 1—2n<p(l—2pu).
This holds by the choice of p.
We have shown that Jy can be extended continuously from D(B) to X,,. We have to ascertain that

the extension J in fact coincides with Jy on D(Jy). For this purpose we prove that for € D(Jy)
we have lim;_, o tJoR(t, B)x = Joz. Let u = Jyz. Then

t t,B)x = tR(ta(t), A
TR, B)e = R0, 4) [

1 1
/[o,oo) P t(/m(ﬁ) —u)v(dk) + /[o,oo) e V(d/@')u]

—tR(ta(t), A) / L

[0,00) K+t

R

x(k) v(dk)

—tR(ta(t), A)

(kx(k) —u) v(dk) + ta(t)R(ta(t), A)u.
The second term converges to u as t — 0o, since ta(t) — oo. The first term can be estimated

tR(ta(t), A) / !

[0,00) f Tt 1

(kx(k) —u) v(dr)|g

<t||R(ta(t), A)|l 00 W Vi + 1|kz(k) — ulg v(dk)

1/2
[/[000) K +1t)? /<a+1) (d’{)]

M 1 1 Yz
M / v(de)| ke — ullx
t [0,00)

1/2

/ (s + 1) () — ul?y v(di)
[0,00)

a(t) (k+1)
Ma(1)Y/?

which converges to 0 as t — oco. [J



18 S. Bonaccorsi, W. Desch

Lemma 2.30. Suppose n € (0,1) is such that Jo admits a continuous extension J : X, — H. We
consider the restriction of B : X1 — X to an operator B, : X,41 — X,. Let ( € D(A*) C H. We
define the vector £ € X by

1
() = —¢.

Then & (considered as an element of X* = X ) is contained in the domain of B, with
[B¢l(x) = (A™C, Ja)

for all x € X,,.

Proof. Let © € X, 41. Using the definition of D(B), we have

(€. Bya)x = /[Om)u: P G () + Jo)) s v{d)

=(¢, (—ra(k) + Joz) v(de))m = (¢, Adoz)u = (A*C, Jox) .
[0,00)
This extends continuously to z € X,,. O
2.7. Handling the initial conditions. In order to treat the Volterra equation (2.1) by the state
space approach (2.9), we need to make sure that the initial vector derived from wug will be in the

state space.
We will need the following auxiliary result:

Lemma 2.31. Let a be completely monotone with a(0+) = oo and fol a(s)ds < co. Then

a/l (t)
1m
t—0+ —a’(t)

Proof. We show that for any M > 0 we have
. " ' _
t£%1+[a (t) + Mad'(t)] = oo.

Notice that

a’(t) + Mad'(t) = /[0 )(Foz — Mr)e "t v(dk)

:/ (k? — Mk)e "t v(dr) + / (k? — MK)e " v(dk).
(0,2M) [2M,00)

The first integral is bounded from below by —2M?2v([0, M)). The second integral is positive and

bounded from below by
/ 2M?e™ " v(dk)
[2M,00)

which converges to 2M?v([2M, o0) = oo by the monotone convergence principle. [J

Lemma 2.32. For ug : (—o00,0] — H define

(k) = /0 e"Sug(s) ds.

— 00

(a) If ug satisfies Assumption 2.6(a), then vo € X.
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(b) Let ug satisfy Assumptions 2.6(a) and (b) with some v € (0,1/2). Let n € (0,1/2) be such
that

1-2n

1—-2v"
(Here 6(a) is given by Definition 2.5.) Then vy € X,.

(¢) If ug satisfies Assumption 2.6(a), (b) and (c), then vy € D(B)

0(a) <

Proof. To prove (a) we estimate
2

0 2 0
lool% = / ‘/ eoug(s)ds| (14 m)v(de) < / ’ Mest+9) ds| (14 k) (dr)
[0,00) |/ =00 H [0,00) |/ —c0
1 M- 1 M-
< MQ/ ;’2 v(dr) < —2/ v(dr) = —2a(w) < .
[0,00) (W +K) W Jo,00) WER w
Next we show:
(2.20) Assumptions 2.6(a) and (b) imply: (—xvg + u(0)) € X.

This says that vy € D(Jy) with Jyvg = uo(0). Notice that
o0
() + u0(0) =& [ e uo(0) — uo(~1)) .
0

Therefore

/ (k + 1) Jug(0) — ko (K)|% v(dk)

[0700)

/[Om kD) s / " e (uo(0) = uo(—t)) dtfZ v(dr)

(k+1) Ooe”‘tdt K Ooe*“t\uo(O)fuo(ft)ﬁIdt v(dk)
<f e (e[ ema) (< )

:/0 [u(0) — u(— t)|H/[O7OO)(/f—|—1)/{6_“tu(dm)dt

- / " Juo(0) — uo(—t)3(a” (t) — a'(t))dt.

Because of Assumption 2.6(a) we can estimate

/100 [u0(0) — uo(=t)[ (a”(t) — a'(t)) dt < 2(=d'(1) +a(1)) sup |uo(t)|n < co.

t€(—00,0]

By Lemma 2.31, we can estimate

/ [uo(0) — uo (=) |3 (a” () — a'(t)) dt < M/ [0 (0) — uo(—t)[3;a” (t) dt.
0 0

We show now that Assumptions 2.6(a) and (b) imply

(2.21) /[O )(—Hvo(fe)—i-uo(O))Z/(d,%):/Ooo(_a/(t))(uo(o)—uo(—t))dt.
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We have
/[O’w)(—nvo(n) +uo(0)) v(dk) = /[0700) —n/o e (ug(0) — ug(—t)) dt v(drk)

0

_ /O (10 (0) — wo(—1)) /[O’Oo) ke u(dr) dt = / (10 (0) — o (—1))(—a'(8)) dt.

We are now in the position to prove Part (c) of the lemma: If Assumptions 2.6(a) and (b) are
satisfied, then vy € D(Jp) with Jovg = u¢(0). Assumption 2.6(c) and (2.21) yield

/ (—Iﬁ:’l)() + J()U()) = AJ()UO
(0,00)

which implies that vg € D(A).

Finally we prove Part (b) of the Lemma. From (2.20) we know that vy € D(Jp) with Jovg = uo(0).
We construct now a function uy : (—00,0] — H and the corresponding v (k) := [ e " uy(—t)dt
such that vy — vy € D(A):

up (t) = uy (0)e,

v1(K) = -

It is easily seen (e.g. by Remark 2.33 below) that u; satisfies Assumptions 2.6(a) and (b). In order
to have v — vy € D(A) we need therefore to choose u1(0) such that

/[0 )(—Iﬂ]l(lﬁ) + kv (k) + u1(0) — up(0)) v(dr) = A(u1(0) — up(0)).

This can be rewritten

/[O : [=rv1(k) + mvo(#) + 1 (0) = uo(0)] v(dr) — A(u1(0) — uo(0))

= /[o,oc)(_“ 1 + 1)(u1(0) — up(0)) v(dk)

1
oot =m0 00) + )] wlas) = A ) o)
~(@(1) — A) (w1 (0) — uo(0)) — g
with
9= [ (o) + u0(0) ) + (1o 0),
[0,00)

Therefore we put
u1(0) = uo(0) + R(a(1),A)g € H,.
Since v1 — v € D(A), it is sufficient to show that v; € H,,. Now, by definition,

1 . .
vi(k) = — 7 R(a(1), A)(a(1) — A)u(0),

thus v = P(a(1) — A)u1(0). Now (a(1) — A)u1(0) € H_, with 0 = 1 —v. Lemma 2.28(c) implies
that v; € X, if

1-2n 1-2q
20 -1 1-2y°

0(a) <
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Remark 2.33. Ifug: (—o0,0] — H satisfies Assumption 2.6(a) and there is some 6 > 0 and M >0
such that for t € (0,9) the following Lipschitz estimate holds:

[uo(—t) —uo(0)] < Mt,
then ug satisfies Assumption 2.6(b).

1 1 K
1
/ a”(t)tgdt:/ / nztge*“tu(dm)dt:/ 7/ o%e™% do v(dk).
0 0 J[0,00) [0,00) B Jo

We split the integral:

1 K
/ 7/ o?e” 7 dov(dk) < v([0,1)) sup (0%e™7) < oo,
[0,1) K Jo o€[0,1)

1 /" 1 o
/ 7/ o?e % dov(dr) <2 / v(dk) </ ol dO’) < 0.
[1,00) & Jo [0,00) K+ 1 0

2.8. Proofs of the deterministic existence and regularity theorems. We are now in the
position to restate Theorems 2.8 in the language of the semigroup and complete its proof.

Proof.

O

Theorem 2.34. Suppose that Assumptions 2.1, 2.2 hold. Let X, Jy, B, P be defined as in Defini-
tions 2.16, 2.18, 2.20, 2.21. Let vo(k) = [ e *Fug(—s) ds.
Let a(a) and §(a) be defined by Definition 2.3. Let vy,0,u € (0,%) and suppose that Assump-
tion 2.5 holds with o, and Assumption 2.6(b) holds with ~y. Moreover, suppose that 6(a)(1 — 27v) <
a(a)(1 = 2p).

a) We choose 1 and 6 such that

1 <20< 1+a(a)(l—20),
1—aa)(1—2u) <2n< 1-=46(a)(l—27).

Then P is a bounded operator P : H_, — Xy, and Jy admits a bounded extension J : X, —
H,,. Moreover, vo € X,.
b) If v is the mild solution to v'(t) = B(v(t) — Pf(t)) + Pf(t) given by

¢
v(t) = ePvy + (1 — B) / e =9IBPf(s)ds
0
then v is continuous from [0,00) — X,,.
c) u(t) = Ju(t) is the unique weak solution of (2.1).
d) u(t) is continuous from [0,00) into H,.

Proof. ;(From Lemma 2.28 we infer that P maps H_, continuously into Xy. On the other hand,
from Lemma 2.29 we know that J is continuous from X, into H,. By Lemma 2.32, vy is contained
in X,. Now, the function Pf is in L?*(0, 00, Xp), and 1 < 6, so that v(t) is a continuous function
with values in X,,. Therefore u(t) = Juv(t) is a continuous function with values in H,,.

We have to prove that u is a weak solution. Let us first look at the solution v(t) of the abstract
problem under the additional assumption that vg € DB and f is continuously differentiable with
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f(0) = 0. In this case, by standard semigroup theory, v(¢) is a strong solution of v'(t) = B(v(t) —
Pf(t)) + Pf(t), which implies

%U(u k) = —kv(t, k) + Jov(t)

for almost all x and almost all ¢. We infer
t
v(t, k) = e "vg(k) +/ e "= Jou(s) ds.
0

Integrating by the measure v we obtain

(2.22) /[O,OO) v(t, k) v(dk) = /[0700) e "o (k)v(dk) + /0 a(t — s)Ju(s)ds.

By continuous extension, Equation (2.22) holds also if the additional requirements that vy € DB
and f is smooth are removed.

(From semigroup theory it is known that v(t) is the unique weak solution of v'(t) = B, (v(t) —
Pf(t)) + Pf(t) on X, in the sense that for all { € DBy

t t
(223) (& v()x;.x, = (§v0)x; %, +/0 (By&,v(s) = Pf(s))x;,x, ds +/O (& Pf(s)x;,x, ds.

Here, by an usual convention, we consider X as an extension of X so that the inner product is
reduced to (5,:1:)X$QQ7 = (& x)x if £ € X. Now let ¢ € DA*. We define £ by &(k) = %_HC. From
Lemma 2.30 we know that £ € DB, with

(224) <B:;€7x>X;;,Xn = <A*Ca Jm>H
for all z € X,). We insert this vector £ into (2.23) and utilize (2.24), (2.22), and the Definition 2.21
of P:
t ¢
0 = <§av(t)>X;,X77 - <£a/U0>)(fl,X77 - / <B;§,’U(5) - Pf(5)>X:;X,7 ds +/ <55Pf(5)>X;7X77 ds
0 0

- / (G, v(t, ) 1t v(dr) — / (€ o)) v(dr)
[0,00)

[0,00)

t . t 1 A
- e e —Prepmas = [ [ (€ RE) A5 v ds

- / (. alt — )Tv(s) i ds + /[Om) (€ et ()) 1 w(dk) — /[Om)@, vo() 1 v(dr)
- / (A*C, To(s))r ds — / (€, (a(1) — A)R(@(1), A)f(5))m ds
0 0

0

= /O (Cya(t — s)u(s))g ds + /[0700) (¢, (e7" — 1)/ e™up(s)) g dsv(dk)

— 00

- / (A*C,u(s)) i ds — / (€, 1(5)m ds
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0

/ (. alt — s)u(s))n ds + / (€ (alt - 5) — a(=5))uo(s))m
0

— 00

- / (A*C.u(s)) i ds — / (. F(3)n ds

t 0
/ (C alt — s)u(s))m ds — / (¢, a(~s)uo(s))m

— 0o —o0

t t
- [ At ynds — [ (€ s

0 0
Therefore, u is a weak solution of (2.1).

In order to show uniqueness, let u be a nontrivial solution of (2.1) with initial function ug = 0
and forcing term f = 0. By integrating as many times as we need, and multiplying with R(1, A) if
necessary, we may assume without loss of generality that v is continuously differentiable with values
in H and continuous with values in DA, so that (2.3) is reduced to

d [t
— [ a(t— s)u(s)ds = Au(t).
dt J,

Now we define .
v(t,k) = / e ")y (s) ds
0

and obtain by straightforward computation: v’(t) = Buv(t), v(0) = 0. Since B generates a semigroup,
we infer v(t) = 0 for all ¢. Since u(t) = v'(¢, k) + kv(t, k), we infer u = 0. O

Proof of Theorem 2.9:
With the notation of Theorem 2.34, we put g, = Pf, and

t
vn(t) = eBog + (1 — B)/ e =By (s)ds.
0

We choose 1 < 6 such that 7 < 8§ —n. Then u,, = Jv,. Since J is a continuous linear operator from
X, into H, (Lemma 2.29) and g, € L”(0, 00, Xy) (Lemma 2.28), we may utilize the corresponding,
well-known regularity results for analytic semigroups (for a summary see Proposition A.2 in Clément,
Desch and Homan [3]):

(a) If p € [1, 1), then v, € L9(0,T, X,) for all ¢ € [1, 7)-

(b) If p=1, then v, € L%(0,T, X,,) for all g € [1,00).

(c) If p € (£,00), then v, € CT7(0,T7, X,).
Here, v,, in the corresponding function space depends continuously on g, € L?(0, 00, Xg). O

3. STOCHASTIC VOLTERRA EQUATION

In this section we fix a complete probability space (Q,F,P) and a filtration {F;} on it. All
Brownian motions in the sequel will be defined on this space.

Let U be a real separable (infinite dimensional) Hilbert space, endowed with a complete orthonor-
mal basis {gr}. We define a cylindrical Wiener process {W (¢)} by the formula

(3.1) W(t)=> g;8;(t), t>0.
j=1



24 S. Bonaccorsi, W. Desch

Here, {8;} is a family of real standard independent Brownian motions; it is known that the series
(3.1) does not converge in U, but we can give a sense to it in a larger space, compare [4]; let us
choose a trace class operator (): then the series Ql/QW(t) converges in U to a centered Gaussian
random variable with covariance operator (). Let U; be the Hilbert space defined as the completion
of U with respect to the norm ||z||; = ||@Y/?z||y: we can consider then W (t) = Q~Y2(QY?W (t))
as a Gaussian random variable with values in U; and covariance operator identity.

A central role in the construction of the stochastic integral is provided by the space Lo = Lo(U, H)
of Hilbert-Schmidt operators from U into H. This is a separable Hilbert space, endowed with the
norm [|®[|7, = Tr[®Q®*]. It is possible to define the It6 integral for all processes ® = {®(t)} in the

space L%(0,T; Ly) of predictable, square integrable processes such that E fOT [@(t)]|7, dt < co. In
order to handle the convergence at infinity, we introduce the following weighted spaces of processes.
Let K be a real separable Hilbert space; for any w > 0, we denote L%((L"‘OO;K;W) the space of
square integrable predictable processes {z(¢)} such that

+oo
1415 0 iy =B | e 2(0)c dt <+
In addition to Assumptions 2.1, 2.2, 2.4, and 2.6 we impose

Assumption 3.1. The process {®(t)}1>0 belongs to the space LZ(0,+o00; Lo(U, H_;1)) for some
0<o<1-— ﬁm), where H_, is the extrapolation space with respect to the operator A and we use
the convention Hy = H.

With no loss of generality, we assume that the stochastic term can always be rewritten in the
form

D)W (t) = Z D;(8)3;(t)

where ®;(t) = ®(t)g; are processes with values in H_,.
We are concerned with the abstract stochastic Volterra equation

{gt [*a(t — s)u(s)ds = Au(t) + ®(O)W(t) t >0,

— 00

(32 u(t) = uo(t) 1<,

In order to give a meaning to (3.2) we introduce the concept of weak solution.

Definition 3.2. A process {u(t)}+>0 in L%(0,400; H;w) is a weak solution of problem (3.2) if for
any ¢ € D(A*) and Pr-almost surely it holds

63 [ (alt=9ue)Onds = (1.0n+ [ (A Cu)nds+ [ (oW @)

where
0
a= / a(—s)uo(s) ds.

In this paper, we follow the semigroup approach in order to solve (3.2). In the next subsection,
we introduce and solve the relevant stochastic differential equation; the last part of the section is
then devoted to study (3.2).
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3.1. The stochastic differential equation. In this section we extend the semigroup setting of
Section 2 to the stochastic case. In this framework, we can appeal to the well known theory of
stochastic evolution equations and we are lead to study the stochastic convolution process associated

to the equation.
With the notation of Section 2 we rewrite (3.2) as a stochastic equation

5 dv(t) = Bu(t)dt + (I — BYPO() dW(t), t> 0,
. ’U(O) =19 € X,

where the initial condition is given by
(3.5) v(0,K) = / e "up(—s)ds.
[0,00)

In the following we write ¥ = (I — B)P® the (operator valued) process which corresponds to ® on
the spaces X,,, where n > —1.

Theorem 3.3. For every vg € X, problem (3.4) admits a unique weak solution given by the formula

(3.6) v(t) = Py + /Ot et=IBY(s) AW (s).

Moreover, if n € (0,0 — %) and vy € X,,, there exists a version of v(t) with continuous trajectories
as a process with values in X,,.

The proof of the above theorem is standard and relies essentially on the following result; notice
that (3.8) is given for the seminorms of the interpolation spaces (rather than for the norms on the
relevant spaces).

Theorem 3.4. Let B — w be a sectorial operator of negative type and assume that V(t) belongs to
L%(0,00; La(Up, Xg—1);w) for some % < 0 < 1. Then the stochastic convolution process

(3.7) Z(t) = /Ote“—S)Bfo(s) dW(s), t>0,

belongs to L2 (0, oo;Xg_%;w) and

2 1 2
(38) IIZ]]L%(O,OO;X(_}_%;w) < m[[\PHL%(O,OO;LQ(UU,Xa—l);w)'
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Proof. We argue as in Da Prato & Zabczyk [4], Theorem 6.12. We consider 6 € (1 a(a)ﬂ) then
we have
oo
IE/ [e'Z()]5_y dt
< ZE/ / / §120-3) | e~6(1 = B)efBeted=)B, (5)|% dé dsdt
0o Jo
=S [ [T [T e et - metor 0 o) avagas
j 0 0 s
=YE[ [ [ e et Bty o) dgds
y o Jo Je
o] o) t
-3k [ e e peruk acaras
- o Jo Jo
[oe} t3 20 B i 9
_ZIE/ / 3 29”6 — B)e'Ze W, (s)||x dtds

:ZE/O 3_120[[6—8%(3)}]3_1(13.

3.2. Laplace transform for the stochastic process. In this section we search for a different
representation of the solution v(t), as a necessary tool in order to get back to the integral equation.
To prepare the result, we state and prove a preliminary lemma.

Before we proceed further, we introduce the following notation. We are given a cylindrical Wiener

process {W (t)}+>0 on U. Let K be a real Hilbert space and assume that ¥ € L2 (0, 00; L2(U, K);w).
We define the process

L[ dW](s) = /OOO U AW (), s> w.

Remark 3.5. Let z(t) denote the process defined above. z(t) is not adapted to {F;}, and for every
t>w it is 2(t) € L?(Q,F; K). We may wonder if this process is continuous. It holds that

A(t) — 2(s) = /0 Tlet e (a) AW (x)

therefore

2

/ e — e W () AW (z)
=) |

dx
/ 2 72595 o ) \112( )da:SC(tfs)z,

Az W (x)
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which implies, by Kolmogorov’s continuity criterium, the existence of a continuous modification of

z(t).

Lemma 3.6. Let ® satisfiy Assumption 5.1 and take vo € X, for some 1_%@ <n< %a(a).
Consider the processes

t
(3.9) o(t) = eBop + (I - B) / (=98 P (s) TV (s)

0
and

t

(3.10) O(t, k) = e "ug(k) +/ e "9 Jy(s) ds.

0
Then ©(t) is a modification of v(t).
Proof. Notice that by assumption 1_+(a) < n, we get from Lemma 2.29 that Jy admits a continuous
extension J : X,, — H. We take Laplace transform of our processes:

- 1 1

(3.11) LI W](s) = ——v(k) + —— L[] (5),
and
(3.12) Lv](s) = R(s,B)vg + (I — B)R(s, B)PL[® dW](s).

Notice further that

R(s, B)vg(k) = . ! H(’Uo(lﬁ) + JR(s, B)vy);

therefore, using Lemma 2.27, (2.16) and (2.17), we obtain

Lv](s) = - _1'_ S(vo(m) + JR(s, B)vg) + P SJ(I — B)R(s, B)PL[® dW](s)
= L (o000 T0(8) = £l m)0)

3.3. The solution to the stochastic Volterra equation. In this section, we shall combine the
results in Theorem 3.3 and Lemma 3.6 in order to prove the existence of the solution to problem
(3.2).

1—a(a) 1—20

Theorem 3.7. Let ® satisfy Assumption 3.1 and take vo € X, for some —5— < n < ~5%a(a).

Given the process

(3.13) v(t) = Py + /Ot e=IBY (5) dW (s)

we define the process
Ju(t), t>0
(3.14) u(t) = { o(®), =0,

Then u(t) is a weak solution to problem (3.2).
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Proof. Again, in our assumption we have by Lemma 2.29 that the operator Jy can be extended to
a bounded operator J : X, — H. For fixed ¢ € D(A*), we define the vector £ € X by &(k) =
By Lemma 2.30 we have { € D(B;). Moreover, by Lemma 2.28

1
76

(1-20)a(a) + 1'

(3.15) U(t) = (I — B)P®(t) € L%(0,00; Ly(Uy, Xg_1);1)  for any 6 < 5

Therefore

(3.16) wm@X:W@n+Z]maWMM+A@&MWﬁm

Let us consider separately the four terms. The initial condition yields

wmax—/;)<wn>onww

A@Am) “ug(~s) ds v(dr), () = (@ ()

next, the deterministic integral can be evaluated using Lemma 2.30
¢ t
| Bt ds= [ ¢ vis)uds
0 0
t
= / (A*C,u(s))u ds;
0

we then consider the stochastic integral

/<£\p( 2/5\1’ ) x dB;(s)
:}:A<¢u—3ﬁwxﬁud@@>

t t
=Y [Py x g0~ [ (BE PR x By (o).
7 Jo 0
The first integrand on the right hand side of the above identity may be written as follows:

O N et

[0,00) K+ 1C’ mR(&(D’ A)®;(s))m(k+1)v(dk)
1

:/ T VARG R, Ay )
= (¢, () R(a(1), A)D;(5)) ur;

Kk+1
(a(1
while the second gives

(B*¢, P®;(s))x = (¢, AJoPP;(s))m
= (G, AR(a(1), A)@;(s)) -
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Therefore,

[ev@awny = 3 [ @) - R0, 0,048,

=3 [ €m0 ase) = [ (o aws)s

We have proved so far that
t

(3.17) (1), E)x = (@ C)u + / (A*C,u(s))pr ds + / (¢, B(s) AW (5)) 1

It only remains to prove

/ (v(t, k), Ygv(dk) = / (a(t — s)u(s), () ds.
[0,00) —00
Ju(t), t>0

we obtain
’U,()(t), t S 0,

If we recall the definition of u(t) = {

t 0 t
/ <a(t75)u(s),C>Hds:/ <a(t—s)u0(s),C>Hds+/O (a(t — s)Jv(s),() g ds.

— 00 — 00

We then exploit the definition of a(t); the first term becomes

/_ODO< (t = s)uo(s), O ds = / ™ 00 800

- /[000) /Ome“ o) ds (), O
—{ /[ R, O,

the second term becomes

/ot< (t—s)Jvu(s), ) ds = //[000 e rt=) v(dr)Ju(s)ds,()n

/[Ooo/ e "9 Ju(s) dsv(dk), O i,

and the thesis follows from the representation (3.10).

4. LONG TIME BEHAVIOR OF THE SOLUTION

29

We introduce the dynamical system P;(-) determined by the stochastic problem (3.4) on the
state space X. Let v = v(t,z) be the process solution to (3.4) with initial condition . Then, for

¢ € Bp(X),t >0 and z € X, we define
Pop(x) = E[u(t, z)].

It is interesting to note that this system is closely related to a stochastic Volterra equation; despite

of this, it is a Markov process.
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Our aim is to show that, under some additional assumptions, the stochastic problem (3.4) shows
some asymptotic properties and, in particular, it admits an invariant measure.

Assumption 4.1. The operator function ®(t) is identical to an operator ® in Lo(U, H) and there
exists v > 0 such that (AY®)* is a bounded operator H — U.

There exists a B < 1 such that A—(+3) (where 7 is the constant from the previous assumption)
is an Hilbert-Schmidt operator on H.

As far as the kernel a(t), we require an integrability condition a(t) € L*(0,00). Notice that this
is equivalent to require &(0) < 0o.

Theorem 4.2. There exists (at least) an invariant measure for equation (3.4).

Proof. Tt is known, cf. Da Prato & Zabczyk [4], that in order to get the thesis it suffices to prove
that

¢
(4.1) sup Tr/ e B esB ds < o0
>0 0

Let {f;} be an orthonormal basis in X; we have
Tr/ SBowr et ds = Z/ <eSB\I/\II*eSB*fj, fi)x ds
0 = Jo
— Z/ <‘I’*68B*fj, lI/*esB" fj>U ds
j=1"9
o0 [e%s}
=Y [P Byet gl as
j=1"0
by Plancherel’s theorem
Tr/ e BuwresB ds = Z/ |F(@*P*(1 — B)*eB" f;)(s)|? ds
0 — JR
J=1
=Y [P By i - B Ul ds
j=1"R
=Y [ l(is = )1 - BYP) £ ds
j=1"%
which is equal to

(4.2) / l[(~is — B)"'(1 - B)PJ®|%5 ds

where || - || s is the Hilbert-Schmidt norm of operators from U to X. In order to prove convergence
of the integral, we need to consider the singularity in zero and the convergence at infinity. By the
symmetry of the estimates, we may consider the integrals in (0, 1) and in (1, c0), respectively; as for
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the first, we have, from Lemma 2.27,
1 oo 1
/0 l[(~is — B)" (1 - B)P®|3sds = 3 / [[(~is — B)"\(1 — B)PJdg;|% ds
j=1
=[]
0 Oo) K418

k+1 .
: /0 /[o,oo K2+ 82 | R(isalis), A) AP |13 )

2

v(dk)ds
H

R(isa(is), A)AP/2A=0FB/2) A7y,

|A=C+072) [Zrsll A @17, 1, 5y v(dr) ds

1
<C// /;+2 (dr) ds
[Ooo)'ka + s

using Fubini’s theorem, after a rescaling we get

1. /Y5 1
<C 1+ *)/ dsv(dk)
0

[O,oo) K 1 —+ 82
<o (4 min(,2)v(dr)
< min K
[0700) K K
1 1
<C v(dk)+C —v(dr) +C — v(dk)
[0,1) [0,00) [1,00) ¥

which is finite due to the properties of v and the assumption on the finiteness of

a(o):/{0 L J(dn) < .

j00) ¥

We now turn to consider the behavior at infinity. We start again from Lemma 2.24, Lemma 2.27
and the assumptions on A and ®

/looll[(isB) '1-B)P (I)”HSdS*Z/ —is = B)7'(1 = B)P]®g;|% ds

—/ lais) || R(isa(is), AYA®2 (|2 g iy 1A~ 2| A @ 1L 1,1y ds

< C/ |1 g ds
8 oo 1 1-5
) ([
: 1 (o)

and the last term is bounded provided we choose € such that 0 < (1575) < a(a), which is possible
since # < 1 and a(a) is positive due to Assumption 2.4. [

We further search for an estimate like (4.1) in interpolation spaces X,,, n > 0. Let us recall some
tools that we shall use in the following.
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The norm in the space X, is given by the following integral, where ¢ > 1 is arbitrary

Jolly = [ e = B)R( Bl de

the identity in Lemma 2.27 reads

1
R(s,B)(1 - B)P = R(sa(s), A)u;
[R(s, B)(1 = B)Plu(x) = ——— R(si(s), A)u
Starting from (4.2), assume that g; is an orthonormal basis in U; hence we are concerned with

the quantity

Z/n —is, B)(1 — B)P|®g; |2 ds

_ ZI/R/ 2711 = B)R(t, B)[R(—is, B)(1 — B)P|®g,|% dt ds

In the above expression, we can compute
(1 - B)R(t,B)R(—is,B)(1 — B)P
=(1—-¢t)R(t, B)R(—is,B)(1 — B)P + R(—is,B)(1 — B)P

=L [R(-is, B) ~ R, B)( - BIP + R(~is, B)(1 - B)P
t—1 1+is .

Now we use Lemma 2.27 to obtain
[(1 = B)R(t, B)R(~is, B)(1 — B)P®g,](x)

1+1s 1 t—1 1
- R(—isa(—is), A)®g; + ——
(—isa(—is), A) gj+t+z.8 P

= a(t), A)®g;.
t+is Kk —is R(ta(t), A)®g;

We use this formula in the previous computation to get

/|| —is, B)(1 — B)P|®g;||; ds

oy / foo ™ (i) it ares

1 t-—-1
K+tt+1is

We shall consider the two terms separately. The second term is handled by Lemma 4.4; the first
term is studied below.

R(ta(t), A)<I>gj v(dk)dtds

Lemma 4.3. The first term in the estimate (4.3) is bounded, provided that the following condition
holds:

o 1
4.4 t2n+’6727 dt < 0.
44 / agp—s 1=
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Proof. We have to estimate

o0 [e'e] [e'e]
>/ [ e
j_ —0oQ C

1 1
—Z/ / / o1 145 "‘182 | R(—isa(—is) A)AP/2|2 | A~P/20g, |2 v(dr) dt ds
[0,00)

2+ 2 k2

o] 2n—1 1
<cC / / LAY / S (dr)
o . $2 +S2 [0,00) K2 +82

We split the integral with respect to s in the intervals [0, 1] and [1, 00); of course, the negative part
is estimated the same way.
Since 0 is in the resolvent set of A, we infer that for s € [0, 1], the term

2

1+is 1
1S ds dt

t+1is K —1s

R(—isa(—is), A)®g;

(1+ )| R(—isa(—is), A)A®/?|? ds.

(1+ 2| R(—isa(—is), A)AP/?||?

is bounded. We estimate the integral with respect to ¢:

oo ¢2n—1 oo r2n—1 o 1 c\2n—2
/ ——dt = 52’77172+1/ dr < 527’72/ T3 dr = 2172 — <7> =C
. 2482 efs LHTE T c/s 2—2n\s

We know already from the proof of Theorem 4.2 that

K41
/ /0 o v(dr) < C.

Combining all these estimates we find that

1 oo 42n—1
tn 1
/ {/ R dt] / 72+ 5 v(dK)
0 c *+s [0,00) ¥ + s

For the interval s € [1,00) we estimate

(1 + s?)||R(—isa(—is), A)AP/2|2ds < C < .

1R(—isa(is), A)AP?|* < C(sla(is)[)" .

The integral with respect to ¢ is estimated by

0o t27771 00 7_27771
/ ——dt = 827772/ dr < Cs?172,
c 0

12 + 52 1+72

The integral with respect to k is estimated by

®» | =

/[0 AL (k) = R(alis) — 1S(alis)) < Clatis)|.

o) K2 + 52
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Combining these estimates we obtain

& oo ¢2n—1 k+1
/1 [/C 2+ a2 dt} [/[0,00) K2+ 52 v(dk)

oo
SC/ s2172|a(is)|s%s” 2 a(is)|P 2 ds
1

o

:C/ §21P=214(is)|P 1 ds
1

SC/ §218=2)4(s)|P 1 ds
1

and the latter integral is bounded by assumption (4.4). O

(14 s?)||R(—isa(—

is),
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A)AP/?|2 ds

Lemma 4.4. The second term in the estimate (4.3) is bounded, provided that condition (4.4) is

satisfied.

Proof. We are concerned with the quantity

4 _Z// /[ooot% K Jrlef—i—ttl—ijzi (ka(t), 4 (I)gJH

With the usual assumptions on A and ¢ we obtain

i [ e ([ e ) [
SO/R/C tzn’ld(t)t2182|t&(t)|ﬁ’2dtds

oo o 1
< 2n—1~ A8 —2 3¢ — 2n+5-2 _
< c/c 21140 )tlta(t)| P2 dt c/c ¢ o=

which is bounded provided that (4.4) holds. O

[1R(ta(?),

v(dk)dtds

A)AP/?|2 dt ds

We first remark that it is possible to give a sufficient condition on n and 3, in terms of a(a),

which replace (4.4):

(4.5) 2n < (1 - Bafa).

Notice moreover that a solution to (3.4) exists in the space X,, for arbitrary n < ia(a), provided

the initial condition is suitably regular.

Theorem 4.5. Assume that Assumption 4.1 holds, and further choose 1 such that (4.4) holds
(compare also (4.5)). Then there exists (at least) one invariant measure for equation (3.4) which is

concentrated on the space X,.

The above theorem implies the existence of a stationary solution o of (3.4); we may wonder if this
result implies the existence of a stationary solution also of (3.2). This is the case if the solution v is
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1—a(a)

suitably regular; actually, in order to apply Lemma 2.29, it must be n > —

following condition on (3

(4.6) B <

, hence we write the

2a(a) — 1
afa)

Corollary 4.6. Assume that Assumption 4.1 holds, with a constant B that satisfies (4.6). Define
the solution u(t) as in Theorem 1.1 in terms of the solution v(t) = v of (1.2), so that u(t) is a
stationary solution, in the sense that u(t) = u for every t > 0, is a square integrable random variable

inH,Lfor,u<1—i—§.
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